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We study the boundary value problem for a linear first-order partial differential system with
characteristic boundary of constant multiplicity. We assume the problem to be “weakly” well
posed, in the sense that a unique L?-solution exists, for sufficiently smooth data, and obeys an
a priori energy estimate with a finite loss of tangential/conormal regularity. This is the case of
problems that do not satisfy the uniform Kreiss-Lopatinskil condition in the hyperbolic region of

the frequency domain. Provided that the data are sufficiently smooth, we obtain the regularity of
solutions, in the natural framework of weighted conormal Sobolev spaces.

1. Introduction and Main Results

For n > 2, let R} denote the n-dimensional positive half-space
R? := {x = (x1,x"), x1>0, X' :=(x2,...,x,) € ]R"‘l}. (1.1)

The boundary of R” will be systematically identified with R .
We are interested in the following stationary boundary value problem (BVP):

(y+L+B)u=F inR}, (1.2)

Mu=G, onR"I, (1.3)
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where L is the first-order linear partial differential operator
L=2,A9;; (1.4)

for each j = 1,...,n, the short notation 0; := 0/0x; is used.

The coefficients A; (j = 1,...,n) of L are N x N matrix-valued functions in C?S)(Rﬁ),
the space of restrictions to RY of functions of Ci°(R"). In (1.2), B stands for a lower-order term
whose form and nature will be specified later; compare to Theorem 1.1 and Section 3.2.

The source term F, as well as the unknown u, is a RV-valued function of x; we may
assume that they are both supported in the unitary positive half-ball B* := {x = (x1,x") : x1 >
0, |x] <1}.

The BVP has characteristic boundary of constant multiplicity 1 < r < N in the following
sense; the coefficient A; of the normal derivative in L displays the blockwise structure

L1 LI
A= (M (1.5)
4= A{I,I A{I,II ’ :

where A{’I, A{’H, A{I’I, A{I’H are, respectively, r xr,r x (N —r), (N =r) xr, (N —1) x (N =7)
submatrices, such that

L _ I _ LI _
Al =0, A =0, Al =0, (1.6)

and A{’I is invertible over B*. According to the representation above, we split the unknown
uasu = (u!,u'l); u' € R" and u!! € RN" are said to be, respectively, the noncharacteristic and
the characteristic components of u.

Concerning the boundary condition (1.3), M is assumed to be the matrix (I 0), where
I; denotes the identity matrix of order d, 0 is the zero matrix of size d x (N —d), and d is a
given positive integer < r. The datum G is a given R4-valued function of x' = (x,...,x,) and
is supported in the unitary (n — 1)-dimensional ball B(0,1) := {|x'| < 1}.

Section 4 will be devoted to prove the following regularity result.

Theorem 1.1. Let k, 1, s be fixed nonnegative integer numbers such that s > r > 0, s > 0, and suppose
that the coefficients A; (j = 1,...,n) of the operator L in (1.4) are given in CF (RY) and Ay fulfils
conditions (1.5), (1.6). One assumes that for any h > 0 there exist some constants Cy = Co(h) > 0,

Yo = yo(h) > 1 such that for every y > yy, for every operator B = Op;(b), whose symbol b belongs to
I and satisfies |blox < h, and for all functions F € HT (R™),and G € H} (R"1Y), the corresponding

tan,y
BVP (1.2)-(1.3) admits a unique solution u € L*(R"), with ”|Ix1=0 € L2(R"Y), and the following a
priori energy estimate is satisfied:

2 1 1
2 I 2 2
Yl + [t ey CO(W”F ez, ey + F“G”H:(R“)) 1.7

Then, for every m € N and any matrix-valued function B € C7 (RY), there exist some constants

Cm > 0, Y (with Y > Ym—1 > 1) such that if y > Y., and we are given arbitrary functions
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F e 5™ (RY) and G € Hy™(R"), the unique L*-solution u of (1.2)-(1.3) (with data F,
G, and lower-order term B = multiplication by B) belongs to Hy, (RY), € HY (R™Y) and the

I
oo M0
a priori estimate of order m

2 1
llulitgs, e+ |||

tan,y

’ <Cou( =P LG
H;"(R’H)_ m st+1 “ ”Jgf;n'f;;’*m(Rg)"'}z” ”H}Sfm(Rnfl) (18)

is satisfied.

The function spaces involved in the statement of Theorem 1.1, as well as the norms
appearing in (1.7), (1.8), will be described in Section 2. The kind of lower-order operator B
involved in (1.2), that is allowed in Theorem 1.1, will be introduced in Section 3.2.

The BVP (1.2)-(1.3), with the aforedescribed structure, naturally arises from the study
of a mixed evolution problem for a symmetric (or Friedrichs’symmetrizable) hyperbolic
system, with characteristic boundary. The analysis of the regularity of the stationary
problem, presented in this work, plays an important role for the study of the regularity of
time-dependent hyperbolic problems, constituting the final goal of our investigation and
developed in [1]. In view of the well-posedness property that problems (1.2)-(1.3) enjoy in
the statement of Theorem 1.1, here we do not need to assume the hyperbolicity of the linear
operator L in (1.4); the only condition required on the structure of L is that expressed by
conditions (1.5) and (1.6). In the hyperbolic problems, the number d of the scalar boundary
conditions prescribed in (1.3) equals the number of positive eigenvalues of A; on {x; =
0} N B* (the so-called incoming characteristics of problem (1.2)-(1.3)), compare to [1]; this
value d remains constant along the boundary, as a combined effect of the hyperbolicity and
the fact that Aq|{x,-0}ns+ has constant rank.

In [2], the regularity of weak solutions to the characteristic BVP (1.2)-(1.3) was
studied, under the assumption that the problem is strongly L?-well posed, namely, that a
unique L?-solution exists for arbitrarily given L?-data and the solution obeys an a priori
energy inequality without loss of regqularity with respect to the data; this means that the L>-norms
of the interior and boundary values of the solution are measured by the L?-norms of the
corresponding data F, G.

The statement of Theorem 1.1 extends the result of [2, Theorem 15], to the case where
only a weak well posedness property is assumed on the BVP (1.2)-(1.3). Here, the L?-solvability
of (1.2)-(1.3) requires an additional regularity of the corresponding data F,G; the integer s
represents the minimal amount of regularity, needed for data, in order to estimate the L?-
norm of the solution u in the interior of the domain, and its trace on the boundary, by the
energy inequality (1.7).

Several problems, appearing in a variety of different physical contexts, such as fluid
dynamics and magneto-hydrodynamics, exhibit a finite loss of derivatives with respect to
the data, as considered by estimate (1.7) in the statement of Theorem 1.1. This is the case
of some problems that do not satisfy the so-called uniform Kreiss-Lopatinskil condition; see,
for example, [3, 4]. For instance, when the Lopatinskif determinant associated to the problem
has a simple root in the hyperbolic region, estimating the L?>-norm of the solution makes the
loss of one tangential derivative with respect to the data; see, for example, [5, 6]. In [7],
Coulombel and Gues show that, in this case, the loss of regularity of order one is optimal;
they also prove that the weak well posedness, with the loss of one derivative, is independent
of Lipschitzean lower-order terms, but not independent of bounded lower-order terms. This is
a major difference with the strongly well-posed case, where there is no loss of derivatives and
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one can treat lower-order terms as source terms in the energy estimates. Also, this yields that
the techniques we used in [2], for studying the regularity of strongly L?-well-posed BVPs,
cannot be successfully performed in the case of weakly well-posed problems (see Section 4
for a better explanation).

The paper is organized as follows. In Section 2 we introduce the function spaces to be
used in the following and the main related notations. In Section 3 we collect some technical
tools, and the basic concerned results, that will be useful for the proof of the regularity of BVP
(1.2)-(1.3), given in Section 4.

A final Appendix contains the proof of the most of the technical results used in
Section 4.

2. Function Spaces

The purpose of this section is to introduce the main function spaces to be used in the following
and collect their basic properties.
Forj=1,2,...,n weset

Z1:=x101, Zj:=0j, forj>2. (2.1)
Then, for every multi-index a = (ay, ..., a,) € N", the conormal derivative Z is defined by
Z8 =70 7y (2.2)

we also write 8% = 87" - - - 8" for the usual partial derivative corresponding to a.
Fory >1and s € R, we set

1@ = (P ) (23)

and, in particular, A5 := A5,

The Sobolev space of order s € R in R” is defined to be the set of all tempered
distributions u € $'(R") such that \*u € L*(R"), being u the Fourier transform of u; in
particular, for s € N, the Sobolev space of order s reduces to the set of all functions u € L%(R™),
for which 0%u € L2(R") for all & € N with |a| < s.

Throughout the paper, for real y > 1, H}(R") will denote the Sobolev space of order s,
equipped with the y-depending norm | - ||, , defined by

Jul?, = )" jRn 227 () a(@) g, (2.4)

where (¢ = (¢,...,¢,) are the dual Fourier variables of x = (x1,...,x,)). The norms defined
by (2.4), with different values of the parameter y, are equivalent to each other. For y = 1 we
set for brevity || - ||, := || - |s; (and, accordingly, H*(R") := H7(R")).
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It is clear that, for s € N, the norm in (2.4) turns out to be equivalent, uniformly with
respect to y, to the norm || - || s zny defined by

2 . 2(s— 2
||u||H§(R") = ZY (s Ia\)”a“u”Lz(Rn). (2.5)

la|<s

Another useful remark about the parameter depending norms defined in (2.4) is provided by
the following counterpart of the usual Sobolev imbedding inequality:

lullsy < y*llull,,,, (2.6)

for arbitrary s < r and y > 1.

In Section 4, the ordinary Sobolev spaces, endowed with the weighted norms above,
will be considered in R"™ (interpreted as the boundary of the half-space R"); regardless to
the different dimension, the same notations and conventions as before will be used there.

Let us introduce now some classes of function spaces of Sobolev type, defined over the
half-space R”; these spaces will be used to measure the regularity of solutions to characteristic
BVPs with sufficiently smooth data (cf. Theorem 1.1 and Section 4).

Given an integer m > 1, the conormal Sobolev space of order m is defined as the set of
functions u € L?(R") such that Z%u € L*(R"), for all multi-indices a with |a| < m. Agreeing
with the notations set for the usual Sobolev spaces, for y > 1, Hg, (R}) will denote the
conormal space of order m equipped with the y-depending norm

2 __ 2(m— 2
[ [ el VAL o 2.7)

tan,y
|a|<m

and we again write H (R}) := H{ (R™?).

For later use, we need to consider also a class of mixed tangential/conormal spaces,
where different orders of tangential and conormal smoothness are allowed. Namely, for every
m,r € N, with m > r, we let #}.» (R") denote the space of all functions u € L*(R") such
that Z*u € L*(R"), whenever |a| < m and 0 < a; < r: here derivatives Z* are required
belonging to L? up to the order m, but conormal derivatives (namely, derivatives involving the
operator Z1) are allowed only up to the lower order r, the remaining m — r derivatives being
purely tangential (i.e, involving only differentiation with respect to tangential variables x').

This space is provided with the expected y-depending norm

2 o 2(m— 2
||u”4£'"" o = Z % (m \aI)HZauHLZ(M). (2.8)

tan,y
|a|<m, 0<ai <r

The notation Jé:;‘n' Y(Rﬁ) is used, here and below, with the same meaning as for usual and

conormal Sobolev spaces (accordingly, one has 77 (RY) = K (RY)).
For a given Banach space Y (with norm |- ||y) and 1 < p < 400, LP(0, +00;Y) will
denote the space of the Y-valued measurable functions on (0, +o0) such that _f0+ “ lu(t) ||’;,dt <

+00.
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m,r
tan

It is easy to see that the following identities hold true for H#
r=0andr = m:

(R™), in the border cases

HO (RN = [2 (o, +o0; H™ <}R’H>>, HMMRY) = H™ (RM). (2.9)

tan tan

Actually all of the previously collected observations and properties of y-weighted norms on
usual Sobolev spaces can be readily extended to the weighted norms defined on conormal
and mixed spaces.

Remark 2.1. The above-considered tangential-conormal spaces ;.- (R") can be viewed as a

conormal counterpart, by the action of the §§ mapping introduced below, of corresponding
mixed spaces of Sobolev type in R”, studied in Hormander’s [8].

3. Preliminaries and Technical Tools

In this section, we collect several technical tools that will be used in the subsequent analysis
(cf. Section 4).

We start by recalling the definition of two operators § and fj, introduced by Nishitani
and Takayama in [9], with the main property of mapping isometrically square integrable
(resp., essentially bounded) functions over the half-space R} onto square integrable (resp.,
essentially bounded) functions over the full space R".

The mappings # : L*(R") — L*(R") and h : L®(R") — L*®(R") are, respectively,
defined by

wh(x) == w(e™,x')e"’?, a(x) = a(e™,x'), Vx=(x;,x) €R" (3.1)

They are both norm preserving bijections.

It is also useful to notice that the above operators can be extended to the set @' (R”) of
Schwartz distributions in R”. It is easily seen that both § and } are topological isomorphisms
of the space C{°(R?) of test functions in R (resp., C*(R})) onto the space C{°(R") of test
functions in R" (resp., C*(R")). Therefore, a standard duality argument leads to define # and
hon ®'(RY), by setting for every ¢ € C{(R")

(ul, ) = (u, "),
(10} = (us')

({+,-) is used to denote the duality pairing between distributions and test functions either in
the half-space R” or the full space R"). In the right-hand sides of (3.2), #f! is just the inverse
operator of ff, while the operator b is defined by

(3.2)

¢’ (x) = xll(p(log x1,%), Vx;>0, X e R", (3.3)

for functions ¢ € CZ(R"). The operators f{! and b arise by explicitly calculating the formal
adjoints of § and fj, respectively.
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Of course, one has that uf, u € ®'(R"); moreover the following relations can be easily
verified (cf. [9]):

(pu) = ¢, (34)

3 (uh) = (zw)", j=1,..n (3.5)
01 <uﬁ> = (Zlu)“ + %u#, (3.6)
oi(u) = (zw)!, j=2,....m, (3.7)

whenever u € ®'(R") and ¢ € C*(R”) (in (3.4) u € L?>(R") and ¢¢ € L*(R") are even allowed).

From formulas (3.6), (3.7) and the L2-boundedness of #, it also follows that ff :
Hg, (RY) — H'(R) is a topological isomorphism, for each integer m > 1 and real y > 1.

Following [9] (see also [2]), in the next subsection the lastly mentioned property of #
will be exploited to shift some remarkable properties of the ordinary Sobolev spaces in R" to
the functional framework of conormal Sobolev spaces over the half-space R”.

In the end, we observe that the operator {f continuously maps the space C © (R?) into
the Schwartz space S(R") of rapidly decreasing functions in R" (note also that the same is
no longer true for the image of ) (R}) under the operator }, which is only included into the
space C;°(R") of infinitely smootil functions in R”, with bounded derivatives of all orders).

3.1. Parameter-Depending Norms on Sobolev Spaces

We recall a classical characterization of ordinary Sobolev spaces in R”, according to
Hormander’s [8], based upon the uniform boundedness of a suitable family of parameter-
depending norms.

For given s € R, y > 1 and for each 6 €]0,1] a norm in H5"}(R") is defined by setting

5= @)™ [ 2@ (G AP ©8)

According to Section 2, fory = 1and any 0 < 6 <1, we set || - [|,_15 := || - l,_1,14; the family
of 6-weighted norms {| - [|;-15},.5.; was deeply studied in [8]; easy arguments (relying
essentially on a y-rescaling of functions) lead to get the same properties for the norms
- llsoys }O<651 defined in (3.8) with an arbitrary y > 1.

Of course, one has || - [[s1,1 = || [ls-1,, (cf. (24), with s — 1 instead of s). It is also
clear that, for each fixed 6 €]0,1[, the norm || - ||,y , s is equivalent to || - [, , in H;‘l (R™),
uniformly with respect to y; notice, however, that the constants appearing in the equivalence
inequalities will generally depend on 6 (see (3.18)).

The next characterization of Sobolev spaces readily follows by taking account of the
parameter y into the arguments used in [8, Theorem 2.4.1].
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Proposition 3.1. For every s € Rand y > 1, u € H}(R") if and only if u € Hﬁ’l (R™), and the set
{llulls-1,y,s1 05l is bounded. In this case, one has

lellsorys T llellsy, as 610. (3.9)

In order to show the regularity result stated in Theorem 1.1, it is useful to provide the
conormal Sobolev space Ht':gly (R}), m € N, y > 1, with a family of parameter-depending
norms satisfying analogous properties to those of norms defined in (3.8). Nishitani and
Takayama [9] introduced such norms in the “unweighted” case y = 1, just applying the
ordinary Sobolev norms || - ||,,,_; 5 in (3.8) to the pull-back of functions on RY, by the ff operator;
then these norms were used in [2] to characterize the conormal regularity of functions.

Following [9], fory > 1,6 €]0,1], and all u € H™}(R"), we set

tan

2 —
”u”RZ,m—Ltan,y,ﬁ T ”u#”m—l,yﬁ

= (29r>"_[RnA?"*Y(é)A-LY(6§>|&H<§>|2d§. (3.10)

Because §# is an isomorphism of H{:;}(Rﬁ) onto H;”‘l (R™), the family of norms

I ller m-1tany,6} 5 Ke€€Ps all the properties enjoyed by the family of norms defined in (3.8).
In particular, the same characterization of ordinary Sobolev spaces on R", given by

Proposition 3.1, applies also to conormal Sobolev spaces in R” (cf. [2, 9]).

Proposition 3.2. For every positive integer m and y > 1, u € Hy, (RY) if and only if u €
HEEY(RY), and the set {[|u]|gs

fany is bounded. In this case, one has

,m—=1tan,y,6 }0<5§1
Ilu”Rf,mfl,tan,y,(S T ”u”]Rﬂ,m,tan,yl as 6 ~l' 0. (311)

As regards to the mixed space . (R"), it is worthwhile noticing that it can be

endowed with the y-weighted norm defined, by the Fourier transformation, as
m-r),y| 7} 2
[y = @) [ 07 @@ k@) (312)
]Rn

here and below ¢’ := (&,,...,¢,) denotes the Fourier dual variables of the tangential space
variables x' = (x,...,x,), and, with a slight abuse of notation, we write 17 (¢') to mean in
fact "7 (0,¢).

Of course, the norm in (3.12) is equivalent, uniformly with respect to y, to the norm
(2.8).

3.2. A Class of Conormal Operators

The # operator, defined at the beginning of Section 3, can be used to allow pseudodifferential
operators in R" acting conormally on functions only defined over the positive half-space R7.
Then the standard machinery of pseudodifferential calculus (in the parameter depending
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version introduced in [10, 11]) can be rearranged into a functional calculus properly behaved
on conormal Sobolev spaces described in Section 2. In Section 4, this calculus will be usefully
applied to study the conormal regularity of the stationary BVP (1.2)-(1.3).

Let us introduce the pseudodifferential symbols, with a parameter, to be used later;
here we closely follow the terminology and notations of [12].

Definition 3.3. A parameter-depending pseudodifferential symbol of order m € R is a real-(or
complex-) valued measurable function a(x, ¢,y) on R" x R" x [1, +oo[, such that a is C* with
respect to x and ¢, and for all multi-indices a, § € N" there exists a positive constant C,
satisfying

38dka(x, & y)| < Caph™ (), (3.13)

forallx,{ e R"and y > 1.

The same definition as above extends to functions a(x, ¢, y) taking values in the space
RN*N (resp., CN*N) of N x N real (resp., complex) valued matrices, for all integers N > 1
(where the module | - | is replaced in (3.13) by any equivalent norm in RN*N (resp., CN*N)).
We denote by I'" the set of y-depending symbols of order m € R (the same notation being
used for both scalar-or matrix-valued symbols). I'"” is equipped with the obvious norms

= max sup ATmlaly ()
|+ |ﬂ|§k (x,8)eR"xR", y>1

agaia(x, ¢, Y) |, Vk €N, (3.14)

|a|m,k

which turn it into a Fréchet space. For all m, m’ € R, with m < m/', the continuous imbedding
I C I'™ can be easily proven.

For all m € R, the function A" is of course a (scalar-valued) symbol in I'"”.

To perform the analysis of Section 4, it is important to consider the behavior of the
weight function A" (-)A"17(6-), involved in the definition of the parameter-depending norms
in (3.8), (3.10), as a y-depending symbol according to Definition 3.3.

In order to simplify the forthcoming statements, henceforth the following short
notations will be used:

W@ =A@, L@ = (@) (A @aey),  (6.15)

for all real numbers m € R, y > 1, and 6 €]0,1]. One has the obvious identities )U;H'Y(g) =
A @), 1) = 0
it is worthwhile to remark that functions )L;’HLY (¢) and Xgm”'y (¢) are no longer the same as
soon as 6 becomes strictly smaller than 1; indeed (3.15) gives /\g’”“”(g) = AT2Y (ALY (68).

A straightforward application of Leibniz’s rule leads to the following result.

" 2y = A-mHLr (). However, to avoid confusion in the following,
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Lemma 3.4. For every m € R and all « € N", there exists a positive constant Cy, o such that

ag)tgi‘”(g)| < Crald (@), VEER", Yy 21, V5 € 0,1]. (3.16)

Because of estimates (3.16), )Lg”‘”(g) can be regarded as a y-depending symbol, in two
different ways. On one hand, combining estimates (3.16) with the trivial inequality

A6 <1 (3.17)

immediately gives that {)Lg"_l’y }o<s<1 18 @ bounded subset of ™.

On the other hand, the left inequality in

GAT () <A (68) <A (), WEER, V5 € 10,1], (3.18)

together with (3.16), also gives

AT (@] < Cna& TATIHITQ), VEERY, Wy 21, (3.19)

According to Definition 3.3, (3.19) means that )L;"_l’y actually belongs, for each fixed 6, to T™};

nevertheless, the family {Ag"_l’y }o<5<1 18 unbounded as a subset of -1

For later use, we also need to study the behavior of functions X(;mﬂ’y as y-depending
symbols.
Analogously to Lemma 3.4, one can prove the following result.

Lemma 3.5. Forall m € R and a € N, there exists ém,a > 0 such that
AN @) < Coaly" (@), WEER", vy 21, Y65 €10,1]. (3.20)

In particular, Lemma 3.5 implies that the family {)Lﬁmﬂ’y Yocset
[+ (it suffices to combine (3.20) with the right inequality in (3.18)).

Any symbol a = a(x,¢,y) € I'™ defines a pseudodifferential operator OpY(a) = a(x, D, y)
on the Schwartz space S(R"), by the standard formula

is a bounded subset of

Yu e S(R"), Vx e R", Op'(a)u(x) =a(x,D,y)u(x) = (ZJr)_"I e™a(x, & y)u(g)de,
Rfl
(3.21)
where, of course, we denote x - ¢ := 37, x;¢;. a is called the symbol of the operator (3.21),

and m is its order. It comes from the classical theory that Op’(a) defines a linear-bounded
operator

Op’(a) : S(R") — S(R"); (3.22)
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moreover, the latter extends to a linear-bounded operator on the space S'(R”) of tempered
distributions in R".

An exhaustive account of the symbolic calculus for pseudodifferential operators with
symbols in I"* can be found in [11] (see also [12]). Here, we just recall the following result,
concerning the product and the commutator of two pseudodifferential operators.

Proposition 3.6. Let a € T and b € T, for [, m € R. Then Op" (a)Op’ (b) is a pseudodifferential
operator with symbol in T™*; moreover, if one lets a#b denote the symbol of the product, one has for
every integer N > 1

_i)lal
ah— 3 ¢ ;), d%adib € TN (3.23)
la<N &

Under the same assumptions, the commutator [Op’ (a), OpY (b)] := Op’ (a)Op’ (b)-Op' (b)Op' (a)
is again a pseudodifferential operator with symbol c € T, If one further assumes that one of the two
symbols a or b is scalar-valued (so that a and b commute in the pointwise product), then the symbol ¢
of [Op’ (a), OpY (b)] has order m +1—1.

We point out that when the symbol b € T' of the preceding statement does not depend
on the x variables (i.e., b = b(¢, 7)), then the symbol a#b of the product Op’ (a)Op? (b) reduces

to the pointwise product of symbols a and b; in this case, the asymptotic formula (3.23) is
replaced by the exact formula

(aftb) (x,&,7) = a(x,&,y)b(Y)- (3.24)
According to (3.15), (3.21), we write

D)= 0pr (), T D) = 0pr (1), 629

In view of (3.15) and (3.24), the operator )LZH'Y(D) is invertible, and its two-sided inverse is
. T-m+ly
given by A, (D).
Starting from the symbolic classes I'"?, m € R, we introduce now the class of conormal
operators in R”, to be used in the sequel.
Let a(x,¢, y) be a y-depending symbol in I'"”*, m € R. The conormal operator with symbol
a, denoted by Op;(a) (or equivalently a(x, Z,y)), is defined by setting

Yu € C% (RY), (Opﬁy(a)u>u = (Op'(a)) (u#). (3.26)

In other words, the operator Op;(a) is the composition of mappings

Opy(a) =" o Op'(a) of. (3.27)
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As we already noted, u! € S(R") whenever u € C?S) (R™); hence formula (3.26) makes sense

and gives that Op;(a)u is a C®-function in RY}. Also Op;(a) :C 8) (R") — C*=(R?") is a linear-
bounded operator that extends to a linear-bounded operator from the space of distributions
u € 9'(R") satisfying u! € S'(R") into ' (R") itself. (In principle, Op:‘(a) could be defined
by (3.26) over all functions u € C*(R"), such that u# € S(R"). Then Op;(a) defines a linear-
bounded operator on the latter function space, provided that it is equipped with the topology
induced, via {}, from the Fréchet topology of S(R").) Throughout the paper, we continue to
denote this extension by Op;(a) (or a(x, Z, y) equivalently).

As an immediate consequence of (3.27), we have that for all symbols a € I, b € I
with m,[ € R, there holds

-1

Vu e C3)(R}), Op)(a)Opj (b)u = (Op' (a)Op' (b) (ﬁ))# . (3.28)

Then, it is clear that a functional calculus of conormal operators can be straightforwardly
borrowed from the corresponding pseudodifferential calculus in R”; in particular we find
that products and commutators of conormal operators are still operators of the same type,
and their symbols are computed according to the rules collected in Proposition 3.6.

Below, let us consider the main examples of conormal operators that will be met in
Section 4.

As a first example, we quote the multiplication by a matrix-valued function B €
C%H (R}). It is clear that this makes an operator of order zero according to (3.26); indeed (3.4)
gives for any vector-valued u € CG (RY)

(Bw)'(x) = Bi(x)uf(x), (3.29)

and B is a C*-function in R", with bounded derivatives of any order, hence a symbol in I'.
We remark that, when computed for B the norm of order k € N, defined on symbols
by (3.14), just reduces to

'Bh| = max||0*B!
0k  |aj<k

= ZaB o (TR 7
Loy rlglg;fll ll oo ey (3.30)

where the second identity above exploits formulas (3.5) and that  maps isometrically L*(R?)
onto L*(R").

Now, let £ := yIN + 371 Aj(x)Z; be a first-order linear partial differential operator,
with matrix-valued coefficients A; € C, (RY) for j =1,...,nand y > 1. Since the leading part
of £ only involves conormal derivatives, applying (3.4), (3.6), and (3.7) then gives

j=1

#
<yu + ZAiju> = <yI - %Aﬂ)u# + ZAl}aju# = Op (a)uf, (3.31)
im1

where a = a(x,¢,y) = (yIn - (1/2)Ali(x)) + iZ}Ll As.(x)g]- is a symbol in I'". Then £ is a
conormal operator of order 1, according to (3.26).
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In Section 4, we will be mainly interested in the family of conormal operators

i@y =opp(a5), 3 (@) = 0p) (1) (332

The operators Ag"il’y (Z) are involved in the characterization of conormal regularity provided

by Proposition 3.2 (remember that, after Lemma 3.4, )LZH’Y € I'1). Indeed, from Plancherel’s

formula and the fact that the operator § preserves the L>-norm, the following identities

m-1,
”u”Rf,m—l,tan,yﬁ = ||‘/\5 Y(Z)u (333)

L2(RY)

can be straightforwardly established; hence, Proposition 3.2 can be restated in terms of the

boundedness, with respect to 6, of the L2-norms of functions )LZH'Y(Z)u. This observation is
the key point that leads to the analysis performed in Section 4.

m+1,y(

Another main feature of the conormal operators (3.32) is that X; Z) provides

a two-sided inverse of )L;n_llr(Z) ; this comes at once from the analogous property of the
operators in (3.25) and formulas (3.26), (3.28).

3.3. Sobolev Continuity of Conormal Operators

Proposition 3.7. If s, m € R then for all a € T™ the pseudodifferential operator Op' (a) extends as a
linear-bounded operator from Hy*™(R") into H{(R"), and the operator norm of such an extension is
uniformly bounded with respect to y.

We refer the reader to [11] for a detailed proof of Proposition 3.7. A thorough analysis
shows that the norm of Op’(a), as a linear-bounded operator from HF™(R") to Hy(R"),
actually depends only on a norm of type (3.14) of the symbol a, besides the Sobolev order
s and the symbolic order m (cf. [11] for detailed calculations). This observation entails,
in particular, that the operator norm is uniformly bounded with respect to y and other
additional parameters from which the symbol of the operator might possibly depend, as a
bounded mapping.

From the Sobolev continuity of pseudodifferential operators quoted above, and using
that the operator #f maps isomorphically conormal Sobolev spaces in R} onto ordinary
Sobolev spaces in R", we easily derive the following result.

Proposition 3.8. If m € Z and a € I'™, then the conormal operator Op;(a) extends to a linear-
bounded operator from Hg " (RY) to Hg, (RY), for every integer s > 0, such that s + m > 0;
moreover the operator norm of such an extension is uniformly bounded with respect to y.

Remark 3.9. We point out that the statement above only deals with integer orders of symbols
and conormal Sobolev spaces. The reason is that, in Section 2, conormal Sobolev spaces were
only defined for positive integer orders. In principle, this lack could be removed by extending
the definition of conormal spaces H{  (R%}) to any real order s: this could be trivially done,
just defining H; | (R}) to be the pull-back, by the operator §}, of functions in H*(R"). However,
this extension to fractional exponents seems to be useless for the subsequent developments.
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As regards to the action of conormal operators on the mixed spaces ;. v

arguments to those used in the proof of Proposition 3.8 lead to the following.

(R™), similar

Proposition 3.10. Let a = a(x,¢,y) be a symbol in I'™, for m € Z. Then for all integers r,s € N,
suchthats >r,s>0,andr+m >0, Opg(a) = a(x, Z,y) extends by continuity to a linear-bounded
operator

Opy(a) : Hiy ™™ (RY) — A, (RY). (3.34)

tan,y tan,y

Moreover, the operator norm of such an extension is uniformly bounded with respect to y.

4, Proof of Theorem 1.1

This section is entirely devoted to the proof of Theorem 1.1.

4.1. The Strategy of the Proof:
Comparison with the Strongly Well-Posed Case

As it was already pointed out in the Introduction, in order to solve the BVP (1.2)-(1.3) in
L?, Theorem 1.1 requires an additional tangential /conormal regularity of the corresponding
data. The precise increase of regularity needed for the data is prescribed by the energy
inequality (1.7): to estimate the L?>-norm of the solution, in the interior and on the boundary
of the domain, we lose r conormal derivatives and s — r tangential derivatives with respect to
the interior source term F, and s (tangential) derivatives with respect to the boundary datum
G.

In [2], the conormal regularity of weak solutions to the BVP (1.2)-(1.3) was studied,
under the assumption that no loss of derivatives occurs in the estimate of the solution by the
data. To prove the result of [2, Theorem 15], the solution u to (1.2)-(1.3) was regularized by
a family of tangential mollifiers J., 0 < ¢ < 1, defined by Nishitani and Takayama in [9] as
a suitable combination of the operator § and the standard Friedrichs’'mollifiers. The essential
point of the analysis performed in [2] was to notice that the mollified solution J.u solves the
same problem (1.2)-(1.3), as the original solution u. The data of the problem for J,u come from
the regularization, by J, of the data involved in the original problem for u; furthermore, an
additional term [J,, L]u, where [],, L] is the commutator between the differential operator L
and the tangential mollifier J., appears into the equation satisfied by J.u. Because the energy
estimate associated to a strong L?>-well-posed problem does not lose derivatives, actually this
term can be incorporated into the source term of the equation satisfied by J.u.

In the case of Theorem 1.1, where the a priori estimate (1.7) exhibits a finite loss of
regularity with respect to the data, this technique seems to be unsuccessful, since [J,, L]u
cannot be absorbed into the right-hand side without losing derivatives on the solution u; on
the other hand, it seems that the same term cannot be merely reduced to a lower-order term
involving the smoothed solution J.u, as well (this should require a sharp control of the error
term u — J.u).

These observations lead to develop another technique, where the tangential mollifier
Je is replaced by the family of operators (3.32), involved in the characterization of regularity
given by Proposition 3.2. Instead of studying the problem satisfied by the smoothed
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solution J.u, here we consider the problem satisfied by )LZH’Y(Z)u. As before, a new term
[)LgH’Y(Z),L]u appears which takes account of the commutator between the differential

operator L and the conormal operator J\ZH’Y(Z). Since we assume the weak well-posedness
of the BVP (1.2)-(1.3) to be preserved under lower order terms, the approach consists of

treating the commutator [)L;nfl’Y(Z),L]u as a lower-order term within the interior equation

for )Lgl_l’y(Z)u (see (4.10)) (differently from the strongly L?-well-posed case studied in [2],
the stability of problem (1.2)-(1.3) under lower-order perturbations is no longer a trivial
consequence of the well-posedness itself. In Theorem 1.1, this stability is required as an
additional hypothesis about the BVP); this is made possible by taking advantage from the
invertibility of the operator A;ﬂil,y (2).

We argue by induction on the integer order m > 1. Let us take arbitrary data F €

Koy (RY), G € Hy™(R™™), and fix an arbitrary matrix-valued function B € C %) (RY) (as

the lower order term in the interior equation (1.2)).

Because of the inductive hypothesis, we already know that the unique L?-solution u to
(1.2)-(1.3) actually belongs to H{"., ;(Rf) and ”|Ix1:0 belongs to H;""!(R"™"), provided that y is
taken to be larger than a certain constant y,,-1 > 1, moreover the solution u obeys the estimate

(1.8) of order m — 1

2

2 1
VIl gy + 4ol Hp (1)
(4.1)
2

H;+m—1 (an ) > 7

1 ) 1
S Cm—l <W”F| e@f;rr:/flyfl,nm—l(Rf) + ﬁ”c|

where the positive constant C,,_1, as well as y,,-1, only depends on the smoothness order m
and the L®-norm of a finite number (depending on m itself) of conormal derivatives of B (cf.
(3.30)), besides the coefficients A; (1 < j < n) of L and the integer numbers r and s.

In order to increase the conormal regularity of the solution u by order one, we are

going to act on u by the conormal operator )LZH’Y(Z) ; then we consider the analogue of the
original problem (1.2)-(1.3) satisfied by )Lg"_l’y(Z)u.

4.2. A Modified Version of the Conormal Operator )Lg"_l’Y(Z)

Due to some technical reasons that will be clarified in Section 4.3, we need to slightly modify
the conormal operator )LZI*LY(Z) to be applied to the solution u of the original BVP (1.2)-(1.3),
as was described in the preceding section.

The first step is to decompose the weight function )LZH’Y as the sum of two
contributions. To do so, we proceed as follows. Firstly, we take an arbitrary positive, even
function y € C*(R") with the following properties:

0<y(x)<1, VxeR", x(x)=1, for |x| < %, x(x)=0, for|x|>1. (42)
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Then, we set

A5 @) = xO) (A7) @ = (Flax g™ ) @),

(4.3)
rms (@) = AT @) =475 T @) = (1- x(D) (AF7) ).

The following result (the proof of which is postponed to Appendix A) shows that the function
m-1,y

A;;LY essentially behaves like A
Lemma 4.1. Let the function y € C*(R") satisfy the assumptions in (4.2). Then )L:Z;LY is a symbol

in T™1; moreover for every multi-index a € N, there exists a positive constant C,, o, independent of
y and 6, such that

AT Y(g)] < Cpalp 7M@), VEeR™, (4.4)

An immediate consequence of Lemma 4.1 and (4.3) is that 7,5 is also a y-depending
symbol in "1
Let us define with the obvious meaning of the notations

A (D) = 0pr (A7), rms(D,y) = OPY (rms),
45)
)Lm_l’Y(Z) = Op; <)Lm_1ly>, tms(Z,y) = Op;(rm,g).

The second important result is concerned with the conormal operator #,,5(Z, y) = Op;(rm,g)
and tells that it essentially behaves as a regularizing operator on conormal Sobolev spaces.

Lemma 4.2. For every k € N, the conormal opemtor Tms(Z,y) extends as a linear-bounded operator,
still denoted by 1 5(Z, ), from L*(R") to H tan (R?). Moreover there exists a positive constant Cy, k,
depending only on k and m, such that for all y > 1 and 6 €]0,1]

l7me (Z,y) 1] s @ < Cm,kYk”u”LZ(Rg)r Vu € L*(RY). (4.6)

tan,y

Remark 4.3. In the framework of the general theory of pseudodifferential operators, the
procedure adopted to define the symbol )L " is standard and is used to modify an arbitrary
symbol in such a way to make properly supported the corresponding pseudodifferential
operator (see [13] for the definition of a properly supported operator and an extensive
description of the method). As a general issue, one can prove that the resulting properly
supported operator differs from the original one by a regularizing remainder. Essentially,
an easy adaptation of the same arguments to the framework of conormal spaces in R? can
be employed to prove the regularizing action of the conormal operator r,,5(Z, y) stated by
Lemma 4.2.



International Journal of Differential Equations 17

According to (4.3), we decompose
g2y = X5 (2) + rms (Z,7). (4.7)

As a consequence of Lemmas 4.1 and 42, the role of the family of conormal oper-

ators {.)L;n_l’Y(Z)}(ké <, in the characterization of the conormal regularity provided by
Proposition 3.2 (cf. also (3.33)) can also be played by the family of “modified” operators

{ AT Y( )} namely, we have the following.

Corollary 4.4. For every positive integer mand y > 1, u € H™ (R") if and only if u € H™.} (R")

tan,y tan,y
and the set {||Am 1Y(Z) [| } is bounded.
LZ(R" 63
In order to suitably handle the commutator between the differential operator L
and the conormal operator )L;"(;l’y(Z), that comes from writing down the problem satisfied

by J\Z;LY(Z)L{ (see Sections 4.3.1 and 4.3.2), it is useful to analyze the behavior of the
pseudodifferential operators )L;";l’y(D), when interacting with another pseudodifferential
operator by composition and commutation. The following lemma analyzes these situations;

for later use, it is convenient to replace in our reasoning the function )L xd by a general y-
depending symbol as preserving the same kind of decay properties as in (4 4).

Lemma 4.5. Let {as}.s< be a family of symbols as = as(x,é,y) € I"™!, r € R, such that for all
multi-indices a, p € N" there exists a positive constant C,.q g, independent of y and 6, for which

ot dhas(x,¢, )| < Craphy @), VxR, (48)

Let b = b(x, ¢, y) be another symbol in T', for 1 € R.

Then, for every 6 €10,1], the product Op” (as)Op” (b) is a pseudodifferential operator with
symbol as#b in -1 Moreover, for all multi-indices a, p € N" there exists a constant C,qp,
independent of y and 6, such that

050, (aghb) (x, §,y)| < Crpaphe (@), Vx,d e R (4.9)

Under the same hypotheses, OpY(a(s)OpY(b)X_mH’Y(D) is a pseudodifferential operator with symbol
(ag#b))L LY g Tlrom, ; moreover, {(a(s#b)/\_mﬂy}o s<1 is a bounded subset of T*"~™. Eventually,

if the symbol ag is scalar-valued, [Op” (as), Op’ (b)] A, o V(D) is a pseudodifferential operator with
symbol cs € TV and {cg}5< is a bounded subset of Thr-m-1,

The proof of Lemma 4.5 is postponed to Appendix A.

Remark 4.6. That OpY(as)Op”’ (b), OpY(ag)OpY(b)X(;mH’Y(D) and [Op’ (as), OpY(b)]XgmH’Y(D)
have symbols belonging, respectively, to T#"~!, T#"= and T*""1 (for scalar-valued as)
follows at once from the standard rules of symbolic calculus summarized in Proposition 3.6.
The nontrivial part of the statement above (although deduced from the asymptotic formula
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(3.23) with a minor effort) is the one asserting that the symbol of Op'(as)Op”’(b) enjoys
estimates (4.9); indeed, these estimates give the precise dependence on 6 of the decay at
infinity of this symbol. Then the remaining assertions in Lemma 4.5 easily follow from (4.9)
itself.

Remark 4.7. In view of Proposition 3.8, the results on symbols collected in Lemma 4.5 can be
used to study the conormal Sobolev continuity of the related conormal operators.

To be definite, for every nonnegative integer number s, such that s + [ + r — m
is also nonnegative, Proposition 3.8 and Lemma 4.5 imply that the conormal operator

Opg(ag)Opg(b)me’Y(Z) extends as a linear-bounded mapping from HeHr=m(R") into

tan,y

H{,, , (RY); moreover, its operator norm is uniformly bounded with respect to y and 6.

If in addition s+I+r—m > 1 and as are scalar-valued, then [OpH (as), Opﬁ (b)] LY (7)

extends as a linear-bounded operator from Hts;l;r m1(R") into H

operator norm is uniformly bounded with respect to y and 6.
These mapping properties will be usefully applied in Sections 4.3 and 4.5.

(R}), and again its

tan LY

4.3. The Interior Equation

We follow the strategy already explained in Section 4.1, where now the role of the operator
)Lgn_LY(Z) is replaced by A;’;l’y(Z). Since ){Z;’Y € I (because of Lemma 4.1) and, for
Y > Ym-1, U € Ht';‘nly(R’j) (from the inductive hypothesis), after Proposition 3.8 we know that
A;fglfY(Z)u € L2(R").

Applying Am_l’Y(Z) to (1.2) (where B is just the multiplication by B), we find that

A" 1Y(Z)u must solve
(y+L+B)< A" 1T(Z)u) [ "(2), L+B]u VI(Z)F, in R (4.10)

We are going now to show that the commutator term [)L;"(;l’y(Z), L+B]u in the above equation

can be actually considered as a lower-order term with respect to )L;"(;l’Y(Z)u.

To this end, we may decompose this term as the sum of two contributions
corresponding, respectively, to the tangential and normal components of L.

First, in view of (1.5), (1.6), we may write the coefficient A; of the normal derivative
01 in the expression (1.4) of L as

1 2 1 A{,I 0 2
M=Apeal, A= 0 ) 0 AL=0 (4.11)

hence

A30; = H1Z,, (4.12)
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where Hi(x) = x;'A%(x) € C )(]R”) Accordingly, we split L as

n
L=A101+Lan,  Lun:= HiZ1+ > AjZ;. (4.13)
j=2
Consequently, we have
m-1, m-1, m-1,
[)Lxﬁ (2),L + B]u = [Axlﬁ Y(Z),A}al]u + [Axlﬁ Y(Z), Lian + B]u. (4.14)

Note that Ly + B is just a conormal operator of order 1, according to the terminology
introduced in Section 3.2.

4.3.1. The Tangential Commutator

Firstly, we study the tangential commutator [A;’;l’Y(Z),Ltan + Blu. Using the identity

X(;mH’Y(Z))LgH’Y(Z) = I and (4.7), the latter can be written in terms of )L;’,r;*l(Z)u, modulo
some smoothing reminder. Indeed we compute

(X757 (2), Lian + Blu = 757 (2), Lian + B[ 35" (2) (X[ (Z)u + s (Z, 7))

= [\5 (@), Lun + B3 (2) (W5 (201) + $ms (%, Z, )1,
(4.15)

where we have set for short

Sms (%, Z,7) = [A;’fgl’y(Z),Ltan + B] X D) s (Z,). (4.16)

4.3.2. The Normal Commutator

First of all, we notice that, due to the structure of the matrix A%, the commutator
Az ,Al01] acts nontrivially only on the noncharacteristic component of the vector
X6 1 y y p

function u; namely, we have:

(2, Atdu = ([)ﬁ“ ”(z),A{f’al]uI) w)

0

Therefore, we focus on the study of the first nontrivial component of the commutator term.
Note that the commutator [Azgl'Y(Z),A{’Ial] cannot be merely treated by the tools of the
conormal calculus developed in Section 3.2, because of the presence of the effective normal
derivative 01 (recall that A{’I is invertible). This section is devoted to the study of the normal
commutator [/\:Z(;l’y (Z2), A{’Ial]uI . The following result is of fundamental importance.
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Proposition 4.8. For all 6€10,1], y >1 and m €N, there exists a symbol G s(x,¢,7) € ™2 such
that

[AZ;l'Y(Z),A{fIal]w = Gus(x, Z,y) (O1w), Yw € CF(RY). (4.18)

Moreover, the symbol gms(x,&,7) obeys the following estimates. For all a, p € N", there exists a
positive constant Cy, 4p, independent of y and 6, such that

|aga,€qm,5(x, g, y)| < Coapy 71 (@), Vx, & R™. (4.19)

Proof. That gms(x,¢,7), satisfying estimates (4.19), is a symbol in "2 actually follows
arguing from (4.19) and inequalities (3.18) as was already done for )Lgi‘”(g) and X;"‘”'Y(g)
(see Section 3.2).

For given w € C(O)(Rﬁ), let us explicitly compute ([)t;;l’y(Z),A{'I al]w)ﬂ; using the
identity (Arw)! = e (Zyw)! and that A?gl’Y(Z) and Z; commute, we find for every x € R"”

([t @), At w) )
= VD) (AP e O Zino)) () - A e (25 (2yw) () w20)
= V(D) (Ao O (i) () - AP e (V5 (2) Ziw) ()

= D) (A7 e O (Ziw)) () - AT (e AT (D) (Ziw) ().

Observing that )L;";l’Y(D) acts on the space S(IR") as the convolution by the inverse Fourier

transform of /\?gl’y, the preceding expression can be equivalently restated as follows:

([1r57(2), Ao w ) (x) = 1(1?51 ") A e O (Zyww) ()
e gt (A7) * (Ziw)!
_ <q_1 <)‘;n(;1,y>’Aith(x_ Ye=x1=00 (Z,20) (x - .)>
e (F7 (1057, (Zaw) (x - )
<n? XA (= )e W00 (Zyw) - ) ) (421)
- (15 xOA e (Ziw)x-) )
= (137 (O A = ) @) (x - ) )
- (15 xO A e O @) x - ) )

<Tl:sn 1, 7 v0) [Ai’l'h(x —y- Ai,I,h(x)e—(Jl] (1) (x - - >,
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where rlgnfl’y = ?_1(121—14) and the identity ?‘1(AZ;’Y) = XrlgH’Y (following at once from

(4.3)) has been used. Just for brevity, let us further set
K(xy) = [A(x - y) - A e | x () (4.22)

Thus the identity above reads as
m, ! "y
([W5" @), Al ]w) () = (157, &(x, ) @) =), (4.23)

where the “kernel” X (x, y) is a bounded function in C*(R" x R"), with bounded derivatives
of all orders. This regularity of X is due to the presence of the function y in formula (4.22);
actually the vanishing of y at infinity prevents the blow-up of the exponential factor e, as
y1 — —oo. We point out that this is just the step of our analysis of the normal commutator,
where this function y is needed.

After (4.22), we also have that X(x,0) = 0; then, by a Taylor expansion with respect to
y, we can represent the kernel X(x, y) as follows:

K(x,y) = ;bk(x/y)yk/ (4.24)

where bi(x,y) are given bounded functions in C*(R" x R"), with bounded derivatives; it
comes from (4.22) and (4.2) that by can be defined in such a way that for some € > 1 and all
x € R" there holds

supp b (x,) C {|y| < €}. (4.25)

Inserting (4.24) in (4.23) and using standard properties of the Fourier transform we get

<[A;’;LY(Z), A{'Ial]wy(x) _ <7121_1,Y’ Zbk (x, .)(.)k(alw)#(x _ )>
k=1

= S{OFT (MY, bl @) )
k=1

> (#7(Dea ™), bilx, ) @170 (x )
k=1

=— E <Dk)tgl—1,r, 9-'—1 (bk(x, ~)(61w)”(x _ )>>
k=1

" o 5T OF (belx ) @) (x - ) @)l
k=1 "

=—Z<2x>*"f Dkxg"*”@)(f el‘é'ybk<x,y)(alww(x—y)dy)d;,
k=1 R R~
(4.26)
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o)
x € R, the function by (x, ) (d1w)(x - -) belongs to S(R"); hence the last expression in (4.26)
makes sense. Henceforth, we replace (8;w)" by any function v € S(R"). Our next goal is
writing the integral operator

where we have set Dy := —i0, (for each k = 1,...,n); note that for w € C%, (R}) and any

ey [ D@ ([ et pyote-y)dy )ae @27)

as a pseudodifferential operator.
Firstly, we make use of the inversion formula for the Fourier transformation and
Fubini’s theorem to recast (4.27) as follows:

[ et yyoee=y)dy
= (27)™" fRn ety (x, y) <fR ei("‘y"”ﬁ(n)dn>dy
(4.28)
=Qm)™ f ) e X <I ) e v -dp, (x,y)dy)ﬁ(q)dq

=Qmr)™ IRn ™Mby (x, 11— &) 0 () dn;

for every index k, bi(x, ¢) denotes the partial Fourier transform of by (x, y) with respect to v.
Then, inserting (4.28) into (4.27), we obtain

(27)" j D2 (@) (j ey (x, )0 (x - y)dy) de
B R” (4.29)

- | g e( [ (= D) )

Recall that, for each x € R”, the function y — bk (x, y) belongs to CF°(R") (and its compact
support does not depend on x, see (4.25)); thus, for each x € R", l;k (x,¢) is rapidly decreasing

in ¢. Because of the estimates for derivatives of )LZH’Y and since ©(7) is also rapidly decreasing,
Fubini’s theorem can be used to change the order of the integrations within (4.29). So we get

en [ D@ ([ e bieon-ge(ndn)as
= (2r)™" fRn exn <fRn by (x, - g)Dk}Lgl_LY(é)d§> v(n)dn (4.30)

=@ j . €™ e m,s (x,71,7)0()dn,
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where we have set

s (x.47) = ) |  Beom)DG (@ - (431)

Notice that formula (4.31) defines gk ms as the convolution of the functions Ek(x,‘) and
Dk.}t;ﬂil,y ; hence gy m s is a well-defined C*-function in R" x R™.
The proof of Proposition 4.8 will be accomplished, once the following lemma is

proved.

Lemma 4.9. For every m € N, k = 1,...,nand all a,p € N", there exists a positive constant
Chk,m,ap, independent of y and 6, such that

|aga§iqk,m,5(x, g, y)| < Comaphy (@), Vx,é e R™. (4.32)

It comes from Lemma 4.9 and the left inequality in (3.18) that, for each index k, the
function gk 5 is a symbol in I™2; notice however that the set {gi ms} o0<s<1 18 bounded in
[ but not in I"2. The proof of Lemma 4.9 is postponed to Appendix A.

Now, we continue the proof of Proposition 4.8.

End of the Proof of Proposition 4.8

The last row of (4.30) provides the desired representation of (4.27) as a pseudodifferential
operator; actually it gives the identity

()™ fRn Dk/\g"_l’y (é) (fRn eV (x, y)v(x - y)dy) d¢ = Op" (qkms)v(x), (4.33)

for every v € S(R").
Inserting the above formula (with v = (61w)ﬁ) into (4.26) finally gives

([)‘;n,gl’y(z)"“flal]wy(x) = Op' (gm5) (1) (x), (4.34)

where g5 = Gms(x, ¢, y) is the symbol in "2 defined by
Gms (X,8,7) = =D dms (%, 8,7).- (4.35)
k=1

Of course, formula (4.18) is equivalent to (4.34), in view of (3.26). Estimates (4.19) are
satisfied by gms by summation over k of the similar estimates satisfied by gu sk (cf.
Lemma 4.9).

This ends the proof of Proposition 4.8. O

Now, we are going to show how the representation in (4.18) can be exploited to treat
the normal commutator as a lower-order term in (4.10) satified by )L?;’Y(Z)u.
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Firstly, we notice that formula (4.18) has been deduced for smooth functions z, while
u is just an L*-function (actually it belongs to H/™,!(R"), by the inductive hypothesis). In

tan
order to use (4.18) for u, we need to approximate the latter by smooth functions. This can be

done by the help of [14, Proposition 1, Theorem 1]; from there, we know that there exists a

sequence {u,}, in C?g) (R™) such that

u, —u, in L*(RY),
(L+B)u, — (L+B)u, in L*(RY), (436)
M0 — Yo 0 H _1/2<Rn_1>r as v — +oo.

For each index v, the regular function u, € C?S) (R™) solves the same BVP as the function u,
with new data F,, G, defined by

F,:=(y+L+B)u,, Gy = Muy|x, 0. (4.37)

It immediately follows from (4.36) that the regular data F,, G, approximate the original data
F,Gby

F,—F, inI*R"), G,—G, in H 2 <R"‘1>, as v —s +oo. (4.38)

The same analysis performed to the BVP (1.2)-(1.3) can be applied to the BVP solved by u,,
for each v; in particular, we find that A?gl’Y(Z)uv satisfies the analogue to (4.10), where F is
replaced by F,. Because of the regularity of u,, formula (4.18) can be used to represent the
normal commutator term [)L;Z;LY(Z), Ai’lal]uf,. Directly from system (y + L + B)u,, = F,, d1ul,
can be represented in terms of tangential derivatives of u, only, as follows:

-1
ot = (A1) Fl+ 2, (439)

where L1 = £!(x, Z,y) denotes the tangential partial differential operator

I
-1 n
Ly = (A7) [yl + HiZowl + <ZA,-zju,, + Buv> , (4.40)
j=2

(R") since Al 0). Inserting (4.39)

and we have set Hy := x{lA{’H (recall that H; € C7 =0 =

(0)
into (4.18), written for w = ul, leads to

-1
(V757 (2), Aol = s (x, Z,7) <<A{’I) Fl+ —L’Iuv) (4.41)
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On the other hand, plugging XémH’Y(Z))L;;’Y(Z) + X;erl’Y(Z)rm,g(Z, y) = I into (4.41) gives

- -1
(X157 (2), A o1 |u) = qms (2, Z,7) << A1) Fi)
+ Qs (%, 2,7) L3 (2) (A5 (2w (4.42)
+ Gm,s (x, Z, Y)ﬁl}[gmﬂ,)’ (Z)rms (Z, Y)uv-

Now, we let v — +oo.
From (1.2) (written for u and u,,), and using that u?, — ulfin L2(R™), one finds

(A101u)! — (Adw)f,  in S'(RY), (4.43)
hence (because §! is a linear continuous operator from .$'(R") ¢ ®'(R") to @' (R"))

X (2) (A”alu ) 1 (2) <A{Jalu1>, in @' (R"). (4.44)

On the other hand, u! — u# in L2(R") implies that
XI(Z) () — AT (Z) (), in D(RY), (4.45)
hence
Al ( A" 1Y(Z)( )) — A{f’al( A" 1Y(Z)( )) in 9'(RM). (4.46)
Adding (4.44), (4.46) then gives
[A;'f(;l'Y(Z),A{f’al]uﬁ — [AZgl'Y(Z),A{"al]uﬂ in @' (R"). (4.47)

As to the right-hand side of (4.42), all the involved operators, acting on F, and u,, are
conormal. Hence the LZ—Convergences u, — uand F, — F and the fact that conormal
operators continuously extend to the space of distributions u € ®'(R"), for which uf € $'(R"),
give the convergences

qms(x, Z,y) <<A{/I>‘1F{)> — Gums (%, Z,7) <<A{,[>_1FI>’
s (6, 2 ) L5 2) (V5 (2w ) — s (6, 20) 23" (2) (A75 T (2)u),

s (X, Z0) L8 (2 s (Z, )ty — Qs (%, Z,7) L3 (2) s (Z, 7)1, in D' (RY).
(4.48)
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Therefore, the uniqueness of the limit in ®'(R7) together with (4.47), (4.48) implies that (4.42)
holds true for the L?-solution u of (1.2)-(1.3), that is,

m- -1
[\rs (@), AV 0 |u! = gus (%, Z,y) ((Aﬂ F! )
s (6, 2,7) L0 (2) (A5 (2)u) (4.49)
+ans (2, Z0) L3 (Z) s (Z, )
Let us come back to the commutator term [ ,\zgl’y( Z),L + Blu appearing in the interior

equation (4.10).
Substituting (4.15), (4.49) into (4.14) gives for this term the following representation:

I:)LZ;LY(Z), L+ B]u = pms(x,Z,y) <Azgl'r(2)u> + T (X, Z,y)u+ Nms(x, Z,y)F,  (4.50)

where we have set for short

m— T-m+ m /Z/ ‘ﬁll_m-‘—l” Z
pna(x,Z,7) = [\157(2), Ln + B] T 1'Y(Z>+<”’ o Y)O g ()>,

m /Zr ’EIX_T'H—LY 7z " Z,
Tms (%, Z,Y) = Sme(x, Z,y) + <‘7 5(x,Z,y) 5 (Z)Tms( Y)> )
0
L\ !
Nms (X, Z,y) = <51m,5(x, Zy) <A1 ) 0>.
0 0

Consequently, the interior equation (4.10) can be restated as

(y+L+B+pms(x, Z,y)) </\;§’Y(Z)u> +Tms (X, Z, Y ) A 1ms (x, Z, y)F:/\:Zg’Y(Z)F, in RI".
(4.52)

Since Lin + B and £’ are conormal operators with symbol in T 1, Lemma4.5 and
Proposition 4.8 imply that p,u,s(x, Z,y) is a conormal operator with symbol in I?, for each
0 < 6 £ 1; moreover, it amounts that the family of symbols {p, 5}, is a bounded subset of
I'0. Therefore, pPms(x, Z,y) can be regarded, jointly with B, as a lower-order term in (4.52), as
considered in the statement of Theorem 1.1.

Concerning the terms Ty, 5(x, Z, y)u, §ms(x, Z,y)F, they can be both moved into the
right-hand side of (4.52), to be treated as a part of the interior source term, as will be detailed
in Section 4.5.
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4.4. The Boundary Condition

Now we are going to seek for an appropriate boundary condition to be coupled with the
interior equation (4.10), in order to state a BVP solved by )L;;LY(Z)L{.

To this end, it is worthwhile to make an additional hypothesis about the smooth
function y involved in the definition of /\Z;LY(Z). We assume that y has the form

Vx = (x1,x') €R",  x(x) = x1(x1) ¥ (), (4.53)

where y; € C*(R) and y € C®(R"!) are given positive even functions, to be chosen in such
a way that conditions (4.2) are made satisfied.

As it was done for the analysis of the normal commutator (cf. Proposition 4.8), we start
our reasoning by dealing with smooth functions. In this case, following closely the arguments
employed to prove Proposition 4.8 and Lemma 4.9, we are able to get the following.

Proposition 4.10. Assume that X obeys the assumptions (4.2), (4.53). Then, forall 6 €10,1], y > 1,
and m € N, the function b, (&', y) defined by

B(&y) =) | A G+ ) (072 ()5 (f)dn, Ve e R, (454
ms(&,Y) = (2m) s (mn' +&)(e7?x1) (m)X(n)dn, V& eR™, (4.54)

(where &' := (&, ...,¢n) are the Fourier dual variables of the tangential variables x' = (xa,..., %))
is a y-depending symbol in R™1 belonging to T™ 1. Moreover, for all functions w € Cfo) (RY) there
holds

v R, (A (2w) () = b5 (D7) (@) (X), (4.55)

where one has set D" = (D, ...,Dy), Dj = =id; (for j = 2,...,n) and b, (D',y) stands for the
ordinary pseudodifferential operator in R with symbol b s
Eventually, the following estimates are satisfied by the symbol b, (&', y): for all a =

(az, ..., an) € N1 there exists a positive constant Cy, ,, independent of y and 6, such that

ag,,blm,ﬁ (gll Y) | < Cm,a,)t(rsnflf\a/l,)’ (é/)’ vé/ c Rn—l‘ (456)

Proof. That b/, . belongs to I~ ! immediately follows from estimates (4.56), using the (n — 1)-
dimensional counterpart of (3.18).

Let w € C{, (R?); to find a symbol b/,  satisfying (4.55), from (4.3) we firstly compute

(15 @) ) = 275 ) (w!) () = (F7 (1) + o) ()
=(F (475 ) whx - )

= (F7(2577), X002 (00 X (Y)), () € R,
(4.57)
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hence

A (Z)w(x)

(I (), O e (e, 2 - () )
= <)L(’S”—Lr, g1 <X(.)e—(-)1/2w <xle_(')1,x/ B ('),>> >

=Qm)™ I )L;"’”(g) <f ey (y)e " *w(xe™, x' - y’)dy> d¢, V¥x; >0, Vx' e R"L
(4.58)

The regularity of w legitimates all the above calculations. Setting x; = 0 in the last expression
above, we deduce the corresponding expression for the trace on the boundary of )L;ngl’y(Z)w

(537 @w), o) = @ [ @) [ et xu)e ) -y e
(4.59)

Now we substitute (4.53) into the y-integral appearing in the last expression above; then
Fubini’s theorem gives

f e 1 ()X (Y e (wix-0) (x' ~ y')dy
_ J’eié’.y' <I eiélyle—yl/le (]/1)‘#/1))?(]/) (w‘xl:o) (x/ _ y’)dy’ (4.60)

= (9720) " @) [ €4 70 (wn0) (¥ - ),

where A is used to denote the one-dimensional Fourier transformation with respect to y;.
Writing, by the inversion formula, (wjx,—)(x' — y') = (7)™ [ @Y w S5(1)dy' and
using once more Fubini’s theorem, we further obtain

[ 50 (w0) (v =)y
— (2”)—n+1 J‘eig’.yfx«(y/) (f ei(x’—y’).q’m(rl/)dn/>dyl
(4.61)
= [t @y [ )y Y@ o) dn

— (2]1')_n+1 J‘eix’n’xﬁ(gl _ ﬂ’)m(ﬂl)dﬂ,;
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A is used here to denote the (n — 1)-dimensional Fourier transformation with respect to x'.
Inserting (4.60), (4.61) into (4.59) then leads to

(s @), ()

- e 1@ (0 0) " G (@0 [ i - )@ )an ) g

(4.62)
Because (e91/2y1)" € S(R), { € S(R™), and @}, - € S(R"1), the double integral
m— M Sy N1 ’
[ i@ (e 2) " @07 - )@ () ' (463)

converges absolutely; hence Fubini’s theorem allows to exchange the order of the integrations
in (4.62) and find

(5 @), (@) = @ay [y @ e, (6

where b, (17, y) is defined by (4.54). This shows the identity (4.55).
The proof of estimates (4.56) is similar to that of estimates (4.32) in Lemma 4.9 (see
Appendix A); so we will omit it. O

Let us now illustrate how formula (4.55) can be used to derive the desired boundary
condition satisfied by /\m_l’Y (Z)u.

Again, let u be the L2-solution to the original BVP (1.2)-(1.3) and {u,};3 the
corresponding sequence in C°° (]R ), approximating u in the sense of (4.36).

The last convergence 1n (4 36) and the Sobolev continuity of standard pseudodifferen-
tial operators gives in particular that

ms(D's Y)( v|x1—0> — b,5(DY) <u\x1—0> in H"/2 (le)- (4.65)

On the other hand, (4.36) and (4.52) (written for u and u,) can be used to prove that
(A} A" 1Y(Z)u )0 and (Am Y (Z)ul )jx,=0- for each v, are traces well defined in H™"/2(R"™)
and the convergence

<m1Y( Ju I) =0 <m1Y( Ju >|x1:0 (4.66)

holds true, at least in ®'(R"!). The proof of this assertion is postponed to Appendix A (see
Lemma A.2).
Since u,, are smooth functions, from Proposition 4.10, it comes that for each v:

()‘:Z;LY(Z)”{:)' o =b}, (D', Y)< Uyjxy 0) (4.67)



30 International Journal of Differential Equations

Then, letting v — +o0, (4.65) and (4.66) yield
m 1, ' !
( Y(Z)u! ) 0= bus(DLY) (u{xl:o). (4.68)

Recalling that M = (I4,0), from the boundary condition (1.3) and (4.68), we immediately
find

(M7 @), o = MO @)= M5 (D' 1) ()

= b},,5(D"y) (Mux,0) = b, 5(D',7)G.

(4.69)

4.5. Derivation of the Conormal Regularity at the Order m

We are now in the position to get the desired conormal regularity of the solution u to (1.2)-
(1.3), under the assumptions that F € ;""" (R}), G € Hy*"(R"™"). From now on, assume
that y > y.- 1, so far, from the inductive hypothesis we know that, for such a y, u belongs to

H{;’nly(R") ul € H"'(R"") and the estimate (4.1) is satisfied (see the end of Section 4.1).

|¢1=0
Because of the calculations made in Sections 4.3 and 4.4, it follows that )L:Z(;LY(Z)u is an L2

solution of the problem

(y+L+B+pms(x,Zy)) (AZ{’/?%Z)M)
(4.70)
= ( A 1Y(Z) Nms(x, Z, y))F Tms(x,Z,y)u, inR’,

M( A" 1Y(Z)u) b, (D, y)G, onR". (4.71)

The previous one reads as the original BVP (1.2)-(1.3) solved by u, where the role of the
lower-order term B is played here by the conormal operator B + p,,s(x, Z,y). As already
discussed in the end of Section 4.3, in view of Proposition 3.8 and Lemma 4.5, the symbol of
B+ pms(x,Z,y) belongs to I'?, and {pys} .5, is a bounded subset of I

As regards to the terms 7, 5(x, Z, y)u and 1,,,5(x, Z, y) F appearing into the right-hand
side of (4.70), they can be regarded as a part of the source term in the interior equation (4.70)
(this is the reason why they have been moved in the right-hand side of (4.70)).

Let us firstly focus on Ty,6(x, Z,y)u. After Lemma 4.5 and Proposition 3.8 (see also
Proposition 4.8, Remark 4.7, and formulas (4.16), (4.51)), we know that for any k € N

the operators [)L:Z(;LY(Z),Ltan + B]~_m+1’Y(Z) and gms(x, Z,y) L X_m+1’Y(Z) extend as linear-
bounded mappings from tEmY(R") into itself, and their operator norms are uniformly

bounded with respect to y and 6. Combining with the result of Lemma 4.2, it follows that
a positive constant Cs > 0, independent of y and §, can be found in such a way that

175 (%, Z,y)ull gy, oy < llTms (2, Z,7) ]

s
tan,y H

tan,y

(R < CSYS”u”LZ(]Rf)' (472)

Concerning now the term ()L;?;LY(Z) —Nms(x,Z,v))F, after Lemma 4.5 and Proposition 4.8 we
already know that the symbol 7,, 5(x, ¢, y) has order m—2 and obeys the same decay estimates
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as in (4.19). From (3.17) it then follows that {#],,,5},.5.; is @ bounded subset of 1, because

m-1,y -
{)‘x,ﬁ }0<551
Proposition 3.10 we conclude that there exists a positive constant C,, s » such that

is also a bounded subset of I"" (as a consequence of (4.4) and (3.17) again), after

“( A (Z) ~ ﬂm,es(x,Z,Y)> |

< C F S+m,r+m nye.
®Y = m,s,r” HJltam (R™) (4-73)

tan LY

As regards to the boundary datum b, (D',y)G in (4.71), the family of symbols {b] ; }0< <1

in R"! defines a bounded subset of I'""; this follows from estimates (4.56) and the inequality
(3.17) (in dimension n — 1). Therefore, the Sobolev continuity of ordinary pseudodifferential
operators in R""! implies the existence of a positive constant C,, s, independent of y and §,
such that:

”b S (D, )G|

I < CosllGl| Hm(Rn-t)- (4.74)

From the assumptions made about the BVP (1.2)-(1.3) in Theorem 1.1, we find some constants
Ym 21, C,» > 0 such that for all Y 2 Ym = max{ym-1,¥m} and every 6 €10,1], )L;"gl’y(Z)u is the
only L?-solution of (4.70)-(4.71) and obeys the estimate

v @

oz

L2(RY) [x1=0] 2 (R1)

& (L 475
<Cp <Y25+1 ( (Z) = i (x, Z, y))F T (X, Z,y)u | @ (4.75)

s @G )

We remark that, according to the statement of Theorem 1.1, the constants ¥,,, C,, are only

dependent on a 6, y-uniform upper bound of the kth-order norm (3.14), computed on the

symbol of B + p,5(x, Z, y), besides the coefficients A;, 1 < j < n, and the integer numbers 7, s.
Then, using (4.72)—-(4.74) and (1.7) to estimate the right-hand side of (4.75), we get

2 o 2
+ (A" (2)u!
L2(R") H( X0 (2) >\x1=0 12(Re1)

iz o

(4.76)
~ 1 2

< C F S+m,r+m n G s+m

> m,s,r<Y2s+1 ” ||J£tan,y‘ (R™) ” ”H (Rn 1))

where C,, ., is a suitable positive constant independent of y > y,, and 6. Since the L2-norms
|| Al Y(Z)u|| are bounded by (4.76), uniformly with respect to 6 €]0,1], Corollary 4.4

glves ueH

L2 (R™)
(RY).

tan LY
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As to the Sobolev regularity of the trace on the boundary of the noncharacteristic

component u! of the solution, the estimate (4.76) gives a bound of || (A;’;l’y (Z)ul) pa=oll
I

”b:n,ﬁ (D” Y) (u|xl=0)”L2(]Rn—1) 0

H;”(R"‘l) can be derived from the next result, the proof of which will be given in
Appendix A.

LZ(Rn—l) =
uniform with respect to 6 €]0,1] (cf. (4.68)). Then “|le= €

Lemma4.11. Form € Nand 6 €]0,1],letb] , 5(&,v) be defined by (4.54). Then there exists a symbol
Bms (&, y) € T2 such that
b, s (&) =00 (E) + Pus(E,y), VE ER™L (4.77)

In addition, the symbol Py, s satisfies the following estimates: for every a' € N1, there exists a positive
constant Cy, v, independent of y and 6, such that

ag,’ﬂm,g(c;’,yﬂ < Cne Al (Y, v eRML (4.78)

Arguing as was done to derive Corollary 4.4 from Lemma 4.2, from Lemma 4.11 we deduce
the following.

Corollary 4.12. For every positive integer m and y > 1, v € H;“(Rn‘l) if and only if v €

Hp 1 (R") and the set {||b,, <(D', )l , is bounded.

() }0<6§1
After the result of Corollary 4.12, we conclude that u/ _, € H*(R"™).

It remains to prove that the solution of (1.2)-(1.3) satisfies the a priori estimate (1.8) of
order m. From estimate (4.76) and the use of the identities (4.7), (4.68), (4.77), we also deduce

y[[e ™ 2w ’

m-1y ) I 2
6 L2(RY) * ”)L‘5 () <u|x1=0>

2 (Rnfl)

1 1
U 2 2
< Cm,s,r(}m||1:| JZW,HY'HM(RD + EHG”H;W (RH)) (4-79)

tan,

2
+ 2Y||rm,6 (Z’ Y)u”iz(RZ) + 2||ﬂm:5 (D,’ Y) <u|1x1=0> LZ(R'H)’

where the positive constant C,, . is again independent of y > y;, and 6. On the other hand,

using Lemma 4.2 and that {f,,5} s, is a bounded subset of I"*"! (that follows at once from
Lemma 4.11 and inequality (3.17)), one can estimate

2
I
u|x1 =0 |

(o)
(4.80)

2
Vlirms (Z)ulgesy + [P (0 ) (o) oy < o <Y|Iulliz<m> +|

with positive constant C,, independent, once again, of y and 6.
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In the end, combining (4.79), (4.80) and using the a priori estimate (4.1) of order m -1
on u, which holds true by the inductive assumption, we conclude that there exists a constant
C” __ > 0such that

m,s,r

s @

m-1,y ) I 2
gy “)L‘S (D) <u\xl=°> L2(Re1)

(4.81)

1 1
" 2 2
< Choy (I FIomceny * 221Gl )

forall y > y,, and 6 €]0,1].

The energy estimate (1.8) of order m hence follows by letting 6 — 0 into the left-hand
side of (4.81) (for an arbitrarily fixed y > y;,) and exploiting the results of Propositions 3.1
and 3.2.

Appendices
A. Proof of Some Technical Lemmata

A.1. Proof of Lemma 4.1

The proof that )L;;LY obeys estimates (4.4) relies on the following y-weighted version of
Peetre’s inequality.
ForallseR,y>1,and ¢, n € R"

AT (@) < 250457 (& = 1) Al (7). (A1)

The proof of (A.1) follows by an easy account of the parameter y into the arguments used
to prove the classical Peetre’s inequality (cf., e.g., [11], [15, Lemma 1.18]). As an easy
consequence of (A.1) and (3.15), it can be also proved that the following holds:

A5 @) <2 (g - ) AFI () AT (), Ve m e R, (A2

for an arbitrary 6 €]0, 1].
For an arbitrary a € N”, we use (A.2) with s = m — |a| and (3.16) to find

o @] = |(F ey )@ < [|# x| [ @ - ) an

(A.3)
< Cm,u2m+1+|u|)tgnflf\aw(é) I‘St_lX(ﬂ) |)Lm+1+\a| (ﬂ)dﬂ-

Since ! yA"*1*al ¢ S(R™), the integral above is finite; moreover it does not depend on y and
m=1y

v € -1 follows at once

6. Therefore (A.3) is precisely an estimate of type (4.4). That A

from the same arguments applied to )Lgn_l’Y (see (3.19)).
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A.2. Proof of Lemma 4.5

The symbol of Op’ (as)Op’ (b) is as#b. Because of (3.17), we already know that {as}y.s<; is a
bounded subset of I". Then the rules of symbolic calculus give that ag#b is a symbol in I+,
for every 6; moreover, from (3.23) one has

_ylal
aghb(x,&,y) = > %agaa (x,¢,7)05b(x,¢,7) + Rns(x,8,7), (A4)
laen &

for every integer N > 1, and {Rns}(.s<; is @ bounded subset of "+~
In particular, setting N = 1in (A.4) gives

ashb(x,¢,y) = as(x,&,7)b(x,&,y) + Ris(x,¢,7), (A.5)

where Ry 5 € I"*"! and for all a, f € N" there exists C;, 05 > 0, independent of y and 6, such
that

AR 5(x, g,y)| < Crpapl™ Y (8),  Vx, ¢ € R (A.6)

Then, combining (A.6) with the right inequality in (3.18), we easily derive that R, s satisfies
the estimates (4.9). By Leibniz’s rule and the use of (4.8), one can trivially check that estimates
(4.9) are satisfied by the product of symbols as(x,¢,7)b(x,¢,y) as well. That as#b € [+
follows again from estimates (4.9) themselves and the left inequality in (3.18).

As regards to the remaining assertions about the symbols of the operators
OpY(a(s)OpY(b)XgmH’Y(D) and [Op'(as), Opr(b)]x(;mﬂ’y(D) (in the case of scalar-valued ag),
they follow at once from Leibniz’s rule and Proposition 3.6, combined with the estimates (4.9)
and (3.20).

A.3. Proof of Lemma 4.9

Recall that we have defined foreach k =1,...,n
Gims(x,¢,7) = (2m)™" J bi(x, Tz)DkJ\ZZ_LY (&-n)dn, (A7)
Rﬂ

where the functions by = bi(x,y) (cf. (4.24)) are given in C*(R" x R"), have bounded
derivatives in R” x R", and satisfy for all x € R”

supp b (x,-) C {|y| <€}, (A.8)

with some constant ¢ > 1. Recall also that by (x,¢) denotes the partial Fourier transform of
bi (x,y) with respect to y.

In the sequel, we remove the subscript k for simplicity.

The following lemma is concerned with the behavior at infinity of b(x, ¢).
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Lemma A.1. Let the function b = b(x,y) € C®(R" x R") obey all of the preceding assumptions.

Then, for every positive integer N and all multi-indices a € N", there exists a positive constant Cn 4
such that

(1+1P)"

Proof. Since for each x € R", the function b(x,-) has compact support (independent of x),
integrating by parts we get for an arbitrary integer N >0

3§E(x,€)( <CNa VX, €R™ (A9)

N~ N! . it
(1+|g|2) b(x,8) = >, WIM . $e b (x,y)dy

|a|<N

= 1 ‘“'j e %32 (x, y)dy,
= S a0 ey

|a|<N

(A.10)

from which (A.9) trivially follows, using that y-derivatives of b(x, y) are bounded in R" x R"
by a positive constant independent of x. O

We are going now to analyze the behavior at infinity of the derivatives of the symbol
Gms(x,¢,y) defined as in (A.7), where by is replaced by b. For all multi-indices a, f € N",
differentiation under the integral sign in (A.7) gives

0G5 (x,8,y) = ~i(2m) ™" f b (x,m)d™ Ay (& - n)dy, (A.11)

where e* := (0,..., 1 ,...,0). Then using (3.16) and (A.9) and combining with (A.2), for
k

s =m—1-|a|, we obtain

a _ m-2—|al,
ag agqmﬁ (x, ‘;/Y)' < CNpCrma I AN (71)’\5 | ly(é - H)d’l
(A.12)

< Crmaphy (@) f)u”““'“"m (n)dn,

where the integral in the last line is finite, provided that the integer N is taken to be
sufficiently large. This provides the estimate (4.32), with constant Cn m,a,p [ A™2*1%72N (1) dn
independent of y and 6.

A.4. Proof of Lemma 4.11

Setting for short

P(x) = e™/ 21 (x1) F(x'), (A.13)
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the symbol (4.54) can be rewritten as
braa (81) = @) [ X7 (s + ) ) (A9

By a first-order Taylor expansion of 7 — )L;n_l'r(m, n' +¢') about 77 = 0, we further obtain

b:n,& &)

@0y 1@ [faan-ien S ([ oxr e +o)ar)apaan
j=1
(A.15)

Then, using (2r) ™ [ ¢(n)dn = ¢(0) = 1 and the definition of ¢ (see (4.2)), (A.15) yields (4.77),
where

n 1 —
P (8,y) = =im) " Y] f <f0 oAy (b, ty + é’)dt> 8j(n)dln. (A.16)
=1

To prove (4.78), differentiation under the integral sign of (A.16) gives for an arbitrary a' €
Nr-1

n 1 ) _ _—
O Bms(&,y) =-i2m) ™"y f Uo (aff“wﬂug" 1”) (tm, ty +§’)dt] 0;¢(n)dn, (A17)
=1
hence from (3.16) we get

05 s (61)] < Cor . f<fl Xy (o + é’)df> 1876 ()| (A18)
=17 \0

Then, applying (A.2) (for s = m —1 —|a'|) to estimate the right-hand side of (A.18) and using
that 9;¢ € S(R") for each 1 < j <n, we get

|ag,,ﬁm,6 (ér, Y) | < C,m,N,a’-)Lm_2_|a,‘,Y (gf) J‘)Lm+2+|w\—N (ﬂ)dﬂ/ (A19)

!

for an arbitrary integer N > 0 and C]  , > 0 independent of y and 6. This provides the
estimate of type (4.78), once N is chosen large enough to ensure the convergence of the last
integral.

A.5. A Further Technical Result

We conclude this appendix with the following result, that was involved in the arguments
given in Section 4.4.
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Lemma A.2. Let u € H{;‘nly(RZ) be a solution to (1.2)-(1.3), with data F € 5™ (R}), G €
Hyr™(R™1), such that w), _, € H""'(R"), for a given integer m > 1. Let {u,} be a sequence in

C{6) (RY) approximating the solution u in the sense of (4.36). Then the trace ()Lm Y(Z)ul)lx1 o s
well defined in H™/2(R""') and one has

(57 (2 ) 0_>< V" (z )u) . in @ (R"1). (A.20)

X1

Proof. Since )L;;LY (Z) is of order m~1, in view of Proposition 3.8 it follows from u € H_ 1Y (R%)
that AZ;”(Z)u € L2(R"). We use (4.52) to find

(L+ BN (2w = (A5 (2) = 1o (2, Z,7) ) F =y A " (Z)u
(A21)
- pms(x,Z, y)A NZyu—Twms(x, Z,7)u,

where the operators involved in the right-hand side are defined by (4.51). Because of (4.73),
(4.74) and since p,5(x, Z,y) is L*>-bounded (by Proposition 3.8), from (A.21) we derive that

(L + B)Am_l’Y(Z)u € L2(R"). Then, it is known from [14] that the trace on the boundary of

( A" 1Y(Z) Y= ™ 1Y(Z)u exists in H~1/2(R™1); moreover the Green formula

f (L+ B)()L;f;”(Z)u)v = IR" XM (Zyu[(L+ B)'v] + JRn <A1 (Z)u) o Vhaodx’
) + (A.22)

holds true for all functions v € C E’S) (R™).

Notice that u, € C% (R?) implies that ()L;C'f(;l’Y(Z)uv)‘4 = Azgl’Y(D)(uﬁ) € L*(R"), and
then J\:Z;LY(Z)L[V € L2(R"). Therefore, starting from the same equation as (4.52), where u
and F are replaced by u, and F, := (y + L + B)u,, and arguing as before, one also gets

m-1, n m-1, - n—

(L + B)’\x,é "(Z)u, € L2(R"); then (s Y(Z)u{,)‘xlzo e HV2(R"1), for each v, and (A.22)
is fulfilled, where u is replaced by u,,.

Because the Green formulas hold for u# and u,, (A.20) is true, granted that the
convergences

(L+B)< AT 1Y(Z)uv>vﬁJ‘ n(L+B)<)LZ;’Y(Z)u>v,
. (A.23)
f X (Zyuy [(L + B)o] HI XIS (Z)u[(L + B)o]
RY

have been proved, whenever v € C% (R?).

(©)



38 International Journal of Differential Equations

For each v, we use (A.21) (and a change of variables) to get

m-1, m-1, # m-1, #
LL+B) (A5 (@w)o = I]Rn [(X75"7 (D) = s (x, D, ) ) Fl = A5 (D)ud

~pm,s(x, D, y)x)';f;’Y(D)u'i ~Tms(x,D, y)uﬁi] o (A24)

= f Fﬂa(x, D, Y)*vﬁ + J‘uﬂ,b(x, D, y)*v”,
Rn

where we have set

a(x,D,y) = Ays (D) = 1ms(x,D,Y),
1 1 (A.25)
b(x,D,y) = —y/\:zé (D) - pms(x, D,Y).)L:ZS (D) - s (x, D, y).

Repeating the same calculations on [(L + B) (A;;l’Y(Z)u)v also gives

(L+ B) ()L;‘(;l,y(Z)(u - uv)>v = f (Fﬁ - F“)a(x, D,y)*vH + J‘<u?, - u“)b(x, D,y)*v“.
-

R” ’
(A.26)

Then the first convergence in (A.23) is proven, as a consequence of the convergences Fl -
Fi,ul, — uf in L2(R") and Cauchy-Schwarz’s inequality.

In a completely similar way, one can check the validity of the second convergence in
(A.23). O
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