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This paper is concerned with the existence of bounded positive solution for the semilinear elliptic
problem Au = Ap(x) f (u) in Q subject to some Dirichlet conditions, where Q is a regular domain in
R" (n > 3) with compact boundary. The nonlinearity f is nonnegative continuous and the potential

p belongs to some Kato class K(Q). So we prove the existence of a positive continuous solution
depending on A by the use of a potential theory approach.

1. Introduction

In this paper, we study the existence of positive bounded solution of semilinear elliptic
problem

Au=Ap(x)f(u) in Q,

u —_
30 - 2 P)
lim u(x)=p (if Q is unbounded),

|x] = 400

where Qis a C'"!-domain in R" (n > 3) with compact boundary, a and f3 are fixed nonnegative
constants such that a + f > 0, and = 0 when Q is bounded. The parameter . is nonnegative,
and the function ¢ is nontrivial nonnegative and continuous on 0€.
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Numerous works treated semilinear elliptic equations of the type

Au=F(x,u) in D,
u(x) =d(x) on oD, Q)

lim u(x)=b>0.

|x] = +o0

For the case of nonpositive function F, many results of existence of positive solutions are
established in smooth domains or in R”, for instance, see [1-5] and the references therein.

In the case where F changes sign, many works can be cited, namely, the work of
Glover and McKenna [6], whose used techniques of probabilistic potential theory for solving
semilinear elliptic and parabolic differential equations in R”. Ma and Song [7] adapted the
same techniques of those of Glover and McKenna to elliptic equations in bounded domains.
More precisely, the hypotheses in [6, 7] require in particular that F(x,u) = F(u) and on each
compact, there is a positive constant A such that —Au < F(u) <0.

In [8], Chen et al. used an implicit probabilistic representation together with
Schauder’s fixed point theorem to obtain positive solutions of the problem (Q). In fact, the
authors considered a Lipschitz domain D in R" (n > 3), with compact boundary and imposed
to the function F to satisfy on D x (0,b), b € (0, +o0]

—Ux)t < F(x,t) < V(x)f(t), (1.1)

where f is nonnegative Borel measurable function defined on (0, b) and the potentials U, V'
are nonnegative Green-tight functions in D. In particular, the authors showed the existence
of solutions of (QQ) bounded below by a positive harmonic function.

In [9], Athreya studied (Q) with the singular nonlinearity F(x,t) = g(t) < max(1,t™),
0 < a < 1,in a simply connected bounded C?-domain D in R", n > 3. He showed the existence
of solutions bounded below by a given positive harmonic function hy, under the boundary
condition ® > (1 + A)hy, where A is a constant depending on hy, a, and D.

Recently, Hirata [20] gave a Chen-Williams-Zhao type theorem for more general
regular domains D. More precisely, the author imposed to the function F to satisfy

F(x,u)| < V(x)u™, p>0, (12)

where the potential V belongs to a class of functions containing Green-tight ones. We remark
that the class of functions introduced by Hirata coincides with the classical Kato class
introduced for smooth domains in [10, 11].

In this paper, we will consider F(x,u) = Ap(x)f(u). We impose to the potential p
to be in a new Kato class K(Q2) (see Definition 1.1 below), which contains the Green-tight
functions and the classical Kato class used by Hirata. More precisely, we will prove using
potential theory’s tools, the existence of positive solution for (P). Moreover, we will give
global behaviour for the solution.

So, in the remainder of this introduction, we will give some results related on potential
theory, and we will prove others. In the second section, we will give the main theorem and
some examples of applications.
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Let us recall that B(Q) is the set of Borel measurable functions in Q and C((£2) is the set
of continuous ones vanishing at 0Q U {oo}. The exponent + means that only the nonnegative
functions are considered.

We denote by Hqg the bounded continuous solution of the Dirichlet problem

Au=0 in Q,
u=¢ onoQ, (1.3)

| |1im u(x) =0, if Q is unbounded,

where the function ¢ is nontrivial nonnegative continuous on 0€2. In the remainder of this
paper, we denote h = 1 — Hg1, and we remark that & = 0 when Q is bounded.
Let us recall some notations and notions concerning essentially the potential theory.

(i) For f € B*(Q), we denote by V f the potential defined in Q by
Vi) = JQ G(xy)f(v)dy, (1.4)

where G is the Green function of the Laplace operator A on  with Dirichlet
conditions.

(i) We recall that if f € Lj _(Q) and Vf € L} (Q), then we have A(Vf) = —f in Q (in

loc

the sense of distributions), see [10, page 52].

(iii) Let (X¢,t > 0) be the Brownian motion in R” and P* be the probability measure on
the Brownian continuous paths starting at x. For p € B*(Q2), we define the kernel
V, by
P

V,f(x) = E* (JTQ e‘fép(XE)dsf(Xt)dt>, (15)

0

where E* is the expectation on P* and 7o = inf{t > 0 : X; ¢ Q}. If p € B*(Q) is such
that Vip < oo, the kernel V,, satisfies (see [10, 12])

V=V, +V,(pV) =V, +V(pV,). (1.6)
So for, each u € B(Q) such that V(p|u|) < oo, we have

(1= Vy (pu)) e+ V (p)) = (s + V (pu)) (u = Vi (p)) = 1. 17)

(iv) We recall that a function f : [0,00) — R is called completely monotone if
(-1)"f™ > 0, for each n € N. Moreover, if f is completely monotone on [0, o),
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then by [13, Theorem 12a], there exists a nonnegative measure y on [0, o) such
that

70 = [ et (18)

0

So, using this fact and the Holder inequality, we deduce that if f is completely
monotone from [0, oo) to (0, o0), then Log(f) is a convex function.

(v) Let f € B*(Q) be such that V f < oo. From (1.5), it is easy to see that for each x € Q,
the function t — Vj, f(x) is completely monotone on [0, co).

Now, we recall some properties relating to the Kato class K().

Definition 1.1 (see [14, 15]). A Borel measurable function p in Q belongs to the class K(Q) if
p satisfies

~ P(y)
lim ( su G(x, d =0,
H0<XE5 e (xy)lp)| y> .
1.9
i P(y) -
lim { su f G(x, dy ) =0 (if Q is unbounded),
Méw<xeg on(|y|zm) p(x) ( y>|‘1(y)| y> ( )

where p(x) = min(1, 6(x)) and 6(x) is the Euclidean distance between x and 0€.

Remark 1.2. When Q is a bounded domain, then we can replace p(x) by 6(x) and the condition
(1.9) is superfluous.

Proposition 1.3 (See [14, 15]). Let p be a nonnegative function in K(€). Then one has

(i) llpllg = sup,eq Jo P(¥)/ p(x)G(x, Y)p(y)dy < oo,
(ii) the potential Vp € Co(Q).

Proposition 1.4 (see [16, 17]). Let p be a nonnegative function belonging to K(£2). Then, one has
(i)

G(x,2)G(z,
2= sup [ SE2CEY)

(z)dz < oo, 1.10
x,yeQ v Q G(x,y) P ( )

(ii) for any nonnegative superharmonic function v in &, one has

Lz G(x,y)v(y)p(y)dy < apv(x), VYxeD. (1.11)
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Proposition 1.5. Let v be a nonnegative superharmonic function in Q and p be a nonnegative
function in K(£2). Then, for each x € Q such that 0 < v(x) < oo, one has

exp(—ap)v(x) < v(x) - V,(po)(x) < v(x). (1.12)

Proof. Let v be a nonnegative superharmonic function, then by [18, Theorem 2.1, page 164],
there exists a sequence (v ), of nonnegative measurable functions in Q such that the sequence
(Vog) defined in Q by

Vog(x) := J; G(x,y)vk(y)dy (1.13)

increases to v.

Let x € Q such that 0 < v(x) < co. Then, there exists ky € N such that 0 < Vi (x) < oo,
for k > k.

Now, for a fixed k > ko, we consider the function x(t) = V;,vi(x). Since the function x
is completely monotone on [0, o0), then log(x) is convex on [0, o). Therefore,

x(0) < K(l)ﬂp(—%), (1.14)

which means

Vog(x) < Vyui(x) exp<%v(kx))(x)>. (1.15)
Hence, it follows from Proposition 1.4 (i) that
exp(—ay) Vo (x) < V,oi(x). (1.16)
Consequently, from (1.6), we obtain that
exp(—ap) Vo (x) < Vo (x) - V,(pVor(x)) (x) < Vog(x). (1.17)
By letting k — +o00, we deduce the result. O

2. Main Result

In this section, we will give an existence result for the problem (P). Assume the following
assumptions.

(A1) The function p is nonnegative and belongs to K(€2).

(A;) The function f is a nonnegative, continuous on [0, +o0) and satisfies V¢ > 0, 3a > 0
such that, VO<s <t <, f(t) - f(s) < a(t-s).
(As) 00 = inf, g5 (aHop(x) + ph(x))/ f(0)Vp(x) > 0.
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Remark 2.1. Let f bein C*([0, +o0)), then for a := max(supte[olc]f'(t), 0), the function f satisfies
(Ay). In particular, if f is nonincreasing, then a = 0 holds.

Consider the function 6 : A — Aexp(Aaa,), where a,, is the constant associated to the
potential p defined by (1.10). It is obvious to see that 0 is bijective from [0, +oo) to [0, +o0).

Theorem 2.2. Assume that the hypotheses (A1)—(As) are satisfied. Then, for each A € [0,07(0y)),
the problem (P) has a positive continuous bounded solution satisfying

<1 - @) exp(-Aaay,) (aHoy + ph) < u < aHqy + ph. (2.1)
0

Remark 2.3. We remark that if f satisfies the hypothesis (A;) and f(0) = 0, we take op = +oo,
in this case for each A € R,, the problem (P) has a positive bounded solution satisfying

exp(—Aaay,) (aHqy + ph) < u < aHqy + ph. (2.2)

Now, let us give some examples of applications of the above theorem.

Example 2.4. Assume that (A;) is satisfied. Let 4 > 1. Then, for each A € R, the following
problem

Au = p(x)u* in Q,

u(x) = ap(x) on 0L, (2.3)
| |lim u(x) =p

admits a positive continuous bounded solution. Indeed, for each ¢ > 0, one verifies that for
a = pct!, the function f () = t* satisfies (A).

Example 2.5. Let p > 0. Assume (A;) and (A3). Consider the following:

Au=Ap(x)1+u)™* inQ,
u(x) = ap(x) on 0L, (2.4)

lim u(x)=p, u>0.

|x| = +o0

Then, the function f(t) = (1+¢t)* is in C!([0,+0)) and decreasing. By Remark 2.1, the
hypothesis (A;) is satisfied for a = 0. So that for each A € [0,00), (2.4) has a positive
continuous bounded solution satisfying

(1 - i) (aHoy + ph) <u < aHgoy + ph. (2.5)
0o
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Example 2.6. Let Q be a C"'-bounded domain and suppose that the hypothesis (A,) is
satisfied. Let ¢ be a nonnegative function in L1(Q) such that g > n/2 and suppose that
u<1-n/q. Then,

g(x) .
5 (x)ﬂf () inQ,

u(x) = ap(x) on 0Q

Au=21

(2.6)

has a positive continuous solution.

Let us verify the assumptions (A;) and (A3). From [16, Proposition 2.3], the function
p = g/6()" € K(Q), and so the hypothesis (A;) is satisfied. From [16, Proposition 2.7(iii)],
there exists a constant ¢; > 0 such that we have for each x € Q

Vp(x) < c16(x). 2.7)

Now, since ¢ is nontrivial continuous function at 0Q, then there exists ¢, > 0, such that one
has on Q

Hop(x) > ||| ,6(x). (2.8)

Thus, op = inf, 5(Hag(x)/ f(0)Vp(x)) > 0 and so the assumption (A3) is satisfied.

Example 2.7. Let Q = B(0,1) be the exterior of the unit ball in R” (n > 3). Suppose that the
hypothesis (A,) is satisfied. Let y, y € Rsuchthaty <1 <2 <n < p. Then,

1
Au=\——mm 8™ 8 in Q,
AN

u(x) = ap(x) in 0Q, (2.9)

lim u(x)=p

|x] = +00

has a positive continuous solution.

From [14], the function p(x) = 1/|x|7(|x| - 1)" € K(Q) and so the assumption (A;)
is satisfied. Moreover, from [14, Proposition 3.5], there exists a constant ¢; > 0 such that one
has

x| -

Vp(x) <ci—r. (2.10)
||
Now, from [19, page 258], there exists a constant ¢, > 0 such that one has on
x| -1
aHop(x) + ph(x) > co——— (2.11)

|x|n—1 :
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Thus, oy = inf g ((aHa(x) + ph(x))/ f(0)Vp(x)) > c2/c1 > 0 and so the assumption (A3z) is
satisfied.

In the next, we will give the proof of Theorem 2.2.

Proof of the Main Theorem. Let p € K*(Q) and put w := aHqy + ph. Let ¢ = ||w]|,, > 0, then
from (A;), there exists a > 0, such that the function ¢ : t — at+ f(0) — f(f) is a nondecreasing
function on [0, c]. Let oy be the constant given by (A3), and let A € [0,07!(0y)) where O(1) :=
Aexp(Laay). Put g := Aap. Consider the nonempty bounded convex set given by

A = {uEB*(Q) : (1—?) exp(—)uaap)wgugw}. (2.12)
0
Let T be the operator defined on A by
Tu :=w - Vy(qw) — Af(0)Vyp + AV, (py(u)). (2.13)

We claim that the operator T maps A to itself. Indeed, by (A;) and using the monotony of the
function ¢, we have foru € A

Tu=w-Va(Ap(aw + £(0))) + AV, (py (u))
=w - V;(Ap(¢(w) + f(w))) + AVy(py(u))

(2.14)
Sw = AVy(pf(w)) + AVy(p(¢ (W) - ¢ (w)))
<w.
On the other hand, by using Proposition 1.5 and (A3), we have
Tu > exp(—Aaay)w — Af (0)Vop + AV, (py(u))
> exp(—Aaay)w — Af(0)Vp
(2.15)

> exp(—Aaay)w — Giw
0
= <1 - %) exp(—raa,)w.
%

Hence, TA C A.
Next, we prove that the operator T is nondecreasing on A. Let u;,u, € A such that
u1 <uy, then by hypothesis (A;), we obtain

Tuy — Tuy = AVyp(¢(u2) — ¢(u1)) > 0. (2.16)
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Now, consider the sequence (ux), defined by
ug = w — LaV,(pw) — Af(0)V,(p), (2.17)

and ug,q = Tuy for k € N.
It is obvious to see that uyp € A and u; = Tug > ug. Thus, using the fact that A is
invariant under T and the monotony of T, we deduce that

< - —Qé_f:)> exp(—Aaay)w <up <up <--- < ug < w. (2.18)

Hence, the sequence (ux), converges to a function u € A.
Therefore, from the monotone convergence theorem and the fact that ¢ is continuous,
the sequence (Tuy), converges to Tu. So,

u:=w-V,(qw) - ALf(0)Vop + AV, (py(u)), (2.19)
or equivalently
(1 =Vy(qu)) = (w = Vy(qu)) = V4 (Apf (w)). (2.20)

Applying the operator (I+V (g-)) to both sides of the above equality and using (1.6) and (1.7),
we conclude that u satisfies

u=aHqp+ph—- AV (pf(u)). (2.21)

Finally, let us verify that u is a solution of the problem (P). Using the fact that p € K*(Q2) and
f(u) isbounded on [0, c], we obtain p f (1) € K*(Q). So, Proposition 1.3 (ii) yields V(pf (1)) €
Co(Q2) which implies with the continuity of the harmonic continuous function w that u is
continuous on Q. This completes the proof. O
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