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We present some new oscillation criteria for second-order neutral partial functional differential
equations of the form (0/0t){p(t)(0/0t)[u(x,t) + Zle Liu(x,t — ©)]} = at)Au(x,t) +
ka1 ak(O)Bulx, t = () — q(x, 6 f(u(x, 1)) - X2 g;(x, 8) fj(u(x, £ = 07)), (x,t) € Qx R* = G,
where Q is a bounded domain in the Euclidean N-space RN with a piecewise smooth boundary
dQ and A is the Laplacian in RY. Our results improve some known results and show that the
oscillation of some second-order linear ordinary differential equations implies the oscillation of
relevant nonlinear neutral partial functional differential equations.

1. Introduction

In this paper, we consider the oscillatory behavior of solutions to the neutral partial functional
differential equation

9 {p(t)g [u(x,t) + i)ti(t)u(x, t— Ti)] }
ot ot P
= a(hAu(x, )+ Y Aulx,t - (D) - () Fu(x, 1) (1.1)
k=1

- Zq]-(x, Hfi(u(x,t-o0j)), (x,t)eQxR =G,
i=1

with the boundary condition

ou(x,t)

3 +g(x, Hu(x,t)=0, (x,t)€0QxR" =G (1.2)
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or
u(x,t) =0, (x,t) €0QxR" =G, (1.3)

where A is the Laplacian in Euclidean N-space RN, R* := (0, +o0), Q is a bounded domain in
RN with a piecewise smooth boundary 0%, v denotes the unit exterior normal vector to 02,
and g(x, t) is a nonnegative continuous function on 0Q x R*.

Throughout this paper we assume that the following conditions hold:

(C1) pe CH(R",R"), [*(1/p(s))ds = 0, tg > 0;

(Cy) Aj € C3(R*,R*), 0< zﬁzl Ai €1, and the numbers 7; are nonnegative real constants
foriel;={1,2,...,1};

(C3) q.q9; € C(a, R*), q(t) = min_gq(x,t), and g;(t) = min gq;(x,t), j € I =
{112/"'1m};

(C4) a,ar € C(R*,R"), pr € C(R",R"), limy_, o, (t — px(t)) =0, k€ I ={1,2,...,s}, and
0j(j € I,) are nonnegative constants;

(Cs) f, fi € C(R,R) are convex in R* with f(u)/u > a >0, fij(u)/u > a; > 0 for u#0,
where a and a; are positive constants for j € ;..

We refer to these five conditions collectively as condition (C).

A function u € C%(G) U C'(G) is called a solution of the problem (1.1), (1.2) (or (1.1),
(1.3)), if it satisfies (1.1) in the domain G and the corresponding boundary condition. A
solution u of the problem (1.1), (1.2) (or (1.1), (1.3)) is called oscillatory in the domain G
if for each positive number b there exists a point (xo, fy) € Q x [b, o0) such that u(xy, tp) = 0.

The theory of partial differential equations with deviating arguments has received
much attention (see [1]). We mention here [1-7] concerning oscillatory properties of solutions
to some parabolic equations and some hyperbolic equations with deviating arguments.

By considering the function H(t, s), in 1999 Li and Cui [4] obtained some oscillation
criteria for solutions of the problems (1.1), (1.2) and (1.1), (1.3). One of the theorems in [4] is
as follows.

Theorem 1.1. Set D = {(t,s) : t > s > to}. Let H € (D; R) satisfy the following conditions:

(i) H(t,t) =0fort > to; H(t,s) >0 for t > s > t;

(ii) H has a continuous and nonpositive partial derivative on D with respect to the second
variable.

(iii) h : D — Ris a continuous function with

—%H(t, s) = h(t,s)\/H(t,s) V(ts) € D. (1.4)

If there exists a function ¢ € C'[ty, o0) and there exists some jo € I, such that

1 ! 1
lim supm LU [H(t, s)y(s) - ZqJ(S)FJ(S - O]'O)hz(t, s)|ds = oo, (1.5)

t— oo
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where ®(s) = e 2" 9 gp
I
w(t) = O(t) {ajoqfo () [1 - Zli(t - Ojo):l + p(t - Ojo)¢2(t) - [p(t - Gjo)‘i)(t)]’}’ (1.6)
i-1

then every solution u(x, t) of the problem (1.1), (1.2) is oscillatory in G.

In this paper, we shall establish some new oscillation results for solutions of the
problems (1.1), (1.2) and (1.1), (1.3). Our results are extensive version of Theorem 1.1.
Meanwhile, our results show that the oscillation of some second-order linear ordinary
differential equations implies the oscillation of relevant nonlinear second-order neutral
partial functional differential (1.1), thus we can obtain some new oscillation theorems for
(1.1), which do not need the condition of the integrals of the coefficient.

2. Main Results

Theorem 2.1. Let condition (C) hold, and ¢ € C'[ty, o0)(ty > 0). Assume that there exists jo € L
such that the inequality

WA 2.1)

WO+ s awm S

has no eventually positive solution, where ®(s) = exp{-2 js ¢(&)dé) and
!
qf(t) =d(t) {a]'oqfo (t) [1 - Z)‘i(t - Gfo):l + p(t - 0j0)¢2(t) - [p(t - O.]'n)(i)(t)],}’ (22)
i=1

then every solution u(x, t) of the problem (1.1), (1.2) is oscillatory in G.

Proof. Suppose to the contrary that there is a nonoscillatory solution u(x,t) of the problem
(1.1), (1.2) which has no zero in Q x [ty, o0) for some t; > 0. Without loss of generality we
may assume that u(x,t) > 0, u(x,t —7;) > 0, u(x,t — px(t)) > 0, and u(x,t - o) > 0in
Qx[t;,0), t1 >4y, i€, ke, j €1y.

Integrating (1.1) with respect to x over the domain €2, we have

d d d
= {p(t)ﬁ UQ u(x, t)dx + ;Ai(t) IQ u(x,t - Ti)dx] }
=a(t) fg Au(x, t)dx + gak(t) fg Au(x,t— pi(t))dx (2.3)

—f q(x,t)f(u(x,t))dx—Zf gj(x,t)fj(u(x,t —0j))dx, t>t.
Q j=1 Q
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From Green’s formula and boundary condition (1.2), it follows that

a ou(x,t) .. B
J‘Q Au(x, t)dx = J‘ag oy das = LQ g(x, Hu(x,t)dS <0, t>t, (2.4)
ou(x,t - pi(t))
Au(x,t - dx = ——————"2dS
Lz u(wt=prll))dx fag ov

(2.5)
=_I g(x/t_Pk(t))u(x/t—,gk(t))dsSO/ tZtl/ kEIS/
0Q

where dS is the surface element on 0Q. Moreover, from (C3), (Cs), and Jensen’s inequality it
follows that

[ atnswemaxz a0 [ s
Q Q

(2.6)
-1
>q(t) LQ dxf <L2 u(x, t)alx<J‘Q dx> >, t>1,
[ atonsust-o)dxz a0 | fut-0))ax
B 2.7)
> qj(t) .[ag dxfj (L} u(x, t - oj)dx<f9 dx> >, t>H.
Set
Vi(t) = j u(x, t)dx<f dx)l, t>t. (2.8)
Q Q
In view of (2.4)-(2.8), (2.3) yields
1 m
%{p(t)% [v1<t>+zxi<t>vl<t - m] }+q<t>f<vl<t>> + 2a0fi (Vi(t=0)) <0t
i=1 i1
(2.9)

Let Z(t) = V4 (t) + Zle Li(t)Vi(t - ;). We have Z(t) > 0 and [p(t)Z'(t)]' < O for t > t;. Hence
p(t)Z'(t) is a decreasing function in the interval [t;, 00). We can claim that p(t)Z'(t) > 0 for
t > t;. In fact, if p(t)Z'(t) < 0 for t > t;, then there exists a T > #; such that p(T)Z'(T) < 0. This
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implies that

p(T1)Z(T)

for t
p(t)

Z'(t) <

t
zm—ansmnzaﬁ L

_dS, =
T p(s)

>T,

t>T.

Therefore lim;_, ., Z(t) = —oo, which contradicts the fact that Z(¢) > 0.

From(2.9), for the jp in (2.1) we obtain
[PHZ' ®] +a;1) f, (Vi (t - 03,))

Noting condition (Cs), from (2.11) we have

<0, t>t.

[p(t)zl(t)]l + g5, (HV1 (t - ofo) <0, t24

ojo)¢(t):|;

or
1
[pHZ'B)] +ajq;t) [1 - Dt - ojo)] Z(t-0j) <0, t>t.

i=1

Let
_ p(t)Z'(t) B
W(t) = O(t) [—Z(t “op) +p(t

we have

)
W' (t) < =2¢(H)W (t) + D(t) {—(xjoq]-o (t) [1 (e ojo)]

i=1

_p(t)zl(t)z’(t = Oj,

Zz(t - 0]'0)

Using the fact that p(t) Z'(t) is decreasing, we get

P(t)Z'(t) < p(i’ - O'io)z,(t - O-]'0)'

)+waﬂwam}-

fort > t;.

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)
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Thus
W'(t) < -2p(t)W (1)

!
+ (1) {_“joqjo (t) [1 - Mt~ Gjo)]
i=1

oy (FR28) +[p<t—o]~0>¢<t>]'}

p(t_gfo) Z(t_afo)

= =2¢(W(E) + O(t)
1
X {—ajoqio (t) [1 - Z.)Li(t - Gjo)]
i=1

1 w 2 ,
“p(t-op) (o ~P(t=o#0) + =)o) }
Wy
p(t=o)0®)

that is, W (t) is a positive solution of (2.1), which contradicts the assumption. This completes
the proof of Theorem 2.1. O

(2.17)

=—g(t) -

In order to study oscillation of the problem (1.1) and (1.3), the following fact will be
used (see [2]). The smallest eigenvalue 7y of the Dirichlet problem

Au(x) +nu(x) =0, in &,

u(x) =0, on 0Q (2.18)

is positive, and the corresponding eigenfunction ¢(x) is positive in Q.

Theorem 2.2. Let all conditions in Theorem 2.1 hold, then every solution u(x, t) of the problem (1.1),
(1.3) is oscillatory in G.

Proof. Suppose to the contrary that there is a nonoscillatory solution u(x,t) of the problem
(1.1), (1.3) which has no zero in Q x [y, o0) for some ¢y > 0. Without loss of generality, we
may assume that u(x,t) > 0, u(x,t - ) > 0, u(x,t - px(t)) > 0, and u(x,t - 0j) > 0 in
Qx[t;,0), t1 >ty, i€, ke Is,j € I,.

Multiplying both sides of (1.1) by ¢(x) > 0 and integrating (1.1) with respect to x over
the domain Q, we have

d d d
T {p(t)a [IQ u(x, t)p(x)dx + ;)Li(t) IQ u(x,t - Ti)(p(x)dx:I }

= a(t) f Au(x, t)p(x)dx + iak(t) j Au(x,t— pr(t))p(x)dx (2.19)
Q k=1 Q

—J q(x,t)f(u(x,t))(p(x)dx—Zf gj(x, 1) fi(u(x,t — 0j)p(x))dx, t>t.
Q j=1 Q
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From Green’s formula and boundary condition (1.3), it follows that

f Au(x, t)p(x)dx = J u(x, t)Ap(x)dx = _'60,[ u(x, t)p(x)dx <0, t>t,
Q Q Q
J Au(x,t - pr(t))p(x)dx = f u(x, t = pe(t)) Ap(x)dx

Q Q

= —ﬁof u(x,t—pe()p(x)dx <0, t>t, kel
Q
Moreover, from (C3) and (Cs) by Jensen’s inequality it follows that

fgq(x, ) (u(x, ) (x)dx

> q(t) fQ Fu(x, £)p(x)dx

>q(t) fQ p(x)dxf <J‘Q u(x,t)go(x)dx(J; (p(x)dx) _1>, t>t,

L} gj(x, t) fj(u(x, t = 0j) )p(x)dx

>0 [ fi(utet-0))p(ods

> gj(t) Lz p(x)dxf; < Lz u(x, t - 0]-)(/)(3c)alx<J‘Q (p(x)dx) _1>, t>t.

Set
Vo(t) = J; u(x, t)(p(x)alx<J‘Q (p(x)dx> _1, >t

In view of (2.20)—(2.24), (2.19) yields

d

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

1 m
E{P(t)% [Vz(t)+ZAi(t)Vz(t - Tl-)] }+q(t)f(vz(t)) +2.ai 0 fi(Va(t-0;)) <0, t2t.
i=1 j=1

(2.25)

Let Z(t) = Vo(t) + Zﬁ-zl Ai(t)Vo(t — 73); the remainder of the proof is similar to that of

Theorem 2.1, so we omit it.

O
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Theorem 2.3. Let the condition (C) hold, and ¢ € C'[ty, ), F € C([to, 20), R). Suppose that there
exists jo € I, such that

[tms) - ip(s ~ 0}, )®(s)F(s) | el V" dis = oo, (2.26)

t
lim sup
t— oo t(]

where ®(s) = e 21 9D aud ys(s) is defined as in (2.2). Then

(I) every solution u(x,t) of the problem (1.1), (1.2) is oscillatory in G;

(II) every solution u(x,t) of the problem (1.1), (1.3) is oscillatory in G.
Proof. (I) From Theorem 2.1, we only need to prove that (2.1) has no eventually positive
solution. Suppose to the contrary that there is a solution w(t) of system (2.1) which has no

zero in [ty, oo) for some ty > 0. Without loss of generality we may assume that w(t) > 0 in
[t1,00), t1 > to. Hence for all t > t;, we have by (2.1)

w?(t)

w' () < —|g(t) - %P(f - Ujo)q’(t)F2(t)] - [m
Jo

+ ;Lp(t - oj0)®(t)F2(t)], (2.27)

that is,

w'(t) + F(tw(t) < - [wt) - }p(t - %)CD(t)FZ(t)],
(2.28)
w(t)ej‘to Fmar _ w(T)effz Fmdr o _ f; [qx(s) - }IP(S - Gio)(D(S)Fz(s)] oI F)dr g

Hence

t s t
f [%) - }w(s - o]-o)(b(s)Fz(s)] 0 O s < (Tl FOU _p(t)ela POIT (229)
T
In view of w(t) > 0, we get

[¢5) - 3p(s = )@ P h s <ol O, (230

t
lim sup
t— o0 to

which contradicts assumption (2.26). Hence, (2.1) has no eventually positive solution. By
Theorem 2.1, every solution u(x, t) of the problem (1.1), (1.2) is oscillatory in G.

(II) According to Theorem 2.2, the remainder of the proof is similar to that of the proof
of part (I), so we omit the details. The proof of Theorem 2.3 is complete. O

Set D = {(t,s) : t >s>1tp}. Let H € C(D, R) satisfy the following conditions:
(i) H(t,t) =0, fort > ty, H(t,s) >0fort>s >t

(ii) H has a continuous and nonpositive partial derivative on D with respect to the
second variable;
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(iii) h : D — Ris a continuous function with

—%H(t, s)=h(t,s)\/H(t,s), V(t5s)eD. (2.31)

Taking F(s) = (0H(t,s)/0s)/H(t,s), we have the following Philo’s type theorem in
8].
Theorem 2.4. Let the condition (C) hold, and ¢ € C'[t, c0). Suppose that there exists jo € I, such
that

1 1
lim supm LO [H(t, s)g(s) - ZCD(s)p(s - 0j,)h*(t,s)|ds = oo, (2.32)

t— oo

where ®(s) = e 21" 94T and d(s) is defined as in (2.2). Then
(I) every solution u(x, t) of the problem (1.1), (1.2) is oscillatory in G;
(II) every solution u(x,t) of the problem (1.1), (1.3) is oscillatory in G.

Remark 2.5. We can establish a lot of oscillation criteria from Theorem 2.3 if we choose
differential ¢ and F. For example, taking ¢ = 0, F = 0, Theorem 2.3 reduces to a
Grammatikopoulos’s type criteria in [9].

Next we present another oscillation theorem.

Theorem 2.6. Let the condition (C) hold. Suppose that there exists jo € I, such that the following
ordinary differential equation

Y +Q(0y(H) =0 (2.33)

is oscillatory, where

_ o L ) ) [Pl(t_o'io)]z p”(t_ofo)
Q(t)_m{a"’q’“(t)[l_gk’(t_%)]+ wi-oy 2z | W

then

(I) every solution u(x,t) of the problem (1.1), (1.2) is oscillatory in G;
(1) every solution u(x, t) of the problem (1.1), (1.3) is oscillatory in G.

Proof. Let y(t) be a nonoscillatory solution of (2.33) Without loss of generality, we assume
that y(t) >0, t > T > t(. Similar to the proof Theorem 2.3, we can get

w'(t) < -Q(t) - w?(t), fort>Ty, (2.35)

where Q(t) is defined as in (2.34). In fact, taking ¢(t) = (p'(t-0j,))/ (2p(t-0j,)) in Theorem 2.3,
we obtain (2.35) from (2.1).
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Therefore, from (2.35), by using Theorem 7.2 in [10, Chap. XI], we see that (2.33) is
nonoscillatory. This contradicts the fact that (2.33) is oscillatory. The proof of Theorem 2.6 is
complete. m

Corollary 2.7. Let the condition (C) hold. Suppose that there exists jo € I, such that

- 1 \ [P'(t-0)]" p'(t-0)
> lim £ —— J aj, -o<t)[1— Xi(t - ~O]+ )l j
T P(f—%){a]q] M) |+ o) 2 (2.36)
>4
4

then

(I) every solution u(x,t) of the problem (1.1), (1.2) is oscillatory in G;
(II) every solution u(x,t) of the problem (1.1), (1.3) is oscillatory in G.

Proof. From Theorem 2.5 and Theorem 7.1 in [10, Chap.XI], it is easy to see that the result of
Corollary 2.7 is true. O

Corollary 2.8. Let the condition (C) hold. Suppose that there exists jo € I, such that

.. @ 1
oo > lim mftf _—
rme )y p(t-oy)

1 \12 Ny o
9 {“joq;‘o(t) [1 B i)li(t_ 070)] N [P (t-0o)] P (t-oj) }dt (2.37)
i=1

4p(t—0']'0) 2

N
N

then

(I) every solution u(x,t) of the problem (1.1), (1.2) is oscillatory in G;
(II) every solution u(x,t) of the problem (1.1), (1.3) is oscillatory in G.

Corollary 2.9. Let condition (C) hold. If there exist T > ty, a > 3 —2+/2, and jo € I, such that for
everyn € N,

on+l 1 1 [p/(t_o_jo)]Z P"(t—O']'U) a
LnT p(t—0;) {djo%'o(t) [l - l;)u(t —ojo)] + e 5 dt> —=, (2.38)

then

(I) every solution u(x,t) of the problem (1.1), (1.2) is oscillatory in G;
(IT) every solution u(x,t) of the problem (1.1), (1.3) is oscillatory in G.
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Corollary 2.10. Let the condition (C) hold, A > 1, and ay = (VA - 1)2. If there exist T > ty, a > ap,
and jo € I, such that for every n € N,

AT 1 "(t— o 2 "t
j ;{al-oqjo(t) [1 (S O'jo)] + [p'(t-05)] P ( . ) }dt S a _tlx)MT’
i=1

AT p(t - Gfo) 4p<t - Gfo)
(2.39)

then

(I) every solution u(x,t) of the problem (1.1), (1.2) is oscillatory in G;
(IT) every solution u(x,t) of the problem (1.1), (1.3) is oscillatory in G.

Remark 2.11. Corollaries 2.8-2.10 are easy to be proved by Theorem 2.6 of this paper,
Theorems A and 2 of Huang [11], or Theorem 2 of Wong [12]. Corollaries 2.9 and 2.10 are
different from the most known ones in the sense that they are based on the information only
on a sequence of intervals such as [2"T,2"*1T], rather than on the whole half-line [to, o0).

Example 2.12. Let constants ¢ > 0 and y > 0. Consider the partial differential equation

0 {;g[u(x,t) +

u(x,t - 27r)] }

ot | t+x+10t t+2r
1
T TS e
[ 1 6 3 3
+ 5+ 5+ 5 Au( x,t — —
| (t+ax+1)°  (t+ax+1)(tE+2m)°  (b+o+1)°(t+27) 2
- 2.40
6 3 (2.40)
+ 5+ 5 > [Au(x, t - o)
| (t+ o +1)(t+2m)°  (t+a+1)°(t+2m)
[ 3 t+ar U c
- o1y —=
(t+ao+1)(t+2x) +t+x—31n2(t+1)]u(x’ )[ +1+u2(x,t)]
t+or 2
- ulx,t—-mx), (x,t)€(0,ax)xR" =G,
a3, e
with the boundary condition
u(0,t) = u(r,t) =0, t>0. (2.41)

A straightforward verification shows that the functions gi(t) = ((t + or)/(t + o —
3)) (/I (t+1)), Mi(t=01) = \i(t-7) = 3/ (t+x)),and p(t— 1) = p(t - ) = (1/(t+1)). By
simple computation, for constant ¢ > 0 and for each ¢t > 0, we have

Q(t)z(t+1){ K ! ! }—“(“1) 3 (2.42)

(e 1) A+l (t+10 ] m(+1) AeD?
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Then, for constant y > 0,

tlim £2Q(t) = lim

t— oo

I:yt2(t+ ) 3

1
In®(t+1)  4(t+ 1)2] B 249

Hence, by Corollary 2.7, (2.40) is oscillatory if y > 0. For example, if c = 0, u(x,t) = sinx cost
is such a solution. However, criteria in [1-6] fail to imply this fact and in [7] fail to apply to
(2.40) when 0 < p < 1. In addition, those criteria are quite difficult to apply to get oscillation
of all solutions of problem (2.40), (2.41) for ¢ > 0.
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