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The boundedness and compactness of the integral-type operator Ié,'fg) f(z) =[5 f™(p(()g(8)de,

where n € Ny, ¢ is a holomorphic self-map of the unit disk D, and g is a holomorphic function on
D, from a-Bloch spaces to Qk spaces are characterized.

1. Introduction

Let D be the open unit disk in the complex plane, 0D be its boundary, D(w, r) be disk centered
at w of radius r, and let H(ID) be the class of all holomorphic functions on D. Let

a

—, aeD, (1.1)
1-az

ﬂa(z) =

be the involutive Mobius transformation which interchanges points 0 and a. If X is a Banach
space, then by Bx we will denote the closed unit ball in X.
The a-Bloch space, B*(D) = B*, a > 0, consists of all f € H(ID) such that

sup(1- IZIZ)aIf’(z)l < . (1.2)

zeD
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The little a-Bloch space B{j(ID) = Bf consists of all functions f holomorphic on D such that
limyz (1 - |z|2)a|f’(z)| = 0. The norm on B* is defined by

1fll5e = £ O] +sup(1-12P)"|f'(2)]- (1.3)
zeD

With this norm, B* is a Banach space, and the little a-Bloch space Bj is a closed subspace of
the a-Bloch space. Note that B! = B is the usual Bloch space.

Given a nonnegative Lebesgue measurable function K on (0, 1] the space Qg consists
of those f € H(D) for which

th, () =sup [ 17 GIPK (1= I1a(a) ) dm(z) < o, (1.4

where dm(z) = (1/x)dxdy = (1/7)r dr dO is the normalized area measure on D [1]. It is
known that by, is a seminorm on Qx which is Mobius invariant, that is,

bQK (f ° 71) = bQK (f)/ ne Aut(D), (1.5)

where Aut(DD) is the group of all automorphisms of the unit disk ID. It is a Banach space with
the norm defined by

I£llg = |£O)] +boc (f)- (1.6)

The space Qk consists of all f € H(ID) such that

lim fD |f’(z)|2K<1 - |rla(z)|2>dm(z) = 0. (1.7)

lal—1

It is known that Qk ¢ is a closed subspace of Qk. For classical Q spaces, see [2].
It is clear that each Qk contains all constant functions. If Qg consists of just constant
functions, we say that it is trivial. Qk is nontrivial if and only if

1 (1-1)?

sup | K(1-r)———=rdr <co. (1.8)
te(0,1) ¥ 0 (1-tr?)

Throughout this paper, we assume that condition (1.8) is satisfied, so that the space Qg is

nontrivial. An important tool in the study of Qk spaces is the auxiliary function Ax defined

by

a K(st)
0 2 Ry

0<s<oo, (1.9)

where the domain of K is extended to (0, oo) by setting K(t) = K(1) when t > 1. The next two
conditions play important role in the study of Qg spaces.
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(a) There is a constant C > 0 such that for all t > 0

K(2t) < CK{(1). (1.10)
(b) The auxiliary function A satisfies the following condition:

[ ) g g, (111)
0 S

Let ©(0,00) denote the class of all nondecreasing continuous functions on (0, o)
satisfying conditions (1.8), (1.10), and (1.11).
A positive Borel measure y on D is called a K-Carleson measure [3] if

1-
sup K( 12| )d‘u(z) < o, (1.12)
1 Jsw 1]

where the supermum is taken over all subarcs I C 0D, |I| is the length of I, and S(I) is the
Carleson box defined by

S(I):{z:1—|I|<|z|<1, |—§|e1}. (1.13)

A positive Borel measure y is called a vanishing K-Carleson measure if

lim L(D K(l |_I:Z| >d;1(z) = 0. (1.14)

|I]—=0
We also need the following results of Wulan and Zhu in [3], in which Qk spaces are
characterized in terms of K-Carleson measures.

Theorem 1.1. Let K € Q(0, o0). Then a positive Borel measure p on D is a K-Carleson measure if
and only if

sup | K(1-[1a(2)]")dpu(z) < o0, (1.15)

aeh /D

Also, p is a vanishing K-Carleson measure if and only if

lim K<1 - |1]a(z)|2>d//t(z) = 0. (1.16)

|ll|—>1 D

From Theorem 1.1 and the definition of the spaces Qkx and Qg, we see that when
K € Q(0,), then f € Qg if and only if the measure du; = |f’(z)|2dm(z) is a K-Carleson
measure, while f € Qg if and only if this measure is a vanishing K-Carleson measure.
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Let ¢ € S(D) be the family of all holomorphic self-maps of D, g € H(D), and n € Ny.
We define an integral-type operator as follows:

Iy f(z) = f FP(p2)g()de, zeD. (1.17)

0

Operator (1.17) extends several operators which has been introduced and studied recently
(see, e.g., [4-9]). For related operators in n-dimensional case, see, for example, [10-19]. For
some classical operators see, for example, [20, 21] and the related references therein. For other
product-type operators, see [22] and the references therein.

Motivated by [23, 24] (see also [25-29]), we characterize when ¢ and g induce
bounded and/or compact operators in (1.17) from a-Bloch to Qx spaces.

Throughout this paper, constants are denoted by C; they are positive and not
necessarily the same at each occurrence. The notation A < B means that there is a positive
constant C such that B/C < A < CB.

2. Auxiliary Results

Here, we quote several lemmas which will be used in the proofs of the main results in this
paper. The following lemma is folklore (see, e.g., [30]).

Lemma 2.1. Forany f € H(ID) and z € D, the following inequalities hold

I|f ifo<a<l,

If

Bas

e
LI ———
B

e
I f

s ifa>1,

(1 3 |Z|2>a—1
a
SUPweD(z,(1-]21) /2) (1 - |w|2> |f’(w)|

<1 - |Z|2>m_1 (2.2)
”f B ifneN.

ifa=1,

|f(z)| <CA (2.1)

|f™(z)] <C

<C

The next lemma is obtained in [31, 32].

Lemma 2.2. Let a > 0. Then there are two functions fi, f, € B* such that

lfi@)]+ ()] > T z€eD. (2.3)
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Also, if a #1, then there are two functions f3, f4 € B* and C > 0, such that

A@|+ )] 2 ——, zeD. 24)

(1 B |Z|2>a71 4

The next Schwartz-type lemma [33] is proved in a standard way, so we omit the proof.

Lemma 23. Let a > 0,K € Q(0,0), ¢ € S(D), g € HD), and n € Ny. Then L;,rfg) :
B* (or Bf) — Qk is compact if and only if for any bounded sequence (fp,), oy in B* converging

I(n)

to zero on compacts of D, we have lim,,, . o || ¢ "’”QK =0.

Lemma 2.4. Let « > 0, K € Q(0,0),¢ € S(D),g € H(D), and n € Ny. Then Ié,rfg) 1 By —
Qk (or Qxy) is weakly compact if and only if it is compact.

Proof. By a known theorem Lf,fg : By — Qk (or Qkp) is weakly compact if and only if (I(f,f’g))* :
Qx (or Q’f@o) — (Bf)" is weakly compact. Since (B})* = Al (the Bergman space) and A!

has the Schur property, it follows that it is equivalent to (I(ffg))* 1 Qx (or Q;<,0) — (Bf)", is

compact, which is equivalent to Iq(,rfg) : B — Qk (or Qkp), is compact, as claimed. O

Lemma 2.5. Let a >0, K € Q(0,0), ¢ € S(D), g € H(D), and n € Ny. Then Iq(,,g :B§ — Qko
is compact if and only if I(f,t’g) : B* — Qo is bounded.

Proof. By Lemma 2.4, Ié,f‘g) : B — Qkp is compact if and only if it is weakly compact, which,
by Gantmacher’s theorem ([34]), is equivalent to (I;':;)**((Bg)**) C Qxkp- Since (Bf)™ = B~

and by a standard duality argument (I;Z;)** = Ié,’,g on BB%, this can be written as I;Q(B“) € Qko,

which by the closed graph theorem is equivalent to LE,'E : B¥ — Qky is bounded. O

For a € D, set
2 2 2\ 2(1-a-n)
Dy gx(a) = LD K(1-|na*) 2@ (1- o) dm(z). (2.5)

Lemma 2.6. Let a > 0,K € Q(0,00), ¢ € S(D), g € H(D), and n € Ny. If Dy, ¢ k is finite at some
point a € D, then it is continuous on .

Proof. We follow the lines of Lemma 2.3 in [24]. From the elementary inequality

(=lah(-|a]) _ 1-|ma@)]* _ 4
4 T a2 T A=lahd=la))’

a a, z € ]D), (26)

and since K is nondecreasing and satisfies (1.10), we easily get

K(l _ |7’l,11 (Z) |2> S C[1082(4/(1—|¢1|)(1—‘ﬂ1|))]+1K<1 _ |rla(2) |2) (27)
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From (2.7) and since @, ¢ x (a) is finite, it follows that @, ¢ k is finite at each point a; € D. Let
a € D be fixed, and let (a;),cy C D be a sequence converging to a.

We have
18P |K(1- 1.@)[7) - K(1- |na ()
|y, g,k (@) = Py gk (ar)| < f ' ( 2 Z(MS_U >'dm(z). (2.8)
’ (1-le)
From (2.6), we have that for [ such that 1 - |a;| > (1 - |a|) /2, say I > Iy, holds
1-|7a(2)|" < %(1 - 1a()%), 2.9)
(1 - 1al)

and consequently for I > Iy, it holds
|K<1 - |na(2) %) - K(l ~1a(2)[) |s <1 + cﬂogz(S/(l-'a')z”“)I<<1 “@). (@10

From this and since @, is finite at a, by the Lebesgue dominated convergence
theorem, we get that the integral in (2.8) converges to zero as I — oo which implies that
Dy o x(a)) — Dyex(a)asl — oo, from which the lemma follows. O

3. Boundedness and Compactness of Lffg) : B*(or Bf) — Qx(or Qkyo)

In this section, we characterize the boundedness and compactness of the operators Ié,f’g) :
B*(or Bf) — Qx(or Qkpo). Let

2(1-a—n)
) dm(z). (3.1)

dppgna(2) = 1) (1- o)

Theorem 3.1. Let a > 0, K € Q(0,00), ¢ € S(D), g€ HD),andn € N,orn =0and a > 1.
Then the following statements are equivalent.

(a) Lf,fg : B* — Qg is bounded.

(b) Ié,’g : B — Qg is bounded.

() M := sup ey f K(1 = I1a(2)P)Ig(2)P(1 - lp(z) P~ dm(z) < co.

(d) dpty,gn,a(z) is a K-Carleson measure.

Moreover, if I(f,f’g) : B* — Qg is bounded, then the next asymptotic relations hold

(n) (n) - Afl/2
(R 15 = M2, (3.2)

8 B~ Qx

B* — Qg ||
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Proof. By Theorem 1.1, it is clear that (c) and (d) are equivalent.

(c) = (a). Let f € Bps. First note that I{") £ (0) = 0 for each f € H(B) and n € No. From
this and by Lemma 2.1, we have

—supf | I(")f (z)l <1—|11u(z)|2>dm(z)

acD
_ n 2 20 (1 2
=sup [ 7 (@) [ Is@ K (1= @) ) dm(z) 63
<Cliflfsup | K(1-|n@ ) ls@F (- lo@l) " dm(),

from which the boundedness of I(ffg) : B* — Qg follows, and moreover

()
|26 <CM'2, (3.4)

B*—Qxk

(a) = (b). This implication is obvious.
(b) = (c). By Lemma 2.2, if n € N, there are two functions fi, f» € B* such that (2.3)
holds, and if n = 0 and a > 1 such that (2.4) holds. Let

n-1 (k) (k)
M = fi() - 21 k,(o) “ () =he)- Z e Dok (35)
k=
It is known (see [30]) that for each f € H(D) and n € N, we have
a+n— n-l a
(1-12P) 1|f<">(z)| + 2[00 = (1-12P) £ (2)]. (3.6)
k=1

From this, Lemma 2.2, and since hgk) 0) = hgk) 0)=0,k=0,1,...,n—1, we have that
there is a 6 > 0 such that

c(1- |z|2)_(“+"_1) < WP @)+ [0 ()|, for |2] > & (3.7)

Now note that for any f € B%, the functions f,(z) = f(rz), r € (0,1) belong to B*, and
moreover, sup,_, || frliz: < IIfllga-
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Applying (3.7), using an elementary inequality, the boundedness of Lf,’g. : By — Qk,
and the last inequality, we obtain

rep(z)|> m

_ _ 2
_CIDK<1 14(2)] )
+CJ‘ K(l— |11a(z)|2>

2
<I(">(h1) ) (2)| dm(z) (3.8)

.2
(152(h2), ) (2)| dm(z)

o (Wl + hal.).

Letting r — 11in (3.8) and using the monotone convergence theorem, we get

2(1-a—
K(1-|n.(2)|? *(1- ? " dm(z) < C 1('” :
wa (1- @)@ (- le@ )™ am@ <cliall o e
On the other hand, for fo(z) = z"/n! € Bj, we get I, ) o € Qkx which implies
™
2(1-a-n) ' IIfO B«
su K(1- uz)z z)21— (z)2 dm(z) <
wpf KO- m@F)ls@F (1~ lpe)l) @
(3.10)

From (3.9) and (3.10), (c) follows. Moreover we get M'/2 < C||I(")||Ba .- From this, (3.4)

and since || the asymptotic relations in (3.2) follow, finishing the

T2l g < 1525 o,
proof of the theorem. O

Theorem 3.2. Let a >0, K € Q(0,0), p € S(D), g€ HD),andn e N,or n =0and a > 1. Let
I(E,rfg) : B* — Qg be bounded. Then the following statements are equivalent.

(a Ié,’f; : B* — Qg is compact.

(b Ié,’f; : BY — Qx is compact.

I - BE — Q is weakly compact.

(d) sup,ep [, K(1 - [1a(2)") I8 (2) Pdm(z) < oo, and

imsup [ K(1- @) s@F(1-lp@) " dm@=0. @i

r=1 4eD lp(z)|>r



Abstract and Applied Analysis 9

Proof. By Lemma 2.4, we have that (b) is equivalent to (c).
(d) = (a). Let (f1),qy be a bounded sequence in B*, say by L, converging to zero

uniformly on compacts of . Then fl(") also converges to zero uniformly on compacts of ID.
From (3.11) we have that for every € > 0 there is an 1 € (0,1) such that for r € (ry, 1)

sup K(1- @) g@F (1~ lp@ )" dm(z) <e. (3.12)

aeD J|p(z)|>r

Therefore, by Lemma 2.1 and (3.12), we have that for r € (ry, 1)

ZQK - <.[(p(z)|<r +J|¢(Z)>r> |fl " (‘P(Z)) |2K<1 - |71a(Z)|2> |g(Z)|2dm(z)

< | su1|3 |fl(") (p(2)) |2 ID K<1 - |71a(z)|2> |g(z)|2dm(z) +CL%.
o(2)|<r

(3.13)

Letting I — oo in (3.13), using the first condition in (d) and sup‘w‘5r|fl(") (w)] = 0asl — oo,
it follows that lim; _, o, ||I$2 fill O = 0. Thus, by Lemma 2.3, L;,'Z : B* — Qg is compact.

(a) = (b). The implication is trivial since Bf C B”.

(b) = (d). By choosing f(z) = z"/n! € Bf, n € Ny, we have that the first condition
in (d) holds. Let fi(z) = z!/I, 1 € N. It is easy to see that (f1)1ey s @ bounded sequence in
By converging to zero uniformly on compacts of D. Hence, by Lemma 2.3, it follows that

||I(§,tlg)(f1)||QK — 0asl — oo. Thus, for every € > 0, thereis an [y € N, Iy > n such that for [ > Iy

2
n-1
<H(l—j)> supf |¢p(z)|2“*")1<(1— |na(z)|2>|g(z)|2dm(z) <e. (3.14)
j=1 aeD JD

From (3.14) we have that for each r € (0,1) and [ > [

2
2-n) (ﬁ(l—j)> sup K<1_ |yla(z)|2>|g(z)|2dm(z) <e. (3.15)
j=1

aeD J|p(z)|>r

-1/(lop-n)

Hence, for r € [(H}’:}l (lo=1)) ,1), we have that

sup K(1-1.2)[°) [g(2)[*dm(z) < e. (3.16)

aeD |(p(z) >r
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Let f € By, and let fi(z) = f(tz), 0 < t < 1. Then supy_, || fillg« < IIfllze, fi € B,
t € (0,1), and f; — f uniformly on compact subsets of D as t — 1. The compactness of

I : BE — Qg implies
il z ¢ g
}Ll||1‘;’lgft Iy g f” (3.17)

Hence, for every € > 0, there is a t € (0,1) such that

supf 52 (02) - P (0@ K (1~ [na(2) ) [s) dm(z) <& (3.18)
From this and (3.16), we have that for such t and each r € [(H (lo -7) /o) 1)
swpf I ()| K(1- [na(2)?) 15(2) Fdm(z)

<2 sup 7 0@) - £ ()| K (1~ |ma(2)*) 3(2) edm(z)

aeD VJ|p(z)|>r

(3.19)
2
+2sup| (@) K (1= 120 |3(2)Fdm(z)
ae @(z)[>r

< 25<1 + ” (m) )

From (3.19) we conclude that for every f € Bpg, there is a 6o € (0,1) and &y = 6o(f, €) such
that for r € (69, 1)

FP @[ K (1~ 1)) |3(2)Fdm(z) <. (3.20)

sup J‘
aeh |<p(z) |>r

Since I(f,f’g) : By — Qk is compact, we have that for every £ > 0 there is a finite collection
of functions fi, fo,..., fk € Bpe such that, for each f € B, thereisaj € {1,...,k}, such that

sup f £ (02) - £7 (0@ K (1~ (@) ) [s(2) Pm(z) <e.  3.21)

On the other hand, from (3.20), it follows that if 6= maxi<j<k0;j(fj, €), then for r € (8, 1) and
allje{1,...,k}, we have

sup
aeD J|p(z)|>r

£ (9(2)) |ZK (1-11.2)%)18(2)Pdm(=) < &. (3.22)
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From (3.21) and (3.22), we have that for r € (8, 1) and every f € B

sup
aeD J|p(z)|>r

FP (D[ K(1- @) 32 dm(z) < de. (3.23)

If we apply (3.23) to the delays of the functions in (3.5) which are normalized so that they
belong to Bp- and then use the monotone convergence theorem, we easily get that for r >
max{6,6} where 6 is chosen as in (3.7)

2(1-a—n)
sup II o K(1-|1.)1") 18 (1~ o)) dm(z) < Ce, (3.24)
ae p(z >r
from which (3.11) follows, as desired. O

Theorem 3.3. Let a > 0,K € Q(0,0), p € S(D), g€ HD) andn € N, orn = 0and a > 1. Then
the next statements are equivalent.

(a) I3 : B — Qi is bounded.
(b) I, (n) : B* — Qg is compact.
(c) I, (n) ¢ 1 BS — Qxy is compact.
(d) I, (") : BY — Qx is weakly compact.

(e) limjai1 f, K(1 - [a(2)P)g(2) (1 - lp(2))

() dpy,gna(z) is a vanishing K-Carleson measure.

2(1-a—n)

dm(z) =

Proof. By Theorem 1.1, (e) and (f) are equivalent; by Lemma 2.4, (c) is equivalent to (d),
while, by Lemma 2.5, (a) is equivalent to (c). Also (b) obviously implies (a).

(a) = (e) Let hy and h; be as in (3.5). Then from (3.7) and an elementary inequality,
we get

J e < e@F) (1~ @) 52 Pdm(z)
o(z)|>

<c[ k(1-lnP)
+CIDK<1 - [1a(2) %)

(12m) )]

(1520 )]

dm(z) (3.25)

dm(z).

For fo(z) = 2" /n! € B%, we get I\") fo € Qxo. From this and since I3')(h;) € Qxo, j = 1,2, by
letting |a| — 1, we get that (e) holds.
(e) = (b). We have that for every ¢ > 0 thereis a 6 € (0,1) so that for |a| > &

Dy x(a) <e. (3.26)



12 Abstract and Applied Analysis

On the other hand, by Lemma2.6, ®,.,x is continuous on |a] < &, so uniformly
bounded therein, which along with (3.26) gives the boundedness of @, ., x on D. Hence, by

Theorem 3.1, Lf,':; : B* — Qg is bounded. By Lemma 2.1, we have

lim sup (I(")f> (z) (1 - |11a(z)|2>dm(z)
la] =1 D
[1£]]5a<1 (3.27)
<C sup ||f oo ] hm (Dq,gK(a) C|1|im1(b‘p’g’K(a) =0,
[1£]]5<1 a

) I(f,f‘g) : B* — Qg is bounded.
Now assume that (f;),y is a bounded sequence in B%, say by L, converging to zero

uniformly on compacta of D as I — oo. To show that the operator Ié,fg 1 BY — Qkpis
compact, it is enough to prove that there is a subsequence (fi,) .oy of (f1),y such that I;,'Z fi.
converges in Qg as k — oo. By Lemma 2.1 and Montel’s theorem, it follows that there is a
subsequence, which we may denote again by (f;),. converging uniformly on compacta of D
to an f € B%, such that ||f||;. < L. Since I(E,tlg)(B”‘) C Qky, then clearly I(")f € Qko. We show
that

lim | I fi - 18 f” (3.28)

From (3.26), Lemma 2.1, and some simple calculation, we obtain

sup

, 2
<1<"> fi(z) -1 f(z)) ' K<1 - |11a(z)|2>dm(z) < 4CI%. (3.29)
6<|al<1/ D

ForaeDandte (0,1), let

1-a—

¥(a) = fn\m K(1-|n(2)*)[g@]*(1- |tp(z)|2>2( " dm(z). (3.30)

Lemma 2.6 essentially shows that ¥; is continuous on D. Hence, for each a € D, there is a
t(a) € (r,1) such that W, (a) < £/2. Moreover, there is a neighborhood O(a) of a such that,
for every b € O(a), W) (b) < €. From this and since the set |a| < 6 is compact, it follows that
thereis a ty € (0,1) such that ¥ (a) < € when |a| < 6. This along with Lemma 2.1 implies that

sup
lal<6 Y D\toD

<C|f

(1s2fil) - 17 (2)) \ K(1 - 1u(2) ) dm(2)
(3.31)
— fl|3.sup ¥, (a) < 4CL%.

|al<6
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By the Weierstrass theorem £’ — £ uniformly on compacta as ! — oo, from which
along with (2.2) and since ¢(t)D) is compact, for 7 = sup,,¢,,,n)|wl, it follows that

sup (1(”> filz) - I8 £ (2) ' 1< 1—|11a(z)| )dm(z)
|a|§§ toD
(3.32)
< C sup|(fi- f)(")(z)|2sup @y x(a) — 0, asl— co.
|z|<r la|<é

From (3.29)—(3.32) and since Ié,',gf(O) =0 for each f € H(DD), we easily get (3.28), from
which (b) follows, finishing the proof of this theorem. O

Theorem 3.4. Let a > 0, K € Q(0,0), p € S(D), g€ HD),andn € N,orn =0and a > 1.
Then the following statements are equivalent.

(a) Ié,fg : B — Qx is bounded,
(b) sup,ep [, 18(Z)PK (1 = 172(2) ) (1 = lp(2) )

2(1-a-
(e n)dm(z) < oo, and

Jim J' |82) K (1 - |1a(2)|*)dm(z) = 0 (3.33)

Proof. Suppose (b) holds and f € Bjj. Then by Theorem 3.1, Ié,"g Bf — Qk is bounded. We

show 1" ; f € Qkyp, for every f € Bj. Since f € Bjj, we have that, for every & > 0, there is an
r € (0, 1) such that (see, e.g., the 1dea in [35, Lemma 2.4])

|f(n) (p(2)) |2<1 - |(p(z)|2>2(a+n_1) <e for |p(z)| > (3.34)
Thus,
sup (1927@) [ K(1- (2 )am2
aeD |(p(z)|>r (335)
1 ) 2 1 o\ 2(1-a-n) zd ‘
<esup | K(1- ) (1-lp@l)" " [s(@) [ dm(z)
We also have
12
lim, o (1;2 (z)> | K(1 - |na(z)|2>dm(z)
p(z)|<r
s CM lim f K(1-|1a(2)*) () [Pdm(z) (3.36)
(1 - r2)X @ D jal=1 ) jp o) per
£ 115 > 2 B
s CWMEH IDK<1 — |1a(2)| >|8(2)| dm(z) =0
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Combining (3.35) and (3.36), we get I, ) of € Qxo. Hence, I,f,nél Bf — Qk, is bounded.
Conversely, if I, (") : Bf — Qky is bounded, then I,, (") : By — Qk is bounded too. Thus,

by Theorem 3.1, we get the first condition in (b). For fo(z) = z"/n! € Bj, we get Ié,f’; fo € Qko,
which is equivalent to (3.33), finishing the proof of the theorem. O

If n = 0, we simply denote the operator LE,?; by Iy.

Theorem 3.5. Let « € (0,1), K € Q(0,0), ¢ € S(D), and g € H(D). Then the following
statements are equivalent.

(a
(b

) Ipg : B* — Qk is bounded.
) Iy : By — Qx is bounded.
(c) My := sup,gp [, K(1 - Ina(2)P)g(2) Pm(2) < co.
(d) dui(z) = |g(z)| dm(z) is a K-Carleson measure.
(e) I,
()

) I,

: B* — Qg is compact.

736' — Qg is compact.

~€-

¢ By — Qx is weakly compact.

(8

Moreover, if Iq,,g : B* — Qg is bounded, then the next asymptotic relations hold

176 w0 < M2 (3.37)

Bf—Qx ”I(Pg

Proof. The proof of the equivalence of statements (a)—(d) of this theorem is similar to the
proof of Theorem 3.1; moreover, the implication (b) = (c) is much simpler since it follows by
using the test function fo(z) = 1. That (c) is equivalent to (e)—(g) is proved similarly as in
Theorem 3.2, by using the well-known fact that if a bounded sequence (f;), in B% a € (0,1)
converges to zero uniformly on compacts of D, then it converges to zero uniformly on the
whole D. The details are omitted. O

The proof of the next theorem is similar to the proofs of Theorems 3.3 and 3.4 and will
be omitted.

Theorem 3.6. Let « € (0,1),K € Q(0,00), ¢ € S(D), and g € H(D). Then the following
statements are equivalent.

(@) Iy : By — Qkpo is bounded.

(b) I¢ : B — Qi is bounded.

(c) Iy : BY — Qi is compact.

(d) Ig : Bf — Qkp is compact.

(e) Ipg : By — Qkp is weakly compact.

() limyg—1 [, K(1 - [1a(2)) g () Pdm(z)

(g) dui1(z) = |g(z)|"dm(z) is a vanishing K-Carleson measure
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