Hindawi Publishing Corporation
International Journal of Differential Equations
Volume 2010, Article ID 186928, 12 pages
doi:10.1155/2010/186928

Research Article

Positive Solution to Nonzero Boundary
Values Problem for a Coupled System of Nonlinear
Fractional Differential Equations

Jinhua Wang, Hongjun Xiang, and Zhigang Liu
Department of Mathematics, Xiangnan University, Chenzhou 423000, China
Correspondence should be addressed to Hongjun Xiang, hunxhjxhj67@126.com
Received 13 April 2009; Accepted 9 June 2009

Academic Editor: Shaher Momani

Copyright © 2010 Jinhua Wang et al. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

We consider the existence and uniqueness of positive solution to nonzero boundary values
problem for a coupled system of fractional differential equations. The differential operator is taken
in the standard Riemann-Liouville sense. By using Banach fixed point theorem and nonlinear
differentiation of Leray-Schauder type, the existence and uniqueness of positive solution are
obtained. Two examples are given to demonstrate the feasibility of the obtained results.

1. Introduction

Fractional differential equation can describe many phenomena in various fields of science
and engineering such as control, porous media, electrochemistry, viscoelasticity, and
electromagnetic. There are many papers dealing with the existence and uniqueness of
solution for nonlinear fractional differential equation; see, for example, [1-5]. In [1], the
authors investigated a singular coupled system with initial value problems of fractional
order. In [2], Su discussed a boundary value problem of coupled system with zero boundary
values. By means of Schauder fixed point theorem, the existence of the solution is obtained.
The nonzero boundary values problem of nonlinear fractional differential equations is more
difficult and complicated. No contributions exist, as far as we know, concerning the existence
of positive solution for coupled system of nonlinear fractional differential equations with
nonzero boundary values.

In this paper, we consider the existence and uniqueness of positive solution to
nonzero boundary values problem for a coupled system of nonlinear fractional differential
equations:
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Du(t) + f(t,v(t)) =0, 0<t<1,
Dfo(t) + g(t,u(t)) =0, 0<t<l,
(1.1)
u(0) =0, u(l) = au(é),

v(0)=0, (1) =bv(f),

wherel < ¢ <2,1<f<20<ab<10<¢<1,fg:[01] x[0,+00) — [0,+00) are
given functions, and D is the standard Riemann-Liouville differentiation. By using Banach
fixed point theorem and nonlinear differentiation of Leray-Schauder type, some sufficient
conditions for the existence and uniqueness of positive solution to the above coupled
boundary values problem are obtained.

The rest of the paper is organized as follows. In Section 2, we introduce some basic
definitions and preliminaries used in later. In Section 3, the existence and uniqueness of
positive solution for the coupled boundary values problem (1.1) will be discussed, and
examples are given to demonstrate the feasibility of the obtained results.

2. Basic Definitions and Preliminaries

In this section, we introduce some basic definitions and lemmas which are used throughout
this paper.

Definition 2.1 (see [6, 7]). The fractional integral of order a (a > 0) of a function y : (0, 00) —
R is given by

a _ 1 ' a1
Y0 = 7 | =9 v 1)

provided that the right side is pointwise defined on (0, o0).

Definition 2.2 (see [6, 7]). The fractional derivative of order a > 0 of a continuous function
y:(0,00) — Ris given by

a _ 1 d " n-a-1
D y(t) = m(ﬁ) Io(t—s) y(S)dS, (22)

where n = [a] + 1 provided that the right side is pointwise defined on (0, o).

Remark 2.3 (see [3]). The following properties are useful for our discussion:
(1) I*D*u(t) = u(t) - I, Cxt**, D*u(t) € C(0,1) N L(0,1), Ck € R, N = [a] +1,
(2) D*T*u(t) = u(t),

@)D =Ty+1)/Ty+1-a)t™*, a>0, y>-1, y>a-1, t>0.
Y Y Y Y
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Lemma 2.4 (the nonlinear alternative of Leray and Schauder type [8]). Let E be a Banach space
with C C E closed and convex. Let U be a relatively open subset of C with0 € Uand letT : U — C
be a continuous and compact mapping. Then either

(a) the mapping T has a fixed point in U, or
(b) there exist u € OU and A € (0,1) with u = ATu.

Consider

Du(t) +y(t) =0, O0<t<l,
(2.3)
u(0) =0,  u(l) = au(f),

then one has the following lemma.

Lemma 2.5. Let y € C[0,1] and 1 < a < 2, then u(t) is a solution of BVP (2.3) if and only if u(t) is
a solution of the integral equation:

1
mﬂszM£W@M& (24)
0
where
([H1-9)]"" —at* (g -5)"" — (t-5)"" (1~ “‘;H), 0<s<t<1, s<§
(1-ag*1)T(a)
a-1 a-1 a—
[t(l_S)](l_(tg_f))l"( ()1‘a§ D 0<¢<s<t<,
— aér— o
Gl(tl S) =9

[t(1-9)]"" —at* (- 5)""
(1-a¢="I(a)
[t(1-9)]""
L (1-ag=)T(a)’

, 0<t<s<¢g<,

Proof. Assume that u(t) is a solution of BVP (2.3), then by Remark 2.3, we have

u(t) = -1y (t) + C1t* ' + Cot* 2
(2.6)

trg a1
. f (-9 F(i)) y(s)ds + Cit71 + Cot*2,
0

By (2.3), we have

1 1— a-1 ¢ _ oya-1
C2 = 0, C1 = J‘OW:V(S)CIS - aj‘oﬁy(S)d& (27)
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Therefore, we obtain

v IO T(@) y(s)ds+for(a)(1—a§“‘1)y (e)ds afor(a)(1-a§a—1)y(5)ds (2.8)

1
- focla, $)y(s)ds.

Conversely, if u(t) is a solution of integral equation (2.4), using the relation D*t*™™ =
0,m=1,2,..., N, where N is the smallest integer greater than or equal to a [3, Remark2.1],
we have

N ~ N t (i’ _ S)afl
D*u(t) =-D < Owy(s)d5>

Sl [t f g9 29)
aga—1
+ Dt [Iowy(s)ds—afomy(s)ds

=-DI"y(t) = -y(t).

A simple computation showed u(0) =0, u(1) = au(¢). The proof is complete. O

Let

[t(1 - )] = bt (g - )Pt = (= 5)P 1 (1 - bgP )

(1-beFHT(B) '
[t(1-s)1F" = (- 9)P ' (1 - bef)
O el

Ga(t, s) = 1
[t(1-8)]P" = btF1(2 - 5)P!

(1-beF1)I(B) '
[t(1-9)]""
| (1-bFDT(B)’

(2.10)

we call G(t,s) = (G1(t,5), Ga(t, s)) Green’s function of the boundary value problem (1.1).
Lemma 2.6. Let 0 < a, b < 1, then the function G(t, s) is continuous and satisfies
(1) G(t,s) >0, for t,s € (0,1),

(2) G(t,s) < G(s,s), fort,s € (0,1).
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Proof. 1t is easy to prove that G(t, s) is continuous on [0, 1] x [0, 1], here we omit it. Now we

prove Gi(t,s) > 0. Let

[t(1-9)]"" —at (G- )" = (t=5)" (1 -ag™ ")
(1-a¢="I(a)
[t(1-s)]"" = (t-5)""(1-ag*)

gi(t,s) = , 0<s<t<1,s<¢,

(t,s) = — , 0<é¢<s<t«],
(1-ag")I'(a) 211)
_ -9 a5
g3(t,s) = (1= a1 T(a) , 0<t<s<E<],
_ [ta-s)1*!
gu(t,s) = (- et )@ 0<t<s<1¢<s.
We only need to prove gi(t,s) >0, 0 <s <t <1, s <¢. Since
[t(l _ S)][kl _ at“"l(g _ s)afl _ (t _ S)afl <1 _ aép!—l)
. (2.12)
=t A-91 —a@-9)" - (1-7) (1-a"?),
setg(t) = (1-s)""—a-s)"" = (1-5/t)" (1 - at*"), we have
gt =-(a-1)(1- ?)“_2;2(1 —ag" 1) <0, for0<s<t<1 s<¢ (2.13)
Then g(t) is decreasing on (0, 1). Meanwhile,
g1)=(1-5)""—a@-9)"" - (1-9)""(1-ag"")
(2.14)

=a§a1[(1—s)a—l_<1—§>u_l] >0, O<s<t<1, s<¢.

Therefore, g1(t,5) > 0,for 0 < s <t < 1,5 < ¢. Clearly gi(t,s) >0, t = 5,50 gi(t,s) >
0, s,t € (0,1). It is easy to show that g (¢,s) > 0,g3(¢,s) > 0, gu(t,s) > 0. Hence, G(¢,s) >
0, s,t€(0,1).

Similarly, Gy(t,s) > 0, s,t € (0,1). The proof of (1) is completed.

Let

-9 - (t-9)* (1 - ag )

(1- a& I (a) , 0<g<s<t<], (2.15)

&(t)
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then,
o (a=DE [ - )] - (1-s/H)% (1 - ag™ )
&) = (=T , 0<¢<s<t<],
a-1 a-2 a-1
[(1-8)]%" - (1-s/t) (1 —aZ ) 216
<[A-91" - 1-9"(1-ax)
- [1 —s)]”“2<a§”“1 —s) <0, 0<¢<s<t<l,
therefore,
) <0, 0<¢<s<t<l (2.17)

So, g (t,s) is decreasing with respect to t. Similarly, g1 (¢, s) is decreasing with respect to .
Also g3(t,s) and g4(t, s) are increasing with respect to . We obtain that G (¢, s) is decreasing
with respect to t for s < t and increasing with respect to t for t < s.

With the use of the monotonicity of G (¢, s), we have

[s(1-9)]"" - a[s-s)]""

[(a)(1-aé*1) ’ s€ .8l
maxGi(t, s) = Gi(s,s) = (2.18)
o<1 [S(l _ S)]u—l . [g 1)
T(@)(1 - agr1)’ sEle
Similarly,
[s(-9)]"" - b[s¢-9)]""
- SO
max G (t, s) = Ga(s, s) = (2.19)
s [s(L-9)]"" )
r(p)(1-bg )’ e
The proof of (2) is completed. O

3. Main Result

In this section, we will discuss the existence and uniqueness of positive solution for boundary
value problem (1.1).

We define the space X = {u(t) | u(t) € C[0,1]} endowed with |ju||x = maxo<i<1|u(t)|,
Y = {v(t) | v(t) € C[0,1]} endowed with ||u||y = maxogi<i|v(t)].

For (1,0) € X x Y, let | 1,0) [y = max{[lully, [0lly).

Define P = {(u,v) e X xY | u(t) >0, v(t) > 0} ,thenthecone PC X x Y.
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From Lemma 2.5 in Section 2, we can obtain the following lemma.

Lemma 3.1. Suppose that f(t,v) and g(t, u) are continuous, then (u,v) € X x Y is a solution of
BVP (1.1) if and only if (u,v) € X x Y is a solution of the integral equations

1
u(t) = J.OGl(t,s)f(s,v(s))ds,

) (3.1)
o) = [ Galt,5)3(5,u(s))ds.
0
Let T : X xY — X x Y be the operator defined as
1 1
T(u,v)(t) = (J Gi(t, s)f(s,v(s))ds,f Gz(t,s)g(s,u(s))ds>
0 0 (3.2)

= (Tvo(t), Tou(t)),

then by Lemma 3.1, the fixed point of operator T coincides with the solution of system (1.1).

Lemma 3.2. Let f(t,v) and g(t,u) be continuous on [0,1] x [0,00) — [0,00), then T : P — P
defined by (3.2) is completely continuous.

Proof. Let (u,v) € P, in view of nonnegativeness and continuity of functions G(t,s), f, and g,
we conclude that T : P — P is continuous.

Let Q € P be bounded, that is, there exists a positive constant i > 0 such that || (1, v)|| <
h for all (u,v) € Q.

Let

M =max{|f(t,o(t)|+1:0<t<1,0<v<h
(3.3)
N =max{|g(t,u(t))|+1:0<t<1,0 h

then we have
[Tho(t)| =

1 1
f Gi(t,$)f(s,0(s))ds| < Mf Ga(s, s)ds,
0 0

(3.4)

1 1
[Tou(t)| = IOGz(t,s)g(s,u(s))ds < N,[OGZ(S’S)dS'

Hence, ||T (4, v)]|| < max{Mf(l)Gl(s, s)ds, Nf(l)Gz(s, s)ds}. T(Q) is uniformly bounded.

Since G1(t, s) is continuous on [0, 1] x [0, 1], it is uniformly continuous on [0, 1] x [0, 1].
Thus, for fixed s € [0,1] and for any ¢ > 0, there exists a constant & > 0, such that any
t,t € [0,1] and |t1 - t2| < 6,

|G1(t1,8) — Gi(t2, s)| < €/M. (3.5)
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Then

1
ITh(0)(t2) = T1 () (t1)| < Mfo|Gl(t2' s) — Gi(ty, s)|ds <e. (3.6)
Similarly,
1
|To (1) (t2) = To(u) (t1)] < Nfole(tz,s) - Gy(ty,s)|ds < &. (3.7)

For the Euclidean distance d on R?, we have that if t;,t, € [0,1] are such that |t, —t;| < §, then

d(T(u,v)(t2), T(u,v)(t1)) = \/(Tlv(tz) - Tio(h)) + (Tau(ty) - Tau(t))” < V2e. (3.8)

That is to say, T(P) is equicontinuous. By the means of the Arzela-Ascoli theorem, we have
T :P — Pis completely continuous. The proof is completed. O

Theorem 3.3. Assume that f(t,v) and g(t, u) are continuous on [0,1]x[0,00) — [0, 00), and there
exist two positive functions m(t), n(t) that satisfy

(Hl) |f(trv2) —f(t,01)|
(Ha) |g(t, u2) — g(t, u1)]

Then system (1.1) has a unique positive solution if

m(t)|vy —v1|, for t € [0,1],v1, 02 € [0, 0),

<
< n(t)|up —ua|, for t € [0,1], 11, uz € [0, 00).

1 1
p= f Gi(s,s)m(s)ds <1, 0= J‘ Ga(s,s)n(s)ds < 1. (3.9)
0 0

Proof. For all (u,v) € P, by the nonegativeness of G(t,s) and f(t,v),g(t,u), we have
T(u,v)(t) > 0. Hence, T(P) C P.

T1v2 — Thon|| = max|Tiv; — Ty
t€[0,1]

= max
te[0,1]

1
focl(t,s) [ (5, 02(5)) - f(5,01(5))] s

(3.10)

1
< j Gi (s, 5)m(s)ds||v2 - o1
0
< plloz - vl
Similarly,

||T2u2 - T2u1|| g 9”112 — u1||. (311)
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We have,

T (uz,v2) = T (u1,v1)|| < max(p, )| (uz, v2) — (u1, v1)||. (3.12)

From Lemma 3.2, T is completely continuous, by Banach fixed point theorem, the operator
T has a unique fixed point in P, which is the unique positive solution of system (1.1). This
completes the proof. O

Theorem 3.4. Assume that f(t,v) and g(t,u) are continuous on [0,1] x [0,00) — [0, 00) and

satisfy
(Hs) |[f(t,o(t)] < ai(t) + ax(t)|o(t)],
(Ha) |g(t, u(t))] < bi(t) + ba(t)|u(t)],
(Hs) A1 = [;Gi(s,8)az(s)ds <1, 0 < By = [;Gi(s,s)ai(s)ds < oo,

(Hs) Az = [;Ga(s,8)ba(s)ds <1, 0 < By = [1Ga(s, 5)bi (s)ds < co.

Then the system (1.1) has at least one positive solution (u, v) in

C= {(u,v) €P||(u,v)] < min(l?—lAl, %) } (3.13)

Proof. Let C = {(u,v) € X xY : |[(4,v)| < r} withr = min(B;/(1 - A1), B2/ (1 — Ap)), define
the operator T : C — P as (3.2).
Let (u,v) € C, that s, ||(i, v)|| < r. Then

1
focl(t, s)f(s,v(s))ds

[Tho|| = max
te[0,1]

1
< Jocl(s, s)(a1(s) + az(s)[v(s)|)ds (3.14)

1 1
< f Gi(s,5)ar(s)ds + f Ga(s, s)ax(s)dsl|o]
0 0

= B1 + A1||‘0” <r.

Similarly, || Tou|l < 7, so |[T(u,v)|| < r, T(u,v) C C. From Lemma32 T : C — Cis
completely continuous.
Consider the eigenvalue problem

(u,v) = A\T(u,v), e (0,1). (3.15)
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Under the assumption that (u, v) is a solution of (3.15) fora A € (0, 1), one obtains

l[ull = [[ATyo]

= Amax
te[0,1]

1
J‘OGl (t,5)f(s,v(s))ds

1
< Jocl(s, s)(ai(s) + ax(s)|v(s)|)ds (3.16)

1 1
= f G1(s,8)ay(s)ds +J Gi(s,s)ax(s)ds||v||
0 0

= B] + A1||’U|| <r.

Similarly, ||v|| = ||AT>u|| < r, so ||(u,v)|| < r, which shows that (1, v) ¢ 0C. By Lemma 2.4, T
has a fixed point in C. We complete the proof of Theorem 3.4. O

Example 3.5. Consider the problem

D"*u(t) + f(t,v(t)) =0, 0<t<]1,

D¥?v(t) + g(t,u(t)) =0, 0<t<1,

u©0)=0,  u(l)= %uG) (3.17)

v(0) =0, v(l) = Zv(%),

where

to(t)

fto) = A+na+od)

g(t,u(t)) = arctan . |sin z(t)]. (3.18)
1+t
Set vy (t), v2(t), u1(t), uz(t) € [0,00) and t € [0, 1], then we have

|t 02(0) = Ft O] < o2t =218,

+
(3.19)

|5t 1) ~ (6,0 (8)] < arctan o (t) = w1 1)
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Therefore,

1 1
p:f Gi(s,s)m(s)ds < f Gi(s,s)ds
0 0

1 1/2 1/29 1 3/4 1
- [(7/4) <1 - (1/2)7/4> {fo [s(1- S)]3/4ds—f0 5 [s(z—s>] ds+f1/2[s(1_s)]3/4ds}

20+ rem s
= 5 ‘T(1/2)°5 "

1 a7 (1
sz Ga(s,8)n(s)ds < ZJ Ga(s,s)ds
0 0

1/23

T 1 1/2 . Ve
:Zr<3/2>(1—<3/4><1/z>“2){ Gsas s ls(55)] s [s<1—s>11/2ds}

1/2
_x 12 1
A -eman TE)

=0.6018 < 1.
(3.20)
With the use of Theorem 3.3, BVP (3.17) has a unique positive solution.
Example 3.6. Consider the problem
D"*u(t) + f(t,v(t)) =0, 0<t<]1,
D¥?u(t) + g(t,u(t)) =0, 0<t<1,
u0) =0,  u(l) = %”G) (3.21)
0=0  om=3v(3),
where
f(t,ot) =t*+ o In(1+v(t)) (t,u(t)) =10+ ﬁ + u(t) (3.22)
=R S A Ty ' '
We have
|f(t,o(t)| + L lo(t)| |g(tu(t)| < ( 10+ L + u(t)]. (3.23)
¢ 1+t ’ ’ 20
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Hence,

1 1 2(1 + (1/2)7/4> 1-*(3/4)
= < = .
A Jocl(s, s)ax(s)ds < IOG1(5, s)ds 5 T(1/2) <1,
1 1
B; = J Gi(s,8)ay(s)ds = f Gi(s,s) - s?ds < oo,
0 0 (3.24)
1 1
Ay = f Ga(s,8)by(s)ds = f Ga(s,8)ds = 0.7666 < 1,
0 0
1 1 2
B, = f Ga(s,8)bi(s)ds = f Ga(s,8)| 10+ — )ds < co.
0 0 20
By Theorem 3.4, BVP (3.21) has at least one positive solution in
_ . By B,
C—{(u,v)ePl||u,v||<m1n<1_A1,1_A2>}. (3.25)
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