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ISHIKAWA ITERATIVE SEQUENCE WITH ERRORS FOR STRONGLY
PSEUDOCONTRACTIVE OPERATORS
IN ARBITRARY BANACH SPACES
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The Ishikawa iterative sequences with errors are studied for Lipschitzian strongly pseudo-
contractive operators in arbitrary real Banach spaces; some well-known results of Chidume
(1998) and Zeng (2001) are generalized.
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1. Introduction. Let E be an arbitrary real Banach space with norm || - || and let E*
be the dual space of E. The duality mapping J : E — 2E* is defined by

Jx={f€E*:(x, ) =lxIl- 1A IF1 = lx}, (1.1)

where (x, f) denotes the value of the continuous linear function f € E* at x € E. It is
well known that if E* is strictly convex, then J is single valued.
An operator T :D(T) C E — E is said to be accretive if the inequality

Ix-=yll <||x-y+s(Tx-Ty)|| (1.2)

holds for every x,y € D(T) and for all s > 0.

An operator T with domain D(T) and range R(T) in E is said to be a strong pseudo-
contraction if there exists t > 1 such that for all x,y € D(T) and v > 0, the following
inequality holds:

lx -yl <|[(1+7)(x—3)—rt(Tx—Ty)|. (1.3)
If t = 1 in inequality (1.3), then T is called pseudocontractive.
As a consequence of the result of Kato [3], T is pseudocontractive if and only if for
each x,y € D(T), there exists j(x —y) € J(x —y) such that

(I-T)x-U-T)y,j(x-y))=0. (1.4)

Furthermore, T is strongly pseudocontractive if and only if there exists k > 0 such
that

(I-T)x-(I-T)y,j(x-y)) =klx-yI° (1.5)
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Chidume [2] proved thatif E is a real uniformly smooth Banach space, K is anonempty
closed convex bounded subset of E, and T : K — K is a strongly pseudocontraction with
a fixed point x* in K, then both the Mann and Ishikawa iteration schemes converge
strongly to x* for an arbitrary initial point x( € K. Zeng [6] and Li and Liu [4] consider
an iterative process for Lipschitzian strongly pseudocontractive operator in arbitrary
real Banach spaces. In [2], Chidume proved the following theorem.

THEOREM 1.1 [2]. Suppose E is a real uniformly smooth Banach space and K is a
bounded closed convex and nonempty subset of E. Suppose T : E — E is a strongly pseu-
docontractive map such that Tx* = x* for some x* € K. Let {x,, }, {Bn} be real satisfying
the following conditions:

i) 0<oy,Bn=<1foralln=0;
(i) limy—c 0y =0, limy, .o B =0;
(ili) S5 oty = co.
Then, for arbitrary x € K, the sequence {x,} defined iteratively by

Xn+1 = (1 - (Xn)xn + oy Tyn,

Yn=0=Bn)xn+BnTxn, n=0, (1.6)

converges strongly to x*; moreover, x* is unique.

Our objective in this note is to consider an iterative sequence with errors for Lip-
schitzian strongly pseudocontractive operators in arbitrary real Banach spaces. Our
results improve and extend the results of Chidume [2] and Zeng [6].

The following lemmas play an important role in proving our main results.

LEMMA 1.2 [5]. Let {a,},{bn},{cn} be a nonnegative sequence satisfying
ans1 < (1=ty)an+by +cy. (1.7)

With {t, :n = 0,1,2,...} C [0,1], 3,1ty = o, by, = 0(ty), and >;,_, cn < o, then
limy, .o ay =0.

2. Main results. Now, we state and prove the following theorems.

THEOREM 2.1. Suppose E is an arbitrary real Banach space and T : E — E is a Lips-
chitzian strongly pseudocontractive map such that Tx* = x* for some x* € E. Suppose
{un},{vn} are sequences in E and {c, },{Bn} are sequences in [0,1] such that

(D) 5o lunll < oo, X5y lvnll < oo;

(2) Yo 10y =0, 0, —0asn — oo;

(3) Bp—0asn — oo,

Then for any xo € E, the Ishikawa iteration sequence {x,} with errors defined by

Yn=1=Bn)xXn+BnTXn+Vn,

(2.1)
Xn+1 = (1= &n)Xn + Cn TV + Uy,

converges strongly to x*; moreover, x* is unique.
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PROOF. Since T : E — E is strongly pseudocontractive, we have that (I — T) is strongly
accretive, so for any x,y € E, (1.5) holds, where k = (t— 1)/t and t € (1, 0).
Thus

(A=-KI-T)x—((1-k)I-T)y,j(x-»))=0 (2.2)
and so it follows from [3, Lemma 1.1] that
lx -yl <|lx—=y+r[(1-K)I-T)x—((1-k)I-T)y]|| (2.3)

for all x,y € E and » > 0.
From xp4+1 = (1 — &n)Xn + & T Yy + Uy, we obtain

Xn =Xntl+0nXn—nTYn—Uy
= (14 0n)Xns1 + O‘n[(l— T)Xp+1— kxn+1] —(1-k)otnxn (2.4)

+(2-Kk) o (xn—Tyn) + &n (Txns1 —Tyn) = [(2—k) oty + 1]uy.
It is easy to see that
x* = (1+on)x*+ o[ (1=k)I-T)x*] - (1-k)oxyx* (2.5)

so that

Xp—x* = (1+0n) (Xns1—x*) + ot [(1 =K =T)xp1 — ((1—k)-T)x*]
—(1=k)atn (xn—x*) + 2=k ota (xXn = Tyn) + & (Txns1 —Tyn)  (2.6)
—[(2=k)otn +1]uy,.

Hence

Kn
1+ oy,

[(1=K)I=T)xps1 — ((L—k)I - T)x*]

[12¢n —x*|| = (14 o) || (Xns1 —x*) +

— (1=K &n|lxn —x*[| = (2= k) oz || 260 = Ty
— 0 ||Txns1 = Tyl = [(2=k) ot + 1]]|un]]
= (14 otn) || (xne1 —x*) || - (1_k)0‘n”xn_X*||_(Z_k)‘xinxn_TJ’nH

— | Txpi1 = Tyn|| = [(2=Kk)otn +1]|[un]|
2.7)
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so that

1+(1-k)on

o [l =1+ el = T

s = x* < |

+ 0 || Tx i1 — Tynl| + (2ot + 1) ||un]|

ko, )
<(1- -x* 2||xp—T
< (17 75 Y b = 71+ e~ Tl .
+ 0 || Tx i1 — Tynl| + (2ot + 1) [|un]|
ko
< (1=55 ) ln =X 1+ ol = Tl
+ 0 || Tx i1 — Tynl| + 3] |unll.
Since T is a Lipschitzian operator and L is Lipschitz bound, we have
|vm =[] = (1= Bn) (xn = x*) + Bn (Txp —x*) + 4|
< [1+Bn(L—D]llxn—x*|| +[[vnll < L]|xn —x*[| +[|val],
[Ixxn = Toull < [J2en = x* ||+ Lllyn —x*|| < (1+L2)[|x = x*[| + L[ [vn]],
||Txn+1_TynH§L||(1_0(n)(xn_yn)+0(n(Tyn_yn)+un|| (2.9)

< L(1—=otu) [Bn (1 + L)y —x*|| + [[vnl]]
+ Loty (1+L)[L||xn — x*|| +||vanl]] + L] |ual|

<[LA+L)Bn+ (1 +L)L2cxy ]| |5 — x*|| + L1 +L)||vn]| + L||wn]].
So there exist M; > 0 and M> > 0 such that

ko
e = = (1= 55 ) e =)

+[L(1+L)Bn+ (L3+3L2+2)0‘n]0‘n||xn_x*“+M1||un||+M2an||-

(2.10)
Since o, — 0 and B, — 0, there exists N > 0 such that for all n > N, we have
3 2 k
L(1+L)Bn+ (L°+3L +2)(xn<1. (2.11)
Thus
» ko, "
[|xne1 —x*|| < (1- 1 1260 — x*|| + My || ||+ Mo ||vy]|. (2.12)
Set
ko,
ty = b, =0, cn = My ||un|| + Ma||vy]|. (2.13)
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Then we have
ani1 < (1—ty)an +by +cy. (2.14)

According to the above argument, it is easily seen that
Stp=0c0,  bp=0(tn), D> cp <o (2.15)
k=0 k=0

and so, by Lemma 1.2, we have lima,, = lim||x;,, —x*|| = 0. Uniqueness follows as in [1].
The proof of the theorem is complete. O

REMARK 2.2. Our Theorem 2.1 generalized the theorem of Chidume [2] from uni-
formly smooth Banach space to arbitrary Banach space and from Ishikawa iteration to
Ishikawa iteration with errors. In addition, our results extend, generalize, and improve
the corresponding results obtained by Zeng [6] and Li and Liu [4].
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