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Some generalizations of Bailey’s theorem involving the product of two Kummer functions
1 F1 are obtained by using Watson’s theorem and Srivastava’s identities. Its special cases
yield various new transformations and reduction formulae involving Pathan’s quadruple
hypergeometric functions F1(,4), Srivastava’s triple and quadruple hypergeometric func-
tions F®), F4, Lauricella’s quadruple hypergeometric function F'”, Exton’s multiple hy-
pergeometric functions ng;g, Ko, Ki3, X3, (k)HZ("), (k)Hi"), Erdélyi’s multiple hypergeo-
metric function H,, Khan and Pathan’s triple hypergeometric function Hip), Kampé de
Fériet’s double hypergeometric function Fﬁgjg, Appell’s double hypergeometric function
. . . -.B().B2). .
of the second kind F,, and the Srivastava-Daoust function Fg;g(:);’;; ;’_'_'_';’gw . Some known
results of Buschman, Srivastava, and Bailey are obtained.

1. Introduction

In what follows, for the sake of brevity, (a4) denotes the sequence of A parameters given
by ai,a3,as,...,a4 in the contracted notation. Denominator parameters are neither zero
nor negative integers and the Pochhammer symbol (a), is defined by

(@)n

_T(a+n) |1 ifn=0, (1.1)
T T(a)  la(@a+1)---(a+n-1) ifn=1,23,..., ‘

where the notation I' is used for the gamma function.
We will use the following power series form of multiple hypergeometric function
(13, 14]:

B, B [(aa):6D,...,01]: [(bgg)) :<D(1)];... ; [(bgfz)) :d)(”)];

F3§E<1>~...~E<n> ZlseeerZn
[(dp) ¥, W] [(el)) 180 | [(efh) :6™];
had Zm 2
= E(my,...,my) ! e >
mi -,Zf:nnzo ! (ml)' (mn)|
(1.2)
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where, for convenience,

A BW ((1) (n)
c ) 01 @) 001 coma TH (87, g+ THE(8),, 0 (13)
E(my,...,my) = — o 5 () , (1.
T () s T (7)o T (€)oo

nvj

the coefficients Gﬁ»k), j=12,...,4A; CD;-k), j= 1,2,...,B®; ‘{’;k), j=12,...,D; 5](.k), j=
1,2,...,E®; for all k € {1,2,...,n}, are zero and real constants (positive and negative)
[13, equations (5), (6), (7), (8), (9), (19), (20), (21), pages 270-272 ] and (bB<k ) abbrevi-

ates the array of B®) parameters b(k), j=1,2,...,B®;forall k € {1,2,...,n}, with similar

interpretations for others. Here Fy, Fr.on, xgg D FY,F® FY, Ky, Kis, OH™, OHM,

Xs, Hyk» Hip), F4 (4) and FA B; ge ,...;Et(:: are Appell’s double hypergeometric function
(see [3, (2), page 73] see also [9 (139), page 265], [13, (3), page 23]), Kampé de Fériet’s
double hypergeometric function (see [15, (26), page 423]; see also [13, (28), page 27]),
Exton’s double hypergeometric function [6, (1.2), page 137], Lauricella’s triple hypergeo-
metric function [5, (2.1.1), page 41], Srivastava’s triple hypergeometric function [10, page
428], Lauricella’s quadruple hypergeometric function [13, (1), page 33], Exton’s multiple
hypergeometric functions (see [5, (3.3.10), (3.3.13), page 79], [13, (41), page 40], [5,
(3.5.3), page 97], [13, (190), page 324]), Erdélyi’s multiple hypergeometric function [13,
(19), page 36], triple hypergeometric function of Khan-Pathan (7, (1.1), page 85], Srivas-
tava’s quadruple hypergeometric function [11, (1.2), pages 35-36], Pathan’s quadruple
hypergeometric function [8, (1.2), page 172], and Srivastava-Daoust’s multiple hyperge-
ometric function [13, (21), page 37], respectively.

The present note is devoted to the investigation of general multiple series identities
which extend and generalize theorems of Buschman, Srivastava, and Bailey. The theo-
rem given in Section 2 will be seen to be extremely useful, in that most properties of
hypergeometric series carry over naturally and simply for these identities and provide
connections with various classes of well-known hypergeometric functions and even new
representations for special cases of these functions. Some applications of this theorem are
given in Section 3. Clearly, the same procedure could have been utilized to extend many
more results on hypergeometric functions. But, instead, we deduce fifteen special cases in
Section 4.

2. General multiple series identities

Motivated by the works of Buschman, Srivastava, and Bailey, we will establish the fol-
lowing theorem for multiple series which is more generalized than multiple Gaussian
hypergeometric functions F©® ), and F

Tueorem 2.1. Let S,(ai+ Sj+yk+38p), r =1,2,...,7; S,(0) # 0, be arbitrary complex-
valued functions, let independent coefficients o, 3, y, 6, 0y, t = 1,2,3,...,12, be arbitrary real
constants, let x, y, z be complex variables, let ¢, f be arbitrary independent complex param-
eters (where 2 f #0,—1,%2,+3,+4, ... ), and let any values of numerator and denominator
parameters and variables x, y, z leading to the results which do not make sense be tacitly
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excluded, then

Z S (61i+ 92] + 61k + 931))82(941"1’ 95] + 94k)S3(66i+ Osk + 97]))

i,j,k,p=0 oo
. . . (=DR(0)i( f)rxd y'the?
XS4 (68] + 99[))55 (6101 + 010k)S6 (911])57 (0121)) (2C)l(2f)kl’]'k'p'

= Z 81(201i+62j+03p)82(294i+95j)83(296i+Gyp)S4(98j+99p)

i,j,p=0 i (2.1)
X 85(260107)S6 (0117) S7(6r2p) (et f)2) (U +et f2) 0 (y/4) 22

(c+ ilc+1/2),(f +1/2),il!p!

© 1

= z z51(201i+292j+92u+93p)82(294i+295j+95u)S3(296i+67p)

i,j,p=0 u=0
x84(205 ] + Oru+ 09 p) S5 (260107) S (2011 j + O114) S7(612p) (2.2)
x*((c+ f)/2),((1 +c+f)/2)i(x2/4)j(y2/4)izf’
ul(c+ fi(e+1/2),(f +1/2),i1((1 +u)/2)j((2+u)/2)jp!

1

= > > 81(2601i+20,j+0ru+205p +03w) S (204i+ 265 j + Os1)
i,j,p=0 u,w=0

XS3(296i+ 267}7 + 97W) S4(293j + 63u+ 299p + 69W)Ss (2010i)
X56(2911j+911M)S7(2912P+912W)
" x4z ((e+f)2) ((A+e+f)2);(x 2/4)j(y2/4)i(22/4)p
ulw!(c+f)i(c+1/2)( f+l/2),1'((1+u)/2) ((2+u)/2)j((1+w)/2)p((2+w)/2)P’
(2.3)

provided that each multiple series involved converges absolutely.

Proof of Theorem 2.1. Let L denote the left-hand side of (2.1). Then using the series iden-
tities [8, Lemma 10(1), page 56 ] (i.e., replacing i by i — k)

(=)

> Al jkp) = > ZAz—k]kp (2.4)

irjk,p=0 i,j,p=0 k=0

we may write

L= Z S1 (91i+ 92] + 93]))82 (941 + 95])83 (‘961 + 97P)S4 (08] + 69P)S5 (9101')
hhpo (2.5)

. Cij igp _i>f:1_2C_i;
X56(911])57(912P)( Jix'y F [ 1}

20);iljlpt> 2| 1—c—i2f;
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Using Watson’s summation theorem [12, (26), page 95]
A,B,C;
F 1
3| A +123 +1 2C

_ T(1/2)T(1/2+C)T((1+A+B)/2)T((1-A—-B)/2+C)
T((1+A)/2)T((1+B)/2)T((1-A)/2+C)I'((1-B)/2+C)

(2.6)

in (2.5), we get

o0

L= Z 51(91i+92j+93p)52(94i+95j)83(96i+97P)S4(98j+99p)55(910i)86(911j)

i,j,p=0
%S (812p) (c)ixlyizP L(1/2)T(1/2+ )T (1 —i—c)T(i+c+f)
2P ey i T(1/2— /)L (1—i/2— )T (1/2+ f+i/2)T (/24 e+ f)
(2.7)
Now applying the well-known series identity
D> A3 =D AQ2i)+ > AQ2i+1) (2.8)
i=0 i=0 i=0

in (2.7), we have

L= Z Si (2011+ 92] + 6317)82 (2641 + 05])83 (2061+ 97P)S4 (68] + ng)Ss (20101)
i,j,p=0
(0)ixlyizP T(1/2)L(1/2+ f)T(1 =2i— )T Qi+ c+ f)

XSs(0117)870rap) (5 3 172 = DT =i = (1724 f + DT (4 e+ f)

+ z S (291i+91+92j+63P)Sz(294i+94+95j)83(296i+66+97p)
i,j,p=0
x84 (05 +09p)Ss (2010 + 610) S (6117) S7(012p)
(c)ixly'zP T(1/2)L(1/2+ f)T(=2i— )T 2i+c+ f+1)
20);iljIp! T(=)T(1/2 —c =T (1+ f+D)T(1/24+c+ f+i)

(2.9)

Second-power series on the right-hand side of (2.9) vanishes due to the presence of
1/T(—-i) =0,ifi=0,1,2,..., we may then write

L= Z S (291 i+ 92] + 03}))82 (294i + 95])83 (296i + 97]))84 (93] + 69P)S5 (2910i)
i,j,p=0
(€)ix/yizP T(1/2)L(1/2+ f)T(1 =2i—c)T(2i+c+ f)
(20);ij1p! T(1/2 = )T(1 —i— O)T(1/2+ f + )T (i+c+ f)
(2.10)

%8 (0117)S7(012p)



M. 1. Qureshietal. 147

and after replacing the gamma functions by Pochhammer symbols, we get the right-hand
side of (2.1).

Again, now applying Srivastava’s identities (see [12, pages 194—197]; see also [14, (8),
page 214, (12), page 217])

p-g 5

M8
nMg

A2 +u),

j=0

(2.11)

[

> B(j»p) =Z z > BQj+u2p+w)
et

J»p=0
n (2.1), and then replacing the gamma functions by Pochhammer symbols, we get the
right-hand sides of (2.2) and (2.3), respectively. O
3. Applications of formulas (2.1), (2.2), and (2.3)

3.1. Buschman-Srivastava theorem associated with Srivastava’s function F®). In for-
mulas (2.1) and (2.2), setting 6y =6, =63 =--- =0, =1, Si(i+j+k+p) =Ss(i+k+
p) = S4(j +p) = S7(P) =1, S +i+ k)= [(aa)]jri/[(b)]jsirk> Ss(i + k) =
[(dp)]i+k/[(er)lisk> S6(j) = [(g6)]j/[(hu)]j, and z = 0, we get

F(”[E ; —i(dp)s —: (go); & f; x,y)_y]

—; (eg); —: (hu);262f;
A:G2D+2 (a4) > A(z C+f A[2;(dp)]; y?
_X3H25+3 bB C+fc+f f+ A[ ( )]’ x,m:| (3.1
_ 1 [(a4)],[(g6) ], % 2a26op+2;
_1;) [(bB)]u[( )] FZBZH+12E+3
« A[2;(as) +ul: A[2;(g6) +ul;
A[2;(bg) +u] : A* (231 + u),A[2; (hyr) +ul; (3.2)

A2;c+ f),A[2;(dp) |5 4a+6)42 4(4+D) 42
1 1
c+f,c+ E’f+ E’A[Z; (eE)]5 4(1+B+H) > 4(1+B+E) j|

provided that denominator parameters are neither zero nor negative integers, for con-
venience, the symbol A(m;b) abbreviates the array of m parameters given by b/m, (b +
1)/m,(b+2)/m,...,(b+m—1)/m, where m = 1,2,3,... and [(as)], denotes the product
of a Pochhammer symbol given by [(a4)], = (a1)n(a2)n(a3)n>...(a4)n.

The asterisk in A*(Nj; j + 1) represents the fact that the (denominator) parameter N/N
is always omitted, 0 < j < (N — 1), so that the set A*(N;j+ 1) obviously contains only
(N — 1) parameters [14, page 214].

The notation A[N;(bp)] denotes the array of BN parameters [14, (8), page 47 and
pages 193-194] given by A(N;b1),A(N;by),...,A(N;bg); similar interpretations for oth-
ers.
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3.2. Buschman-Srivastava theorem associated with Srivastava’s function F. In for-

mula(Z.S),setting91 =0,=0;=---=0p, = 1,82(i+j+k) = S3(i+k+p) = 1,81(i+j+

k+p) = [(aA)]z+]+k+p/[(b3)];+z+k+p, S4(j + p) = [(ma)]jsp/[(nN)]jsp,  Ss(i + k)
= [(dp)]i+k/[(er) lisk> S6(j) = [(ga)1j/[(hr)]j, and S7(p) = [(qQ)]1p/[(rr)]p, we have

o[ (@aa)= & (dp)s (g6); (mm) = f3(dp)s (gq); (ma)s
F()[(bB)::Zc; (eE),( n); (nn) :2f; (eg); (rr); (n ) y,x,—y,z}
)
)

(
aa) Ly L (ma0) 11 [ (&
(h

>

33 el €6, (30) ], x
4=0 w=0 [ ]u+w[ N) L L(h) 1 [ (7R) ], u'w'
3)[ A) Futwla—A[2; (my) +u+wl; —
3 (bp) tu+wlo—; A[2;(ny) +u+wl; —
A(Zc+ f),A[2;(dp) |5 A2 ;(gc)+u];
c+f, c+2,f+2,A[ s (ep) LA (251 +u), A[25 (hy) +ul;
[ + ], 4(A+D) y2 A(ATMAG) 52 f(AMHQ) 52
A*(Z;H—w),A[ ( )+ ]’ A(HBHE) ° A(I4+B+N+H) > A(1+B+N+R) }

(3.3)

provided that denominator parameters are neither zero nor negative integers.

3.3. Buschman-Srivastava theorem associated with Pathan’s function Fl(f). In for-
mula (2.3), putting 6, =0, =03 = --- =0, =1, S4(j+p) =Ss(i+k) =1, Si(j+p+
i+k) = [(aA)]j+p+i+k/[(bB)]j+p+i+k, Sz(i+k+j) = [(gG)]i+k+j/[(hH)]i+k+j, 53(P+i+k) =
((dp)] p+i+k/[(eE)] pritks S6(j) = [(mar)]i/[(nn)] ;5 and S7(p) = [(qQ)]p/[(rr)]p, we have

F(3)[ ) +wls A[2;5(ge) +ul:
] AL (b8) + ut wli—s A2 (ep) + whiA[2 () +u] . B
Al2; ( ) +ul; A[2;(qo) +wl;
A*(2;1+u),A[2; +ul;A*(2;1+w),A[2; (rr) +w];

A25c+ f )§ 4AFGHM) 2 4(A+D+G) 2 4(A+D+Q)y2]

1 1 > > >
c+f,ct=, f+=; A(1+B+H+N) > A(14+B+E+H) > 4(1+B+E+R)
f 2 f 2

provided that denominator parameters are neither zero nor negative integers.
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4. Special cases
(i) Settingx=E=D=G=H =01in (3.1) or (3.2), we get

Fﬁzll;;ll [(aA); Cf f’ y’_y]
A2;c+ £),A[25(an) ]
c+f,c+%,f+%,A[2;(bB)];

(4.1)

=24+2FB43 [ 4A-B_1y2] ,

which is known as Buschman-Srivastava theorem (see [4, page 438]; see also [11, (47),
page 31]).
(ii) Setting A = B = 01in (4.1), we get

e+ 3 (e fa)
1,
27

G

1Fy [Zc; y] 1F1y |:2§’, _)’} =,F;

o

! bl )

c+foc+ §’f+ 4

which is a known result of Bailey (see [1, (2.11), page 246]; see also [11, (186), page 322]).
(iii) Setting B=0,A =1, a; = ain (4.1), we get

A(2;a),A(2; f +¢);
yz] , (4.3)

F ;3;232;3_ :F 1 1
s(ase, f326,2f5y,—y) 43[c+f,c+5,f+5;

which is another result of Bailey (see [2, (4.4), page 239]; see also [11, (191), page 323]).
(iv) SettingA=G=H=1,a1=a,¢1 =g, hi =h,B=D=E=01in (3.1), we get

. . a: A2sc+ 1) & 52
Fi'la,g,¢ fihc f3 0%, —y] = Xo30 1 1 —,x|. (4.4)
ol et f+55h 4
ct+f e+ f+ 5 h

(v) SettingB=D=E=G=N=Q=0,A=M=H=R=1,a,=a,m =m,h =h,
r1 =rin (3.3), we get
Kila,a,a,a;m,m,c, f3h,1,2¢,2f3%,2, 5, — y]

z Zl‘, (a u+w(1ﬂ)u+wx“yw

)
u=0 w=0 (h)u(i’)uu!w!

A2sa+u+w): —;AQsm+u+w); —: AQ25¢c+ f); (4.5)
XF(3)

1

1.
2’

— 5 — 5 yz,xz,zz
A2sh+u), A* (251 +u); A7 +u), A*(2;1 +w); :

1
— it — ;—:c+f,c+5,f+
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(vi) SettingB=D=E=M=H=R=0,A=N=G=Q=lL,ai=a,m=ng=g,
q1 = qin (3.3), we get

Kisla,a,a,a;8,q9,¢, f3n,1n,2¢,2f3%,2, y,—y]

_ Z usw ()u(q@)wxty*

oty n)u+wu'W'

S FO) A2sa+u+w): —; — ;—: (4.6)
— s—A2snt+u+w); —

AQ2;5c+ f); A(2sg+u); A2;9+u);
1 1 y2,x2,22
ct+ frct §,f+ E;A*(2;1+u);A*(2;l+w);

(vii) Setting A=M=N=Q=R=1,a,=a, m =m,n =n,q =q, n =r, and
B=D=E=G=H=0in (3.4), we get

Fa; f,q,m,62f,7,1,26—y,2,%, y]

_ i Z a) yw(m) (‘Z)wx zv

oz (mu(r)wulw!
FO) A2sa+u+w): —; —; —: A2;m+u); (4.7)
X — ey — —A* (2514 u),A(2sn+u);
A(2;q+w); A2;¢+ f); P
1, 1 %)
A*(2;1+w), A2 +w)sc+ frc+ E’f+ E;

(Vlll) In (2.1), setting 81(91i+ 92] + 91k + 93])) = 83(‘96i+ 06k + 67])) = S4(68] + ng) =
S5 (6101 + O10k) = S7(912P) =landz=0, we get

- L A @iyl (=p)k
i,j%::032(041+95] +04k)S6(911]) (2C),(2f)kl'_]'k'

e
((e+£)2) (A +c+ £)/2) % (y*/4)

(c+ i+ 172)i(f +1/2)idlj!

= > $:(204i+05)Ss (011 )
i,j=0

(IX) In (4.8), setting 0, =06, =1, 95 =2, Sz(zj +i+k) ( )2]+1+k, Sﬁ( ) = 1/(b)
we get

XS[Q:C)f;b>2C,2f§X))/,—)/]

c+f c+f+1
A(2;a): 5 T§ —; (4.9)
erferdpeds w7
. b 2) 2) b

2:2;0
= Fo:3;1
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(x) In (4.8), setting 04 = 6, =1, 65

, 05 = =1, Sy(i+k —j) = (a)isk—j> Se(j) = (b)j(g))>
we get

Hsala,e, f,0,852¢,2 15y, —y,x]

- 030

et S 1][ ][f+f 1] : y?x '

>

(4.10)

(Xl) In (2.1), setting 32(94i + 95] + 94k) = 53(96i + Ok + 97p) = 84(98] + 991)) = S5(910i
+ 010k) = 1, we get

j i - ()i f)rx! y'(—y)kzP
i’j’%:081(911+921 + 061k +05p)Ss(011)S7(012p) 2002 it j ik p!

= z Si (291i+ 91t+ 92] + 93?)36(911j)s7(91217)
i,j=0

(4.11)
e+ )72) (L e+ 1)/2) 1 (y 2/4)'zp
(c+ ile+1/2);(f +1/2):dj!p!
(xii) In (4.11), setting 0 = 63 = 011 = 012 = 1, 02 = 2, $1(2j +i+k+ p) = (a)2j4itkips
S6(j) = 1/(b)j, S7(p) = (d)p/(h),, we get
Hl§4) [a>C)f)d; b,ZC;Zf,]”Kxa)/, —}/>Z]
[a:2,2,1]: [c+f:1])[c+f+1:1]; — 5[d:1];
1200 2 2 y2
_F0:3;1;1 —,X,Z |
et fe1] [c+f 1] [f+f 1] Uslhe1); 4
(4.12)
(xiii) In (4.11),setting 0,=0,,=0L=1,6,=0,=2,5 (2] +2p+i+k) = (a)2j+2p+i+k,
Se(j) = 1/(b), $5(p) = 1/(d), we get
Hzi4) [a) C)f;bad) 2C)2f§x,2;)/, —)’]
N o o e
=F(3) A(zra) > > . > > 2 > 2 > (413)

1 1 4x,4z,%°
;—;—: b d;c+f,c+5,f+f;
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(xiv) In (4.11), setting 0,=0,,=0L=1,0,= 93 = -1, Sl(i+k — ] *p) = (a)i+k,j,1,,
Ss(j) = (b)j(d)j, S7(p) = (g)p(h),, we get

H4,2[61,C,f, b,g;d,h§2c,2f§)’a —)/>X,Z]
12222 ([a: -1,2,-1]: [g:1],[h:1];

_FOOSO

>

[c;f;1]’[6+12f+1:1];[5;1],[d;1]; (4.14)
z,

[c+f:1], [c+f ][er, ] — ; 4

(xv) In (4.11), setting 0=0;:=0,1=0p=1,0,=—-1, Sl(i+k+p —]) = (a)Hker_j,
Se(j) = (g)j(h)j, S7(p) = (b),/(d),, we get

X

H4,3 [a,C,f, bag,h;zC,zf,d;y, —y,Z,x]
1:2;251 <[ﬂ1 -1,2,1]:[g:1],[h:1];

- FO :0;3;1

>

SRS

et fe1], [c+— Hf+— ]dl] Bt
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