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Abstract

In this paper, we introduce the class of meromorphic univalent functions
defined by hypergeometric function. We obtain some interesting properties like
coefficient inequality, distortion and growth theorems, Hadamard product(or
convolution), radii of starlikeness and convezity for the functions in the class
H*(B,a,k).
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1 Introduction

Let > denote the class of functions of the form
=S
z) = — apz",
o n=1

which are analytic and meromorphic univalent in the punctured unit disk * =
{zeC:0<|2| <1} = —{0}.
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Let A be a subclass of Y of functions of the form
1 oo
== En" n>0,neN). 1
f(2) Z+n:1az (a n € N) (1)

A function f € A is meromorphic starlike function of order p, (0 < p < 1)if
e
f(2)

The class of all such functions is denoted by A*(p). A function f € A is
meromorphic convex function of order p, (0 < p < 1) if

—3%{1 + Z}c/’;z)} > p, (z€).

The Hadamard product (or convolution) of two functions, f given by (1) and

}>p, (z €).

1 oo
=7 bnnabnzoa N),
o) =L+ 3 b 2 0 e )

n=1

is defined by
1 oo
= - nbn n’
(F29)) = + D onb

see [9], let us define the function ¢(a, c; z) defined by

~ 1 n n
- 5ot
n=0 n

for ¢ # 0,—1,-2,..., and a € C — {0}, where (A\), = A\ + 1),41 is the
Puchhammer symbol. We note that

1
¢(G,C; Z) - 2F1(17CL,C; Z)?
z

where
. fo: (b)n(a), 2"
2F1(b7aacu Z) = (C>n H)

n=0
is the well-known Gaussian hypergeometric function. Corresponding to the

function gzNS(a, ¢; z), using the Hadamard product for f € ), we define a new
linear operator L*(a,c) on »_ by

o0

L(@f(:) = a2« £2) = L+ 3 [ o )
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The meromorphic functions with the generalized hypergeometric functions
were considered recently by Dziok and Srivastava [2],[3], Liu [5], Liu and Sri-
vastava [6], [7], [8], Cho and Kim [1]. For a function f € L*(a,c)f(z) we
define

1L (a, ) f(2)) = L*(a, ) £(2),
and for £k =1,2,3, ...,
ML (0,0 (2) = 2 L7 (a, )£ (2)) + 2,

z

1 - k(@i
= -+ n an 2", 3
. ; I(C)MI (3)

We note that I*(L*(a,c)f(z)) studied by Frasin and Darus [4].
It follows from (2) that

2(L(a,)f(2)) = al(a+1,0)f(2) — (a+ 1)L(a,c) f(2). (1)
Also, from (3) and (4) we get
2(I"L(a,c) f(2)) = al*L(a +1,¢)f(2) — (a + D)I*L(a, c) f(2).

Now we define the following:
Definition 1.1 : A function f € A of the form (1) is in the class H*(5, a, k)
if it satisfies the following condition:

iaieici
’zIkL*a; 2)) ’<67 (5)

(IFL (@A) | o,

(I*L*(a,c) f(2))’

+2

where A\ > —-1,0<a<1,0<pf<1,k=1,2,3,....

In this paper we obtain coefficient estimates for the class H*(8, a, k),
Hadamard product, growth and distortion theorems, radii of starlikeness and
convexity.

2 Coefficient Inequality

Theorem 2.1 : A function [ defined by (1) is in the class H*(3,«, k), if and
only if

an+1lg—:++il[n(1+ﬁ)+(1+5(20z—1))]% <2801 - ). (6)

n=1
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The result is sharp for the function

Zzl 26(1 — a) 2'on>1 7
MO @A+ v sea—n)

(n+1

Proof : To proof the sufficient part, let the inequality (6) holds true and
let |z| =1,
by (5), we have

lZ(I":L*(a,C)f(Z))”Jr |_B|Z([kL*(a,C)f(2))”
(I5L*(a, c)f(2)) (I5L*(a, c) f(2))

|2 (I’“L*(a, o) f(2))"+2(I"L*(a, ) f(2))'| =Bl (IkL*(a 0)f(2))"+2a((I*L* (a, ) f(2))),

=13 P S s )

<§:k“ 2 014 B) + (1 + B2 — 1)]an — 26(1 — ) <0.

+ 20| < 0,

n=1

Thus by the maximam modulus theorem, we have f € H*(3, a, k).
Conversely, suppose that f of the form (1) is in the class H*(f, «, k), then by

(5) we have
2(IFL* (a,0)£(2))"”

| (P wa sy +2 <5
2(IFL* (a,c) f(2))" ’
(FL@ofay T 2@

Sonly(n+ 1)kt [{et g, o0

|2(1 a) (a)n+t1 | < 6

Y (n— 1+ 2a) | g, 2

Since |R(z)| < |z| for all z, we get
S k+1)|(@)nt1 n—1
Y Ll revi )< ®)

21a a)n n—
o0 4 32 (0 — 1+ 20)nht1[{esL g, oot

2(I"L* (a,0) f(2))"
(I*L*(a,0) f(2))

is real, then clearing the denominator of (8) and letting z — 1~ through real
values, we get the inequality (6).
The result is sharp for the function

1 (O 26(1 - a) )
Inl#) = e (T 4 B) + (1 + A2a — 1)
Corollary 2.1 : If f € H* (8, , k), then

(O 26(1 - a)

(@ (14 B) + (14 B2a — 1))

where A\ > —-1,0<a<1,0<pf<1,k=1,2,3,....

Now by choosing the value of z on the real axis so that the value of

an < |
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3 Growth and Distortion Theorems

A growth and distortion property for the function f € H*(5, a, k) is given as
follows:

Theorem 3.1 : A function f defined by (1) is in the class H*(B,a, k), then
for 0 < |z| =r <1, we have

1 ()2 |5(1 )

r s G ran)”

with equality for

SENICALIEEN

f(z) = —+\§§—)\%z

Proof : Since f € H*(8, a, k), we have from Theorem 2.1 the inequality

o0

S D By (14 B(2a — 1)]a, < 25(1 - a),

(C)ns1

n=1

Then
1 > .
DL+l
n=1

for 0 < |z| =r < 1, we have

Also

)
(1taB)”
Hence the proof is complete.

Theorem 3.2 : A function f defined by (1) is in the class H*(5,«, k),
then for 0 < |z| =r < 1, we have

1 (02,801 -0 l ()2, B(1 —a)
7’2 ( ) ’(1+C¥ﬁ) ’f( )‘ T2+’(CL)2’(1—|—O(ﬁ)’
with equality for (. A )
Loz plza),
=t e
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Proof : From Theorem 2.1 we have

e}

Zn“l\(g—:iunu £ 8+ (14 B(2a — 1))]a, < 28(1 —a).

n=1
Thus

-1 o -
P 151+ D naglel ™,
n=1

for 0 < |z| =r < 1, we get:
/ ]' G
7S ]+ Y,
n=1

(c)2
(a)2

26(1 — «)
(1+aB)’

1
2

<

+ 17—

and

-1 e
FE) 2151 = Y naals,
n=1

1 o
> |51 = D nan
n=1

()2
(a)2

28(1 — a)
(14 ap)

1
2

> 5 ==

This completes the proof.

4 Hadamard Product

Theorem 4.1 : Let the functions f,g € H*(B,a, k). Then (f*g) € H*(, a, k)
for

f(z) :;4—;@”,2 :
(z)—l—i-ib 2"
g _Z n=1 ! 7

and
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where

26%(1 — o) (n + 1)

5 —
262(1 - a)(n + 2a — 1) — [=L b1 {n(1 + B) + (1 + (2 — 1))

Proof : Since f,g € H*(8,a, k), then by Theorem 2.1 we have:

© (4 1 n* 1+ B8) + (1 + B(2a —1))]
Z‘ (c) n——:-—l 26(1 — a) mEh

n=1

and

n+1 " n(l+8) + (1 + B(2a —1))]
Z’ n+1 26(1 — ) =t

We must find the largest 6 such that

i| a ntl) n* L n(1 +6) + (1 +6(2a — 1))]

b < 1.
et 20(1 — ) P =

By Cauchy- Schwarz inequality, we get

53'Zﬁi”+”“+§&19$62“_1 Viaba <t )

To prove the theorem it is enough to show that

anby,

(@nen 11 +6) + (145020~ 1)
(M 20(1 — )

|WM |”“MO+6%+ﬂ+ﬁ@a—Uﬂ
(C)n-i-l 26(1 - O‘)

which is equivalent to

anb’rm

n(1+8)+ (14 B(2a —1))]
Vb < B TS + (1 620 = 1))

From (9), we have

\/m<| Cn+1 28(1 - a)

a_+nHW(LHﬂ+ﬂ+5@a—Uﬂ

We must show that

{ni1 26(1 — ) O+ 5+ 1+ 52— 1))]
(@)nrr P (1 + 8) + (14 B2a —1))] = Bn(1+06)+ (1+6(2a —1)]
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which gives

5 268%(a — 1)(n + 1) |
~282(1 - a)(n + 20— 1) — |G nE (1 £ B) + (14 B(2a — 1))]2

a)n+1

Hence the proof is complete.
Theorem 4.2 : Let the functions f;(i = 1,2) defined by

o0

1
i(z) =— niZ s (n; > 0,0 =1,2
fi(2) Z+;a,2 (an, i )

be in the class H*(f,a, k). Then the function g defined by

1 Eoo: 2 2 n
Z) - P + n:1(an,1 + an,Q)z )
is in the class H*(n, a, k), where

y = 48%(a —1)(n+ 1)
452(1 = a)(n + 20 = 1) = [{G== 0t [n(1 + 8) + (1 + 5(2a — 1))]?

(A)n+1

Proof : Since f; € H*(8,a, k), (i = 1,2),then by Theorem 2.1 we have:

i (@) pE (L 4+ B) + (1 + (20— 1))]

n; < 1,i=1,2.

C n+1 25(1 - 04)
e (a) [n(1+5) + ( ( )]
L (@)1 P (L B) + (1 +BR2a—1))] .y
200 26(1 - 0) )V an:
<O ((Z;:E\n i iCha §;(+1 (_155(2@ “ Dl <t —1,2)
Thus i

3 L e 0L S Dl <,

To prove the theorem, we must find the largest n such that

n(l+n)+(1+n2a—1)] _ |(8+§nk+1[n(1 +8) 4+ (1 + B(2a — 1))]?
n - 46%(1 — «)

7n217

so that
43%(a = 1)(n + 1) |
452(1 = a)(n + 20— 1) = [{=2 [k (1 + B) + (1 + B(2a — 1))]2

n <
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Hence the proof is complete.

Theorem 4.3 : If f(z) = L+ > a,2" € H*(B,o,k), and g(z) =
L4 >0 by2™ with |by| < 1 is in the class H*(8, k), then f(z) * g(z) €
H*(B,a, k).

Proof : From Theorem 2.1 we have

Ejla“lk“ (1 + B) + (14 B2 — 1))]a, < 28(1 — a).

Since
(@)1 PP (14 B) + (1 + B(20 — 1))
S Qe 00 s
2L (@)pir P (L + B) + (1 + B(2a — 1
‘Z%’(ci;' B

(@ 2 (L4 B) + (1 + B(20 — 1))]
= Z’(C)nﬂl 26(1 — «) =l

Thus f(z) *x g(z) € H* (B, a, k).
Hence the proof is complete.

Corollary 4.1 : If f(z) = = —|— Yo Lanz™ € H*(B,a,k), and g(z) =
1457 b2 with 0 < b, <1 is in the class H*(B,a, k), then f(z)*g(z) €
He(3 00 k).

5 Radii of Starlikness and Convexity

Theorem 5.1 : Let the function f(z) defined by (1) be in the class H*(3, ., k).
Then f is meromorphically starlike of order 6(0 < § < 1) in the disk |z| <
r1(B, a, k, ), where

st (@ P (L4 8) 4 (4 B20 — 1)1 —3)

ek =il T -

The result is sharp for the function given by (7).
Proof : It is enough to show that

2f'(z)
| B +1]<1-9,
|Zf/( ) | |Zn 1(n+1)a” ’< Zn 1(n+ )an,z‘n+l
f(Z) _1 +Zn:1 a’nzn 1- Zn 1a7l|z|n—"_1 ‘
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This will be bounded by 1 — 9,
>+ Dag 2"

n=1 <1-94
L= 000 anlzmtt = ’
Z(n +2 = 0)aylz|"T <1 -6,
n=1

by Theorem 2.1, we have

(@)nt1 2" [n(1 4+ B) + (1 + B(20 — 1))]
| i | 25— o) a, < 1.

oo

n=1
Hence

2 < |(a)n+1 |nk“[n(1 +8) + (1 + B2a —1))](1 —9)
(S 28(n+2—-90)(1—«) ’

(@)n+1 |nk+1[n(1 +5)+ 1+ 62a—1))(1 —9) ye
G 28(n+2—0)(1—a) |
This completes the proof of the theorem.

Theorem 5.2 : Let the function f(z) defined by (1) be in the class H*(3, «, k).
Then f is meromorphically convex of order v(0 < v < 1) in the disk |z| <
ro(B, a, k,7y), where

2] < {]

n*(1 —y)[n(1+B) + (1 + B(2a — 1))]}#1
28(n+2—7v)(1—«)

The result is sharp for the function given by (7).
Proof : By using the same technique in the proof of Theorem 5.1 we can show

that
i "(2)
f'(2)
for |z| < ro with the aid of Theorem 2.1, we have the assertion of Theorem
5.2.

ra(Buan ko) = (| =

+2/<1—7, (0<~<1).
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