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Abstract

In this paper, we define the algebraic structurésmulti-fuzzy subgroup and
some related properties are investigated. The psgpof this study is to
implement the fuzzy set theory and group theorymuiti-fuzzy subgroups.
Characterizations of multi-level subsets of a miulizy subgroup of a group are
given.
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1 I ntroduction

S. Sabu and T.V. Ramakrishnan [5] proposed thergheb multi-fuzzy sets in
terms of multi-dimensional membership functions am/estigated some
properties of multi-level fuzziness. L.A. Zadeh [A{roduced the theory of multi-
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fuzzy set is an extension of theories of fuzzy.sktghis paper we define a new
algebraic structure of multi-fuzzy subgroups anddgtsome of their related
properties.

2 Preliminaries
In this section, we site the fundamental defingidimat will be used in the sequel.
2.1 Definition: Let X be any non-empty set. A fuzzy sybséX isy: X — [0,1].

2.2 Definition: Let X be a non-empty set. A multi-fuzzy sat X is defined as a
set of ordered sequences:

A ={(X, H1(X), H2(X), ..., Mi(X), ...) : xOX}, wherep; : X — [0, 1] for all i.
Remark:

I. If the sequences of the membership functions haokg loterms (finite
number of terms), k is called the dimension of A.

il. The set of all multi-fuzzy sets in X of dimensiomskdenoted byv*FS(X).

iii. The multi-fuzzy membership functiops is a function from X to
[0,1]%such that for all x in Xpa(x) = (U1(X), H2(X), ---, Kk(X))-

iv. For the sake of simplicity, we denote the multizyzet

A= {(x, Ma(X), M2(X), ..., k(X)) : x O X} as A= (U1, M2, ---) Hk)-

2.3 Definition: Let k be a positive integer and let A and BEMiEFS(X), where A =
(14, o, ..., ) and B = (1, w..., K), then we have the following relations and
operations:

i. ADOB ifandonly if g <v;, foralli=1, 2, ..., k;

il. A=Bifandonlyif w =v;, foralli=1, 2, ..., k;

iii. AOB = (u10vy, ..., iOvi) ={( X, maxi(x), va(x)), ...,maxk(X), vk(x)) )
- xO X},

iv.  ANB = (N, .., Vi) = {( X, minpa(X), va(x)), ..., minfu(x), vi(x)) )
- xO X},

V. A+ B = 1tV .oy lctVi) ={( X, Ha(X) + Vi(X) = H1(X)V1(X), ..., Pk(X) +
Vk(X) = Mk(X)Vk(X) ) : xOX}.

2.4 Definition: Let A= (14, L&, ..., L&) be a multi-fuzzy set of dimension k and let
1 be the fuzzy complement of the ordinary fuzzgdeti=1, 2, ..., k. The
Multi-fuzzy Complememtf the multi-fuzzy set A is a multi-fuzzy et (.., L&)

and it is denoted by C(A) or A’ or°A

That is, C(A) = {( X, ¢fa(x)), ..., Cf(x)) ) : XCX} = {(x, 1 = £a(X), ..., 1=f4dX) ) :
x/[7 X}, where c is the fuzzy complement operation.
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2.5 Definition: Let A be a fuzzy set on a group G. Then A is saioeta fuzzy
subgroup of G ifor all x, yOG,

i A(xy) > min { A(X), A(y)}
i AKX = AX).

2.6 Definition: A multi-fuzzy set A of a group G is called a miuiazy subgroup
of G iffor all x, yOIG,

i A(xy) > min {A(X), A(y)}
i AXH=Ax)

2.7 Definition: Let A be a fuzzy set on a group G. Then A isdan anti fuzzy
subgroup of G if forall x, ¥/G,

i A(xy) < max{A(X), A(y)}
i Ax Y = AX).

2.8 Definition: A multi-fuzzy set A of a group G is called a maitti fuzzy
subgroup of G if for all x, y/G,

i A(xy) < max {A(x), A(y)}
i Ax ) =A(X)

2.9 Definition: Let A and B be any two multi-fuzzy sets of a nopteset X. Then
for all x/7 X,

i. A OB iff A(X) <B(x),
i. A=B iff A(X)=B(x),
iii. AOB (x) = max {A(x), B(x)},
iv. AnB (xX) = min {A(x), B(x)}.

2.10 Definition: Let A and B be any two multi-fuzzy sets of a nopkerset X.
Then

I. ALOA=A AnA=A,
il. A UOAUOB,BOAOB,AnBOA and AnB OB,

iii. A O Biff AOB =B,
V. A 0O B iff AnB=A.

3  Propertiesof Multi-Fuzzy Subgroups

In this section, we discuss some of the propediasulti-fuzzy subgroups.
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3.1 Theorem: Let ‘A’ be a multi-fuzzy subgroup of a group G dedis the
identity element of G. Then

i. A(X) < A(e) for all xOG .
il The subset H = {XIG / A(x) = A(e)} is a subgroup of G.

Proof:
I Let xOG.
A(X) = mn{A®X),A®X]}
= min{AX),A)}
< A

A (e).
Therefore, A (XX A (e), for all XJG.

il. LetH ={xOG / A(x) = A(e)}
Clearly H is non-empty ag #.

Let x, yOH. Then, A(X) = A(y) = A(e)
ACY) = min {A(), A(y™)}
= min {A(x), A(y)}

= min {A(e), Ale)

= A(e)
That is, A(X}) > A(e) and obviously A(xy) < A(e) by i.
Hence, A(xy") = A(e) and xy OH.
Clearly, H is a subgroup of G.

3.2 Theorem: A is a multi-fuzzy subgroup of G iff A€ a multi-anti fuzzy
subgroup of G.

Proof: Suppose A is a multi-fuzzy subgroup of G. Thendibx, y [1 G,

A(xy) > min{A(x), A (Y)}
= 1-A%(xy) = min {(1- A%(x)), (1 - A%(Y))}
e A(xy) < 1- min {(1- A°(x)), (1- A%(y))}
- A (xy) < max {A(X), A“(y)}.

We have, A(x)=AX) forallxin G
e 1-AX)=1- A%xH
Therefore, x) = AxD.

Hence A is a multi-anti fuzzy subgroup of G.
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3.3 Theorem: Let ‘A’ be any multi-fuzzy subgroup of a group Ghwdentity ‘e’.
ThenAxy ) = A(e) = AX)=A(y) forall x,ydG.

Proof: Given A is a multi-fuzzy subgroup of G and ATy = A(e) .
Then for all x, yOI G,
AKX = AGY)
= A(xy?)y)
> min {A(xy ™), A(y)}
= min {A(e), A(y)}
A(Y).
That is, A(X) > A(Y).
Now, A(y) A(Y) , since A is a multi-fuzzy subgroup of G.
AEY
ACCX)Y )
= AXY(xy™)
> min {AKX), Axy ™)}
min {A(x), A(e)}
AX).
That is, A A(X).
Hence, AX) = A(y).

3.4 Theorem: A is a multi-fuzzy subgroup of a group G if @mdly if
AXxy™Y = min {A(x), A (y)}, forall x, yOG .

Proof: Let A be a multi-fuzzy subgroup of a group G. Thenall x ,y in G,

Al > min{A(X), A (Y)}
And AKX = A(X).
Now, Axy D > min{AX), A(y )L
= min {A(x), A(Y)}
- Ay > min{AX), A(Y)}.

4 Properties of Multi-Level Subsets of a Multi-Fuzzy
Subgroup

In this section, we introduce the concept of migitiel subset of a multi-fuzzy
subgroup and discuss some of its properties.

4.1 Definition: Let A be a multi-fuzzy subgroup of a group G. Foy &= (t,tp, ...
, &, ...) where;t]0,1], for all i, we define the multi-level subsw#tA is the set,

L(A;t)={xOG/AKX)>t}.
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4.1 Theorem: Let A be a multi-fuzzy subgroup of a group G. Tfeerany t =
(ty,to, ... , &, ...), where;t/7[0,1] for all i such that t< A(e), where ‘e’ is the
identity element of G, L(A; t) is a subgroup of G.

Proof: For all x, yd L (A ;t), we have,
AXP t; Ay >t
Now, AKYH = min{A(X), A (y)}.
> min{t,t}=t
Thatis, A K > t.
Therefore, yx* O L (A;t) Hence L (A ;t)is asubgroup of G.

4.2 Theorem: Let G be a group and A be a multi-fuzzy subset stiGh that
L(A; t) is a subgroup of G. Then fort 5,6, ... , &, ...), where ;t/[0,1] for all

i such that t< A (e) where ‘e’ is the identity element of G, sAai multi-fuzzy
subgroup of G.

Proof: Let x, y[O G and A(x) =r and A(y) = swhere r = (2, ... , k, ...) ,
s=(s,% ..., &, ...), for r,50[0,1] for all i.

Suppose Ks.

Now A(x) = r which implies XJL(A; r).

And now A(y) =s> r which implies Y L(A ;).
Therefore x, YL (A;r).

As L(A ;1) is asubgroupf G, xy*OL(A;Tr).
Hence, Ay >r = min{r,s}
> min {A(X) , A(y) }
Thatis, A(Xy) > min {A(X), A(y) }.

Hence A is a multi-fuzzy subgroup of G.

4.2 Definition: Let A be a multi-fuzzy subgroup of a group G. Thlegsoups
L(A;t) fort = (ty,tp, ..., &, ...) where ;t//[0,1] for all i and t< A(e) where ‘e’ is
the identity element of G, are called multi-lessebgroups of A.

4.3 Theorem: Let A be a multi-fuzzy subgroup of a group G ands‘¢éhe identity
element of G. If two multi-level subgroups L(A,;lf}A ; s), for r = (n,ro, ..., &k,
) ,S=(S1,%, - s & --) , Whereir, § /7[0,1] for all i and r, s< A(e) with
r< sof A are equal, then there is no x in G such thatA(x) < s.

Pr oof:

LetL(A;r) = L(A;s).

Suppose there exists alxG such that K A(X) < s.

Then L(A; s)YJL(A ;).

That is, x O L(A; r) , but xO L(A; s), which contradicts the assumption that,
L(A;r) = L(A;s).
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Hence there is no x in G such thakrA(x) < s.

Conversely, Suppose that there is no x in G sugh th< A(x) < s.
Then, by the definition, L(A ; s)J L(A;r).

Let xOL(A ; r) and there is no x in G such that<rA(x) < s.
Hence XJL(A;s) and therefore, L(A; )] L(A;s).

Hence L(A;r) = L(A;S).

4.4 Theorem: A multi-fuzzy subset A of G is a multi-fuzzy subgrof a group G
if and only if the multi-level subsets L(A ; t)y fd = (ty,tz, ... , &k, ...) where
t //[0,1] for all i and t<A(e), are subgroups of G.

Proof: It is clear.

4.5 Theorem: Any subgroup H of a group G can be realized as #i#ewvel
subgroup of some multi-fuzzy subgroup of G.

Pr oof:

Let A be a multi-fuzzy subset and xG.

Define,

0 if xdOH
A(x) =

t ifxOH,fort=(t,tp, ..., &, ...) where ;i1 [0,1] for all i and
t < Ae).

We shall prove that A is a multi-fuzzy subgroupf Let x, yOI G.
i. Suppose x, ¥ H. Then xyd H and xy* O H.
AX) =t, A(y) = t, A(xy) = tand A(X{) =t.
Hence A(xy") > min { A(X) , A(y) }.
il. Suppose 1 H and yO H. Then xyO H and xy* O H.
A(x)=t, Aly) =0 and A (xy) = 0.
Hence A (xy") > min{A(x), A(y) }.
ii.  Suppose x, YJH. Then xy* OHor xy'OH.

A(x) =0, A(y) =0 and A(x{}) =t or O.
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Hence A (xy") = min{ A(X) , A(y) }.
Thus in all cases, A is a multi-fuzzy subgroup of G
For this multi-fuzzy subgroup A, L(A;t) =H.

Remark: As a consequence of the Theorem 4.3, the multi-lswegroups of a
multi-fuzzy subgroup A of a group G form a chaimc® A(e)> A(x) for all x in
G where ‘e’ is the identity element of G , therefdu(A; tp) , where A(e) =dis the
smallest and we have the chain:

{e} OL(A;to) O L(A;t1) O L(A;t2) O .... O L(A; t)) = G ,where
o> t1>6b>...... > .
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