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Abstract

In mathematical terms, sequence is a list of nusilaeranged in a specific
order. Tribonacci sequence is a sequence of whatebers with equationsy
0, ;=0and =1 inwhich § =Ty + Thz+ Tn.z. When the first three terms of
the tribonacci sequence become arbitrary, it iskna@s tribonacci-like sequence.
Tribonacci-like sequence can start at any desiradhiber. This study aimed to
derive and validate a formula in solving tribonatike sequence. Basic equations
were derived on finding "hterm ($) of Tribonacci-like sequence given its
arbitrary first three terms. Formulas of, r four terms (n = 4), five terms (n =
5), six terms (n = 6) and seven terms (n = 7) waokved. From these formulas,
numerical coefficients of the first three terms evéabulated and patterns were
recognized. In these patterns, a formula was okthiin solving R term of
Tribonacci-like sequence using its first three teramd Tribonacci numbers. The
novel formula is

Spn=Tn 281+ (Tp2+ Ty 3)S2+ Ty 1S3
Where
S, = nth term of Tribonacci-like sequence
S = first term
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S = second term
S; = third term
Th-1, Th-2, Tn-g = corresponding Tribonacci numbers.

Keywords. Tribonacci sequence, Tribonacci-like sequence, ond@ci
numbers.

1 Introduction

Sequence is a list of numbers arranged in a spewifier. It can contain members
similar to a set. However, sequence can have tihe saembers repeated as much
as possible at a divergent locations. Thus, paiter substantial element of a
sequence.

There are lots of functional sequences existingaggodsome sequences like of
arithmetic, geometric, square, cube, Lucas, Fibonaecd Tribonacci are known
to many for a very long time. Arithmetic, geometrltarmonic and fibonacci
sequence have an established formula on findingune and the hterm of the
respective sequences. However, devising formulatferr" term of fibonacci-
like, tribonacci-like and other related sequencagetreceived little attention from
mathematicians.

Fibonacci sequence is a sequence starting fromdOlawhere the succeeding
terms are taken from two previous terms that adeeddMoreover, fibonacci-like
sequence is a derivative of the fibonacci sequewitere the same pattern is
applied. Their only difference is that Fibonackkelisequence starts at any two
given terms.

Recently, a formula derived by Natividad [1] inx8ah a Fibonacci-like sequence
was established through amalgamating basic forinotha important patterns with
a Binet’s formula. The resulting equation is

n_ _\n
p_|® E/lg )",
X = o™ — (1 — @)+ n= 1

V5

On the other hand, Tribonacci sequence is a sequehavhole numbers with
equations §=0, i, =0and T =1 in which |, = T,1 + Th2 + Ths. This only
means that the previous three terms are addedhdotlie next term. It is also
referred as series of Tribonacci numbers.

Noe, Piezas, and Weisstein [2] listed two explimtmulas for Tribonacci
sequence. The implicit formula is



84 Lexter R. Natividad et al.

n+1 n+1 n+1
a B 14

W= Pa-n G-0G-nTT-00-5

wherea, B and y are the three roots of the polynomidl— x? — x — 1.

They gave also another explicit formula in the farin

%(19 +3v33)T + 219 - 3V33)7 + %} (586 + 10233) />

(586 + 102v33)"/3 + 4 — 2(586 + 102v/33) /3

T, = |3

Just like fibonacci and fibonacci-like sequencegwlthe first three terms of the
tribonacci sequence become arbitrary, it is knowntrdbbonacci-like sequence.
tribonacci-like sequence can start at any desitgdber. These sequences have
many applications in environment, biology, chenyistairts, mathematics, music
and among others as it occurs naturally.

However, to the best knowledge of the researclibese are no equations have
been formulated on finding thé"rterm of the Tribonacci-like sequence. Thus,
this study will present how to derive a formula finding " term of the
Tribonacci-like sequence using recognition of pateand by observing its first
three terms.

2 Main Results

Tribonacci sequence, like Fibonacci, is a sequertere terms are obtained from
adding previous three terms. The first three teoitbis sequence are 0, 1, and 1.
From this definition, we can define Tribonacci-lisequence as a Tribonacci
sequence where the first three terms are arbitrary.

These first three terms of Tribonacci-like sequerere be designated &g S,, S;.
In this manner, a formula was obtained $grgiven the first three terms.

Definition 1: The sequenc§,, S,,Ss, ..., S, In which S,, = S,,_3 + S,_» + Sh_1
is a generalized tribonacci sequence (tribonadcelisequence). This sequence
follows the pattern of tribonacci sequence.

Considering the Tribonacci-like sequerfseS,, Ss, ..., S,,, a novel formula for f
term of tribonacci-like sequence was derived. Fdamwas obtained from the
first, second and third terms designated gsSsand 3 only. Specific formula
was observed and from these, general formula wesoael.

To find the general formula for thé"rterm of the Tribonacci-like sequence, a
pattern was recognized. All the equations derivedewisted to find recognizable
patterns easily.
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54_ = Sl +Sz + 53
Se =S, + 28, + 25,
56 = 251 + 352 + 4‘53
57 = 4‘51 + 652 + 753

After careful observation and investigation, ak thumerical coefficients for;S
S, and S were tabulated as shown in Table 1.

Table 1: Coefficients of $, S, and $ of " term of Tribonacci-like Sequence

n" term of Coefficient
Number of . .
Tribonacci-like
Terms

sequence $ .S S
4 S 1 1 1
5 S 1 2 2
6 S 2 3 4
7 S 4 6 7
n S T Th+Thz Th-1

It can be noted that coefficients of 8hd $ follows the Tribonacci sequence
(Table 2).

Table 2: The first 18 Tribonacci Numbers

Nth Term Tribonacci Number

1 0

2 1

3 1
4 2

5 4
6 7
7 13
8 24
9 44
10 81
11 149
12 274
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14 927

15 1705
16 3136
17 5768
18 10609

From these observations, the following theorenrippsed.

Theorem 1: For any real numbers;SS, and S, the formula for finding fiterm
of tribonacci-like sequence is

Sn=Tn251+ (Tn_2 + Tp_3)S2+ Tp_1S3
where § is the nth term of tribonacci-like sequencejsSthe first term, Sis the
second term, Sis the third term and I, T,.» and T3 are the corresponding
tribonacci numbers.
Proof: We will prove the formula for Tribonacci-like seaquee for 4
Spn= Th2S1 + (Thz + Tr_3)S; + Tp1S3

The formula is true for n=3, n=4, n=5 etc. whicleasy to verify.

Using n=4,
54 == Tzsl + (TZ + Tl)SZ + T353

From table 2,
54 == Sl + SZ + S3

which is truefrom the definition of tribonacci-like sequence.

Next, we will show that the formula is valid forisigreater than 4. Assuming that
P(K) is true and writing it as

Sk = Tr—251 + (Tk—z + Tk—3)52 + Ty-153

Suppose we want to find the k+1 term of the seqeies

Set1 = Taern)-251 + [Tesn)—2 + Taern-3)S2 + T(k+1)-153
Sk+1 = Tx—1S51 + (Tk—l + Tk—z)Sz + T;S3

To verify, we will provide the assumption of P(kyplies the truth of P(k+1). To
do so, we will adds,_; andSj,_, to both sides of P(k). The left side of P(k) will
become

Sk-2t Sk-1t+ Sk
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which is equal to the left side of P(k+1) sin§g , + Sx_1 + Sk = Sk41 from
definition of Tribonacci-like sequence.

After addingS,_; andS,_,, the right side of P(k) will become
Ti—2S1 + (Tg—2 + T—3)S2 + Tg—1S3+ Sk—2+ Sk-1
But since

Sk—2 = Ti—4S1+ (Ty—a + Ti_5)Sy + T—3S3 andS,_; = Tp_3S; +
(Tk=3 + Ti—4)Sz + Ti—2S;3

The equation will become

Ska1 = Ti—251 + (Tk—z + Tk—3)52 + T—1S3 + Tp—_sS1 + (Tk—4 + Tk—s)Sz +
Ty-3S3 + T—3S1 (Tx—z + T—4)Sz + Ty_3S;3

=02t Tp—z + Ty_s) St + [(Th—z + T3 + Ty_s) + (T3 + Ty—s +
Ti—5)1S2 + (Tk—1 + Tyx—z + Tx_3) S3

From the definition, the equation will become
Te-1S1+ (Txy + Tr—2)S2 + TiS3
which is the right side of P(k+1).

Through strong mathematical induction, conclusmfofvs.

Conclusions

It is concluded that patterns are essential invdegiformulas for sequences.
Using these patterns, a formula was obtained wireph" term of tribonacci-like
sequence using its first three terms and tribonaggibers. The formula will be of
great help for other people establishing new foemidr other equations that
receive little attention. The derived formula foolng the ' term of a
tribonacci-like sequence was verified in real nursbsystem by testing the
formula in different examples and was verified tigbh mathematical induction.
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