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We obtain the expressions for sectional curvature, holomorphic sectional curvature, and
holomorphic bisectional curvature of a GCR-lightlike submanifold of an indefinite Kaehler
manifold. We discuss the boundedness of holomorphic sectional curvature of GCR-lightlike
submanifolds of an indefinite complex space form. We establish a condition for a GCR-lightlike
submanifold of an indefinite complex space form to be null holomorphically flat. We also obtain
some characterization theorems for holomorphic sectional and holomorphic bisectional curvature.

1. Introduction

The study of CR submanifolds of Kaehler manifolds was initiated by Bejancu [1], as a
generalization of totally real and complex submanifolds and further developed by [2-7]. The
CR structures on real hypresurfaces of complex manifolds have interesting applications to
relativity. Penrose [8] discovered a correspondence, called Penrose correspondence, between
points of a Minkowski space and projective lines of a certain real hypersurfaces in a
complex projective space, which is an interesting means of passing from the geometry of
a Minkowski space to the geometry of a CR manifold. Duggal [9, 10] studied the geometry
of CR submanifolds with Lorentzian metric and obtained their interaction with relativity.
The theory of lightlike submanifolds has interaction with some results on Killing horizon,
electromagnetic, and radition fields and asymptotically flat spacetimes (for detail see
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chapters 7, 8, and 9 of [11]). Thus due to the significant applications of CR structures in
relativity and growing importance of lightlike submanifolds in mathematical physics and
relativity, Duggal and Bejancu [11] introduced the notion of CR-lightlike submanifolds
of indefinite Kaehler manifolds which have direct relation with physically important
asymptotically flat space time which further lead to Twistor theory of Penrose and Heaven
theory of Newman. Moreover, they concluded that, contrary to the CR-non degenerate
submanifolds, CR-lightlike submanifolds do not include invariant (complex) and totally
real lightlike submanifolds. Therefore, Duggal and Sahin [12] introduced SCR-lightlike
submanifolds of indefinite Kaehler manifold which contain complex and totally real subcases
but there was no inclusion relation between CR and SCR cases. Later on, Duggal and Sahin
[13] introduced GCR-lightlike submanifolds of indefinite Kaehler manifolds, which behaves
as an umbrella of invariant (complex), screen real and CR-lightlike submanifolds and also
studied the existence (or nonexistence) of this new class in an indefinite space form. R. Kumar
et al. [14] studied geodesic GCR-lightlike submanifolds of indefinite Kaehler manifolds and
obtained some characterization theorems for a GCR-lightlike submanifold to be a GCR-
lightlike product.

Since sectional curvature offers a lot of information concerning the intrinsic geometry
of Riemannian manifolds, therefore in this paper, we obtain the expressions for sectional
curvature, holomorphic sectional curvature, and holomorphic bisectional curvature of a
GCR-lightlike submanifold of an indefinite Kaehler manifold. In [15], Kulkarni showed that
the boundedness of the sectional curvature on a semi-Riemannian manifold implies the
constancy of the sectional curvature. In [16], Bonome et al. showed that the boundedness
of the holomorphic sectional curvature on indefinite almost Hermitian manifolds leads to
the space of pointwise constant holomorphic sectional curvature. Therefore in Section 4, we
discuss the boundedness of holomorphic sectional curvature of GCR-lightlike submanifolds
of an indefinite complex space form. In Section 5, we established a condition for a GCR-
lightlike submanifold of an indefinite complex space form to be null holomorphically flat.
We also obtain some characterization theorems on holomorphic sectional and holomorphic
bisectional curvature.

2. Lightlike Submanifolds

Let (M, g) be a real (m + n)-dimensional semi-Riemannian manifold of constant index g
such that m,n > 1,1 < g < m+n -1, (M,g) an m-dimensional submanifold of M
and g the induced metric of g on M. If g is degenerate on the tangent bundle TM of M,
then M is called a lightlike submanifold of M (see [11]). For a degenerate metric g on
M, TM?! is a degenerate n-dimensional subspace of T, M. Thus both T,M and T, M*' are
degenerate orthogonal subspaces but no longer complementary. In this case, there exists a
subspace Rad TyM = T, MNT,M* which is known as radical (null) subspace. If the mapping
RadTM : x € M — RadT,M defines a smooth distribution on M of rankr > 0, then the
submanifold M of M is called an r-lightlike submanifold and Rad TM is called the radical
distribution on M.

Screen distribution S(I'M) is a semi-Riemannian complementary distribution of
Rad(TM) in TM, that is

TM =RadTM L S(TM), 2.1)



Advances in Mathematical Physics 3

and S(TM*') is a complementary vector subbundle to RadTM in TM*. Let tr(TM) and
ltr(TM) be complementary (but not orthogonal) vector bundles to TM in TM]|y; and to
RadTM in S(TM*)*, respectively. Then we have

tr(TM) = ltr(TM) L s(er), (2.2)

TM|y = TM @ tr(TM) = (Rad TM & ltr(TM)) L S(TM) L S(TML>. (2.3)

For a quasi-orthonormal fields of frames on T M, we have the following.

Theorem 2.1 (see [11]). Let (M, g, S(TM),S(TM*)) be an r-lightlike submanifold of a semi-
Riemannian manifold (M, g). Then there exists a complementary vector bundle 1tr (T M) of Rad TM
in S(TM*)* and a basis of I'(1tr (TM)|,,) consisting of smooth section { N} ofS(TMl)l|u, where u
is a coordinate neighborhood of M such that

§(N1,§]) = 61']', g(Nl,N]) = O, for any l,] (S {1,2,...,7‘}, (24)

where (&1, ..., ¢} is a lightlike basis of I (Rad (T M)).

Let V be the Levi-Civita connection on M, then, according to the decomposition (2.3),
the Gauss and Weingarten formulas are given by the following;:

VxY =VxY +h(X,Y), VxU=-AuX+Vil, (2.5)
forany X,Y € I'(TM) and U € I'(tr(TM)), where {VxY, AyX} and {h(X, Y),V§(U} belong
to I'(TM) and I'(tr(T'M)), respectively. Here V is a torsion-free linear connection on M, h is
a symmetric bilinear form on I'(T M) which is called second fundamental form, and Ay is a
linear a operator on M and known as shape operator.

According to (2.2) considering the projection morphisms L and S of tr(TM) on
ltr(T M) and S(T M%), respectively, then Gauss and Weingarten formulas become

VxY = VxY + B(X,Y) + K5(X,Y),  VxU =-AyX + DU + DU, (2.6)
where we put H(X,Y) = L(h(X,Y)),h*(X,Y) = S(h(X,Y)),D,U = L(VilU), DU =
S(VxU). As h! and h* are T'(ltr(TM)) valued and I'(S(TM*)) valued, respectively, therefore

they are called the lightlike second fundamental form and the screen second fundamental
form on M. In particular,

VxN = -ANX + VAN +DS(X,N),  VxW = -AwX + ViW + D/(X, W), (2.7)
where X € T(TM), N € ['(Itr(TM)), and W € T'(S(TM*)). Using (2.6) and (2.7), we obtain

2 (X, Y), W) + (L, D'(X,W)) = g(AwX, Y), (2.8)

forany X e [(TM), W € I(S(TM%)), and N, N’ € [ (Itr(TM)).
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Let P be the projection morphism of TM on S(IT' M), then, using (2.1), we can induce
some new geometric objects on the screen distribution S(T'M) on M as follows:

VxPY = ViPY + I*(X,PY),  Vx&=-A}X+ Vi, (2.10)

forany X, Y € I'(TM) and ¢ € T'(Rad TM), where { V} PY, AEX} and {h*(X, PY), V;(tg} belong
to I'(S(TM)) and I'( Rad T M), respectively. Using (2.6) and (2.10), we obtain

§(hl(x, PY),g) = g<AgX, PY), g(h* (X, PY),N) = §(AnX, PY), (2.11)

forany X,Y € I'(TM), ¢ € I'(Rad(TM)) and N € I'(ltr(TM)).
Denote by R and R the curvature tensors of V and V, respectively, then by straightfor-
ward calculations ([11]), we have

E(X, Y)Z = R(X, Y)Z + Ahl(X,Z)Y — Ahl(Y,Z)X + AhS(X,Z)Y

— A X + (Vxh’> ,Z) - (Vyhl> (X,Z)

(2.12)
+D'(X,h*(Y, Z)) - D'(Y, h* (X, Z)) + (Vxh*)(Y, Z)
- (Vy*)(X, 2) + D* (X, 1 (Y, 2)) - D* (L (X, 7)),
where
(Vxh®)(Y, Z) = Vh*(Y, Z) - h*(VxY, Z) - h° (Y, Vx Z) (2.13)
(VxH)(Y, 2) = V(Y 2) - W (VxY, Z) = W (Y, Vx 2). (2.14)
Then Codazzi equation is given, respectively, by the following;:
— 1
<R(X, Y)Z) = <Vxhl> (Y, Z) - (vyhl) (X, Z)
+ D' (X, h*(Y, Z)) - D'(Y, h*(X, Z)) + (Vxh*)(Y, Z) (2.15)

— (Vyh®)(X, Z) + D? <X, H(Y, Z)) - DS<Y, H(X, Z)>.

Barros and Romero [17] defined indefinite Kaehler manifolds as follows.

Definition 2.2. Let (M, ], g) be an indefinite almost Hermitian manifold and V the Levi-Civita
connection on M, with respect to an indefinite metric g. Then M is called an indefinite

Kaehler manifold if J is parallel, with respect to V, that is

J? =1, (VX ])Y =0, gUX,JY)=3(XY) VX, Y€ r(TM). (2.16)
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3. Generalized Cauchy-Riemann Lightlike Submanifolds

Definition 3.1. Let (M, g, S(T'M)) be a real lightlike submanifold of an indefinite Kaehler man-
ifold (M, g, J), then M is called a generalized Cauchy-Riemann (GCR)-lightlike submanifold
if the following conditions are satisfied.

(A) There exist two subbundles Dy and D, of Rad(T M) such that

Rad(TM)=Dy®D,,  J(D1)=D:,  J(Ds) C S(TM). (3.1)

(B) There exist two subbundles Dy and D' of S(T M) such that

S(TM) ={JD,® D'} 1 D,, J (Do) = Dy, J(D') =Ly L Ly, (3.2)

where Dy is a nondegenerate distribution on M, L; and L, are vector bundle of ltr(T M) and
S(TM )l, respectively.

Then the tangent bundle TM of M is decomposed as TM = D 1 D', where
D = Rad(TM) © Dy ® JD,. M is called a proper GCR-lightlike submanifold if
D1 #{0},D, #{0}, Do #{0},and L, # {0}. Let Q, P, and P, be the projectionson D, J (L) = My,
and J(Lp) = My, respectively. Then, for any X € I'(TM), we have

X =0QX+DP X+ PX, (3.3)
applying J to (3.3), we obtain
JX =TX +wP X +whX, (3.4)
and we can write (3.4) as follwos:
JX =TX +wX, (3.5)

where TX and wX are the tangential and transversal components of JX, respectively. Simi-
larly,

JV =BV +CV, (3.6)

for any V € I'(tr(TM)), where BV and CV are the sections of TM and tr(T M), respectively.
Applying ] to (3.5) and (3.6), we get

T?=-1-Bw, C?>=-1-wB. (3.7)
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Differentiating (3.4) and using (2.6), (2.7), and (3.6), we have

D*(X,wP,Y) = ~V5wP,Y + wP,VxY — h*(X,TY) + Ch*(X,Y), (3.8)

D'(X,wP,Y) = -VLwPY + wPVxY - K'(X,TY) + CH' (X, Y). (3.9)

Using Kaehlerian property of V with (2.7), we have the following lemmas.

Lemma 3.2. Let M be a GCR-lightlike submanifold of an indefinite Kaehlerian manifold M. Then
one has

(VxT)Y = Ay X + BR(X,Y),  (Viw)Y = Ch(X,Y) - h(X,TY), (3.10)

where X, Y € I'(TM) and

(VxT)Y = VxTY —-TVxY,  (Viw)Y = ViwY - wVxY. (3.11)

Lemma 3.3. Let M be a GCR-lightlike submanifold of an indefinite Kaehlerian manifold M. Then
one has

(VxB)V = AcyX -TAyX,  (V4C)V = —wAyX - h(X,BV), (3.12)

where X e T'(TM), V e T'(tr(TM)), and
(VxB)V = VxBV — BVyV, (V4C)V = VL.CV - CVL V. (3.13)

4. Holomorphic Sectional Curvature of a GCR-Lightlike Submanifold

Let M be a complex space form of constant holomorphic curvature c. Then the curvature
tensor R of M(c) is given by the following:

RX,V)Z= Z{3, 2)X -3(X,2)Y +3JY, 2)]X
4 (4.1)

-8UX, 2)JY +28(X, JY)] Z},
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for X, Y, Z vector fields on M. Using (4.1) and (2.12), we obtain

gRX, VVZ W) = E gV, 2)g(X, W) - g(X, Z)g(Y, W) + g(JY, Z)g(JX, W)

-gUX, 2)g(JY, W) +28(X, JV)gUZ, W)} - g(Anx, Y, W)
+8(An X W) - g(Anx2)Y, W) + g(Arxz X, W)

-3((vxh) (v, 2), W) +3((vrh') (X, 2), W) -3 (D'(X,h* (Y, 2)), W)

+ §<D’(Y, W (X, Z)), W).
(4.2)

Using (2.8) in (4.2), we obtain

8(R(X, Y)Z,W) = 2 {8(¥,2)§(X, W) - g(X, 2)g(Y, W) + g(JY, Z)g X, W)

-g(JX, Z)g(JY, W) +2¢(X, JY)§(JZ W)} - §(Anx.2Y, W)
+ g(Ahz(Y,Z)X, W) - g(hs Y, W),h*(X,2)) + §(hs(X, W), h*(Y, 2))

~5((vxk) (v, 2), W) +5((vrh) (X, 2), W).
(43)

Then the sectional curvature Ky (X,Y) = g(R(X, Y)Y, X) of M determined by orthonormal
vectors X and Y of I'(Dy @ M) and given by the following:

Km(X,Y) = 2{1 +3g(X, ]Y)Z} — g(Awxn Y, X) + §(Apyn X, X) "

-g(PP (Y, X), ¥ (X, Y)) + g(h*(X, X), h*(Y,Y)).

Corollary 4.1. Let M be a GCR-lightlike submanifold of an indefinite Complex space form M(c).
Then sectional curvature of M is given by Ky (X,Y) = (c¢/4){1 +3g(X, JY)?}, if

(i) M, defines a totally geodesic foliation in M,
(ii) Dy defines a totally geodesic foliation in M,
(iil) M is totally geodesic in M.

Definition 4.2. The holomorphic sectional curvature H(X) = g(R(X, JX)JX, X) of M deter-
mined by a unit vector X € I'(Dy) is the sectional curvature of a plane section {X, J/X}.

Then using (2.11) and (4.4), for a unit vector field X € I'(Dy), we get

H(X) = ¢~ g(H'(X,JX), 1" X, X)) + Z(H X, JX), (X, X)) s

- g(hs(]Xr X)/ hS(X/ ]X)) + g(hs(xr X)/ hs(]X/ ]X))
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From (3.8), for any X, Y € I'(Dy), we have

W (X, JY) = wP,VxY + Ch*(X,Y), (4.6)

and further using (3.7) and (4.6), we have

he(JX, JY) = wP,V xY - wBh*(X,Y) - h*(X, Y). (4.7)

Hence using (4.6) and (4.7) in (4.5), we obtain the expression for holomorphic sectional
curvature as follows:

H(X) = c - (X, JX), 1" X, X)) + g(H' UX, JX), I (X, X)) - [ wP: VxX]] s
—[ICh* (X, X)II? + g(h° (X, X), wP,V ;xX) + | Bh* (X, X)|I* - [|h* (X, X)|I*.

Theorem 4.3. Let M be a GCR-lightlike submanifold of an indefinite complex space form M(c). If
M is totally geodesic in M(c), then H(X) < c, for any unit vector field X € I'(Dy).

Proof. Using the hypothesis in (4.8), we get H(X) = c—|[wP,VxX||>. Hence the result follows.
O

Theorem 4.4 (see [13]). Let M be a GCR-lightlike submanifold of an indefinite Kaehler manifold
M, then the distribution D is integrable if and only if h(X, JY) = h(Y, JX), forany X,Y € I'(D).

Theorem 4.5. Let M be a GCR-lightlike submanifold of an indefinite complex space form M(c), and
Dy is integrable, then H(X) < c for any unit vector field X € I'(Dy).

Proof. Since Dy is integrable therefore using Theorem 4.4, we have h(JX, JY) = -h(X,Y), for
any unit vector field X € I'(Dy). Therefore, from (4.5), we obtain

H(X) = e - Z(H(X, JX), 1 X, X)) = 3 (K (X, %), 1" (X, X)) o
9

— IR (X, TXOI - [5(X, X)) < c.
O

Theorem 4.6. A GCR-lightlike submanifold of an indefinite complex space form M(c) is Do-totally
geodesic if and only if

(i) Dy is integrable,
(ii) H(X) = ¢, for any unit vector field X € T'(Dy).

Proof. Proof follows from (4.9). O
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Theorem 4.7 (see [13]). Let M be a GCR-lightlike submanifold of an indefinite Kaehler manifold
M. Then the distribution D defines a totally geodesic foliation in M if and only if Bn(X,Y) = 0, for
any X, Y € I'(D).

Theorem 4.8. Let M be a GCR-lightlike submanifold of an indefinite complex space form M(c), and
Dy defines a totally geodesic foliation in M, then H(X) < ¢, for any unit vector field X € I'(Dy).

Proof. Since Dy defines a totally geodesic foliation in M, therefore by definition VxX € I'(Dy),
this implies that h*(X, X) = 0. Also by using Theorem 4.7, we have Bh(X, X) = 0, for any
X € T(Dy); hence, (4.8) becomes H(X) = ¢ - 2||Ch*(X, X)|*> and the result follows. O

Definition 4.9. The horizontal distribution D is called parallel with respect to the induced
connection Von M if VxY € D forany X e ['(TM) and Y € I'(D).

Theorem 4.10. Let M be a GCR-lightlike submanifold of an indefinite complex space form M(c) and
Dy is parallel, with respect to V, then H(X) < c, for any unit vector field X € I'(Dy).

Proof. Since Dy is parallel, with respect to the induced connection V on M, therefore VY €
I'(Dy) and h*(X,Y) = 0, for any X € I'(TM) and Y € I'(Dy). Hence, from (4.8), we obtain
H(X) = c+||BR*(X, X)||>=||h* (X, X) >~ |Ch* (X, X)||?, and then by using (3.6), we get H(X) =
¢ - 2||Ch*(X, X)||*. Hence the result is complete. O

Lemma 4.11. Let M be a GCR-lightlike submanifold of an indefinite Kaehler manifold M. If the
distribution Dy defines a totally geodesic foliation in M, then M is Dy-geodesic.

Proof. By the definition of GCR-lightlike submanifold, M is Dy-geodesic if g(h'(X,Y),¢) =
g(h*(X,Y),W) = 0, for any X,Y € I'(Dy), ¢ € T(Rad(TM)), and W € I'(S(TM%)). Since
Dy defines a totally geodesic foliation in M, therefore (M (X,Y),8) = §($XY,§) = 0 and
g (X,Y), W)= to_:r(gXY, W) = 0. Hence, the assertion follows. O

Theorem 4.12. Let M be a GCR-lightlike submanifold of an indefinite complex space form M(c). If
Dy defines a totally geodesic foliation in M, then H(X) = c, for any unit vector field X € I'(Dy).

Proof. The result follows directly using Lemma 4.11 and (4.8). O

5. Null Holomorphically Flat GCR-Lightlike Submanifold

Let x € M and U be a null vector of T, M. A plane o of T, M is called a null plane directed by
U ifit contains U, g (U, V) =0, for any V € o, and there exists V; € or such that g (Vo, Vo) #0.
Following Beem-Ehrlich [18], the null sectional curvature of -, with respect to U and V,asa
real number, is defined as follows:

z.(Rv,uyu,v)

(5.1)
g, (V,V) ’

Ku(r) =

where V is an arbitrary non null vector in . Clearly Ky;(or) is independent of V but depends
in a quadratic fashion on U.
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Consider u € M and a null plane o of T, M directed by ¢, € Rad(T M), then the null
sectional curvature of o, with respect to ¢, and V, as a real number is defined as

— 8Su (R(Vul §u)§u/ Vu)

2e (Vs Vi) , (5.2)

Ke, (or)

where V,, is an arbitrary non-null vector in sr.
Let M be a GCR-lightlike submanifold of an indefinite complex space form M(c) then
using (4.3), the null sectional curvature of or, with respect to ¢, is given by the following:

Ke(or) = ﬁ {8(Anea VI V) = g(Anwaé, V) + 8 (V,V),h°(¢,¢))
-3 @ V), ke (v,8) -3((Vvh) @9, V) +3((Ver ) (v,0), V) }.
(5.3)
Then, using (2.11), we obtain
Kq(r) = ﬁ{g(h*(v, V) EEE) - g(h € V) H(V,8) + B (V, V), B (§,)
-30r @ V), 1 V,0) - 2((Tvh) @0, V) +3((Veh) (V.0 V) }.
(5.4)

We know that a plane o is called holomorphic if it remains invariant under the action
of the almost complex structure ], that is, if or = {Z, JZ}. The sectional curvature associated
with the holomorphic plane is called the holomorphic sectional curvature, denoted by H ()
and given by H(r) = R(Z,JZ,2,7Z)/ 2(Z, Z)*. The holomorphic plane & = {Z, JZ} is
called null or degenerate if and only if Z is a null vector. A manifold (M, g, J) is called null
holomorphically flat if the curvature tensor R satisfies (see [19]).

ﬁ(z, 72,2, Tz) -0, (5.5)

for all null vectors Z. Put §(§(X, Y)Z,W) = ﬁ(X, Y, Z,W), then, from (5.4), we obtain
R(&,78.¢,72) = g(h* @ 0.1 (T2 7¢)) - g (h (J&, &), 1 (¢, 72) )
+3(h @&, 1 (76 72)) -3 (ke (T8.8) h° (6, 72)) (5.6)

F(5) (879).2) 1 (7)) )

Definition 5.1 (see [20]). A lightlike submanifold (M, g) of a semi-Riemannian manifold
(M, 3) is said to be a totally umbilical in M if there is a smooth transversal vector field
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H e T'(tr(TM)) on M, called the transversal curvature vector field of M, such that, for
X, Y el(TM),

h(X,Y) = Hg(X,Y). (5.7)

Using (2.6), it is clear that M is a totally umbilical if and only if on each coordinate
neighborhood u there exist smooth vector fields H' € T(Itr(TM)) and H® € T(S(TM*)) such
that

W(X,Y)=H'¢(X,Y), h(XY)=HgXY), D(X,W)=0, (5.8)

for X,Y e [(TM) and W € T(S(TM%)). A lightlike submanifold is said to be totally geodesic
if i(X,Y) =0, for any X,Y € I'(T M). Therefore, in other words, a lightlike submanifold is
totally geodesic if H' = 0 and H® = 0.

Let M be a totally umbilical lightlike submanifold, then, using above definition, we

have h(J¢,Jé) = Hg(Jé,J§) = Hg(,¢) = 0 and h(J§) = Hg@,J§) = 0, for any
¢ € '(Rad(TM)). Thus, from (5.6), we have the following theorem.

Theorem 5.2. Let M be a GCR-lightlike submanifold of an indefinite complex space form M(c). If
M is totally umbilical lightlike submanifold in M(c), then M is null holomorphically flat.

Moreover, from (5.6), it is clear that the expression of R, JE, &, J¢) is expressed in
terms of screen second fundamental forms of M, thus GCR-lightlike submanifold M of an
indefinite complex space form M(c) is null holomorphically flat if M is totally geodesic.

6. Holomorphic Bisectional Curvature of a GCR-Lightlike Submanifold

Definition 6.1. The holomorphic bisectional for the pair of unit vector fields {X,Y} on M is
given by H(X,Y) = g(R(X, JX)]Y,Y).

Theorem 6.2. Let M be a mixed totally geodesic GCR-lightlike submanifold of an indefinite Kaehler
manifold M with Dy parallel distribution. Then H (X, Z) = 0, for any unit vector fields X € T(Dy)
and Z € T(M>).

Proof. Let X,Y € I'(Dy) and Z € I'(M) then, by using that hypothesis that the distribution Dy
is a parallel, with respect to V on M, we have g(TVxZ,Y) = -g(VxZ,TY) = g(Z,VxTY) = 0.
Hence, the non degeneracy of the distribution Dy implies that

VxZ e (D), (6.1)
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for any Z € I'(M,). Now replacing Y by JX, respectively, in (2.15) and then taking
inner product with JZ, for any X € I'(Dy) and Z € I'(M>), we get

H(X,Z) = g(1*(VxJX, 2),]Z) - §(Vxh*(JX, 2),] Z) + §(h*(JX,VxZ), ] Z)
+8(Vixl*(X,2),]2) ~3(° (V1xX, 2),] 2) -3 (" (X, Vx2),]Z)  (6.2)

- §<DS <X, HX, Z)),]z) + §<DS (]X, H(X, Z)),]Z)-

Hence by using that M is mixed totally geodesic with (6.1), the assertion follows. O

Theorem 6.3. In order that an indefinite complex space form M(c) may admit a mixed totally
geodesic GCR-lightlike submanifold M with parallel horizontal distribution Dy, it is necessary that
c=0.

Proof. Let X € I'(Dy) and Z € I'(M>) be unit vector fields, then (4.1) implies that HX, Z) =
—(c/2)g(X,X)g(Z, Z), then the non degeneracy of the distributions Dy and M, with the
Theorem 6.2, we obtain ¢ = 0. Hence, the result follows. O

Lemma 6.4. Let M be a GCR-lightlike submanifold of an indefinite Kaehler manifold M. Then we
have the following:

(i) if D' defines a totally geodesic foliation in M then g(h*(D',Dy), JD') =0,

(ii) if Dy is a parallel distribution, with respect to V, then h(Z, JX) = Ch(Z,X) for any
X €I'(Dy), Z € T(My).

Proof. (i) Let D' define a totally geodesic foliation in M this implies that VxY = VxY €
I['(D') and h(X,Y) = 0, for any X,Y € I'(D’). Therefore by using (3.10), we obtain A,yX =
-Bh(X,Y) =0. Let Z € I'(Dy), then by using (2.8), we get 0 = g(Awv X, Z) = g(h*(X, Z), wY).
Thus we have g(h®*(D’, Dy), JD') = 0.

(ii) Let Dy is a parallel distribution with respect to the induced connection V, therefore
VxY € I'(Dy), for any Y € I'(Dy), X € I'(TM). Since M is Kaehler manifold, therefore for
Z € T(M,) and X € I'(Dy), we have VzJX = JV,X. This implies that V,JX + h(Z, JX) =
JVzX +Bh(Z,X) +Ch(Z, X), then by equating transversal components on both sides, we get
the result. O

Theorem 6.5. Let M be a GCR-lightlike submanifold of an indefinite Kaehler manifold M. If Dy is

parallel with respect to the induced connection V, and M, defines a totally geodesic foliation in M,
then

H(X,Z)=3h(X,2),]VxZ) -g(h(X,Z),]VxZ) + §(Ajz] X, VxZ) 63
- 8(A;zX, VixZ) +2||Ch (X, Z) 1%, .

for any unit vector fields X € I'(Dy) and Z € I'(Ma).
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Proof. Let X € I'(Dy) and Z € I'(M,), then the equation of Codazzi (2.15) becomes

3(RX,JX)Z,1Z) = 3(Vxh)(JX, 2),]2) - 3((Vjxh*) (X, 2), ] )

+ §<D5 <X, HX, Z)>,]z> - §<Ds (]X, H (X, Z)),]Z)-

By using (2.13) and (6.1) with the Lemma 6.4 (i), we obtain

H(X,Z) = §<V§Xh5(x, Z), ]z) ~3(Vsh(JX, Z),]Z)
+ g(Ajz]X, sz) — g(A]ZX, V]XZ)

-3(D* (X H(X,2)),12) +3(D*(JX, H(X,2)), ] Z).
Now by using (2.7) with the Lemma 6.4 (ii), we have

2(Vih*UX,2),]2) =3(Vxh* (X, 2),] Z)

= -3(h*(JX, 2),]Vx2) - [Ch*(X, 2),
and similarly
g(Vixh'(X,2),12) = -3(h*(X, 2), ]V xZ) + |IC* (X, Z)
By using (2.7), we have

2(D*(x.HUX,2)),1Z) = -g(H X, 2),]xZ),

§<Ds ( TX, H(X, Z)>, ]Z> - —§<hl(X, AWAY ,Xz>.

Hence by using (6.6)—(6.9) in (6.5), the result follows.

13

(6.4)

(6.5)

(6.6)

(6.7)

(6.8)

(6.9)

O

Definition 6.6 (see [13]). A GCR-lightlike submanifold M of an indefinite Kaehler manifold
M is called a GCR-lightlike product if both the distributions D and D’ define totally geodesic

foliations in M.

Theorem 6.7 (see [14]). Let M be a GCR-lightlike submanifold of an indefinite Kaehler manifold M.
Then, M is a GCR-lightlike product if and only if (VxT)Y =0, forany X,Y e (D) or X, Y e I'(D’).
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Theorem 6.8. Let M be a GCR-lightlike submanifold of an indefinite Kaehler manifold M. If
(VxT)Y =0, forany X,Y € I'(TM), then

H(X,Z) =23(h*(JX, Z), T (X, Z)), (6.10)

for any unit vector fields X € T'(Dy) and Z € T'(M).

Proof. Let (VxT)Y =0, then (3.10) implies that
ApyX +Bh(X,Y) =0, (6.11)
forany X,Y € I'(TM). Let Y € I'(D), X € I'(TM), then (6.11) gives
Bh(X,Y) =0. (6.12)
Let Z e I'(D’') and X € I'(D), then using (6.11) and (6.12), we obtain
ApzX =0. (6.13)
Particularly choosing X € I'(Dy) and Z € I'(M,) in (2.15), we get

(R(X,JX)Z,]Z) = F(VxI)UX, 2),12) - §((V ") (X, 2), ] 2)
(6.14)
+3(D (XWX, 2)),72) ~3(D* (1% H(X, 2)),Z).

Since (VxT)Y = 0 therefore, by using Theorem 6.7, the distributions D and D’ define totally
geodesic foliations in M. Then D’ defines totally geodesic foliation in M implies that for any
Z1,Z, e I'(D'), we have Vz Z, € T(D'). Therefore, using (3.10) and (3.11), we get Az, Z1 +
Bh(Z,,Z,) = 0. By taking inner product with X € I'(Dy) and using (2.8), we get

8(h°(Z1,X),wZ) = 0. (6.15)

Also, (3.11) implies that TVxZ = 0, that is, VxZ € I'(D'). Therefore using (2.8), (2.13), (6.13),
and (6.15) in (6.14), we obtain

g(ﬁ(x, 1X)Z, ]Z) = 3(V$h*(JX, Z),]Z) - §<v;xh5(x, 2), ]z)
(6.16)
+3(D* (X H(x,2)),12) -3(D*(JX, H(X, 2)), ] Z).
Now using (2.6), (2.7), (2.8), and (6.15), we have

g8(Vxh*(JX,2),]Z) =3(Jh*(JX, Z), h*(X, Z)). (6.17)
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Similarly,
2(V5xh*(X,2),JZ) = =3I (JX, 2), b (X, 2)). (6.18)
Also using (2.7), we have
§<DS<X, H(X, Z)), ]z) =0, §(Ds < JX, K (X, Z)), ]z) -0. (6.19)

Hence, using (6.17)—(6.19) in (6.16), the result follows. O

Lemma 6.9. Let M be a GCR-lightlike submanifold of an indefinite Kaehler manifold such that
(VxB)Y =0.Then h*(J X, Z) € F(Lﬁ)for any X € I'(Dy), Z € I'(M).

Proof. Since (VxB)Y = 0, therefore, from (3.12) we have TAwX =0, for any X € I'(TM) and
W eTI'(Lp), this implies that

AwX eT(D'), (6.20)

for any W € I'(L,) and X € I'(TM). Since h*(JX, Z) € I['(S(TM%)), therefore, to prove that
h¥(JX,Z) € F(Lé), it is sufficient to prove that g(h*(JX,Z),W) = 0, for any W € I'(L,).
Let X € I'(Dy) and Z € I'(M;) such that W = wZ, we have ¢g(VyZ, X) = §(vuZ,X) =
§(Vu]Z, JX) =-g(A;zU, JX) = g(JA;zU, X), then using (2.8) we obtain

T (JX, 2),W) = ~g(JAWZ X) = ~g(V2Z,X) = ~g(TV2Z,TX). (6.21)

Since, from (3.10), we have TVzZ = -A,,zZ — Bh(Z, Z), then using (6.20) in (6.21), the result
follows. O

Theorem 6.10. Let M be a GCR-lightlike submanifold of an indefinite Kaehler manifold such that
(VxB)Y =0, then

H(X,Z)=23(Jh*(X, Z),hi*(JX, Z)) - g(A;zVxX, Z) + g(A;zVxJX, Z), (6.22)
for any unit vector fields X € I'(Dy) and Z € I'(M3).
Proof. Let X € I'(Dy) and Z € I'(M,), then, from (2.15) and (2.13), we obtain
3(RX,JX)Z,1Z) = 3(V* (X, 2),]Z) - 3(h (VX JX, 2), ] Z)
~3(h*(JX,VxZ),]Z) - g(v;th(X, 2), ]Z>
FZ0E (15X, 2),1Z) + §(h* (X, V1x2), ] Z)

+3(D (X H(xX,2)),12) -3(D*(JX, H(X,2)),] 2),

(6.23)
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using (6.20) in (2.9), we obtain
§<DS<X, R (X, Z)), ]z) =0, §<DS ( TX, H(X, Z)), ]z) = 0. (6.24)
Now consider
(Vi (UX,2),)2) = -3(h (X, 2), JVxZ) = 3(h* (X, 2), JK*(JX, Z), (6.25)
and similarly
2(V5xh*(X,2),JZ) = -g(h* (X, 2), Ji* (] X, 2)). (6.26)

Also using (2.8), we have

(M (VxJX,Z),]Z) = g(A;zVxJX, Z),

(6.27)
g(h°(VixX,Z2),]Z) = g(AjzVxX, Z).
Using (6.20) in (2.8), we have
S(h*(JX,VxZ),JZ)=0, g(h*(X,V;xZ),]Z) =0. (6.28)
Thus using (6.24)—(6.28) in (6.23), the result follows. O

Theorem 6.11. Let M be a mixed foliate GC R-lightlike submanifold of an indefinite Kaehler manifold
M, and S(T M) is parallel distribution, with respect to the induced connection V, then

H(X,Z) =23(A;2]X, JA;zX), (6.29)

for any unit vector fields X € I'(Dy) and Z € I'(M>).

Proof. Since M is mixed foliate therefore for any X € I'(Dy) and Z € I'(M,), Codazzi equation
(2.15) and (2.13), imply that

H(X,Z) = 3(°(VxJX, 2),]Z) + 3 (JX,VxZ), ] Z)
-8(W(V)xX,2),]2) - g(W* (X, VxZ),] Z).

(6.30)

Since using (2.8) and the hypothesis, we have g(A;zX,JW) = 0 and g(A;zX, J¢) =
g(h¥(X,J¢),]Z) = §(§X]§, JZ) = -g(¢,VxZ) = 0. Therefore, by the definition of a GCR-
lightlike submanifold, we have

A;zX e T(D). (6.31)
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Thus, using (2.7), (2.8), and (6.31) with the hypothesis, we obtain

T X, VxZ),]Z) = §<A,Z ]X,sz) - g( JA;ZJX, [Vx z)
=3(A)2JX,JAzX) - 3(A12) X, JD'(X, ] 2)) (6.32)

= 8(AjzJ X, J AjzX).
Similarly, we obtain

S (X, VixZ2),]Z) =3(AjzX, JA;Z]X),
20 (V1xX,2),]2) = g(A122,V xX) - 3(VxX, D' Z,2)), (6.33)

(0 (VxJX, 2),]Z) = §(A122,VxJX) -3(VxJX, D' Z,2)).
Thus, (6.30) becomes

H(X,2) = 23(A1z)X, JAjzX) - 8(A12Z,VxX) +3(V)xX, D'(JZ,2))
(6.34)
+g(Aj2Z,VxJX) —§<VX]X, D'(Jz, Z)).

Since the distribution D is integrable, therefore V;xX — VxJX = [X, JX] = X' € T(D), then
(6.34) becomes H(X, Z) = 23(A;2J X, JA;zX) - g(A;2Z,X') +3(X', D'(J Z, Z)). Hence, using
the hypothesis and (2.8), the result follows. O
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