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This paper establishes one common coincident point theorem and three unique common
fixed point theorems for four self-maps in D-metric spaces, which improve and general-
ize, significantly, the results of Dhage et al. (2003), Dhage (1999), and Rhoades (2003)
under weaker assumption using a more general contractive condition. An example, in
support of these theorems, has also been constructed. All the results of this paper are
new.

1. Introduction

Motivated by the measures of nearness between two or more objects with respect to a
specific property, called the parameter of the nearness, Dhage [1] introduced the gener-
alized metric space or D-metric space in 1992. He proved some results on fixed points for
a self-map satisfying a contraction for complete and bounded D-metric spaces. Rhoades
[5] generalized Dhage’s contractive condition by increasing the number of factors and
proved the existence of unique fixed point of a self-map in a D-metric space. Assuming
a bit different contractive condition, Dhage [3] proved the existence of unique common
fixed point of two self-maps. At the same time, Dhage [2] termed a pair of self-maps ( f,g)
in a D-metric space X to be coincidentally commuting (or weak compatible) if fy = gy,
for some y € X, then gfy = fgy. Recently, Dhage et al. [4] have introduced the notion
of limit coincidentally commuting (or limit weak compatible) maps and proved the ex-
istence of unique common fixed point of four self-maps in a D-metric space. It has been
proved that limit weak compatibility (or limit coincidentally commuting) implies weak
compatibility but the converse is not true as it is shown by Example 2.7.

While studying the papers of Dhage et al. [4] and Rhoades [6], it was felt strongly
that the domain of z should be restricted to some orbit for otherwise; the whole space X
becomes a single point as proved in Theorem 3.4. In that case, the single self-map is the
identity map, which trivially has the fixed point, and the notion of common fixed point
does not stand separately. Also, the domain of completeness assumed there has been felt
to be restricted even after increasing number of factors in the contractive condition. The
present paper is an effort in the same direction.
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We establish the existence of unique common fixed point of four self-maps through
weak compatibility using a more general contractive condition. At the same time, in
present results, the condition of continuity of one of the four self-maps has been re-
moved as was required in the above said result of Dhage et al. [4] and the condition of
limit weak compatibility of two pairs of self-maps has been reduced just to that of weak
compatibility of them.

2. Preliminaries

Definition 2.1 [1]. Let X be a nonempty set. A generalized metric (or D-metric) on X is
a function from X x X X X — R" (the set of nonnegative real numbers) satisfying
(D-1) p(x,y,z) =0ifand only if x = y = z;
(D-2) p(x,9,2) = p{P(y,x,2)} = - - -; where P{x, y,z}, is a permutation of x, y, z;
(D-3) p(x,9,2) < p(x,y,a) +p(x,a,2) + p(a, y,2), for all x, y, z,a € X.
The pair (X, p) is called a D-metric space.

Definition 2.2 [1]. A sequence {x,} of points in a D-metric space (X,p) is said to be
D-convergent to a point x € X if for € > 0, there exists ny € N such that for all m,n >
o> p(Xm>Xn,x) < €. This sequence is said to be D-Cauchy sequence if for € > 0, there
exists ng € N such that for all m >n, p >m, n = ng, p(x,,xm,x,) < €. (X,p) is said to be
complete if every D-Cauchy sequence in it converges to some point of X.

Definition 2.3. Let (X,p) be a D-metric space and let S be a nonempty subset of X. Define
the diameter of S as

0p(S) = Sup{p(x,y,2) : x,y,z € S}. (2.1)

A subset S C X is bounded if there exists M > 0 such that p(u,v,w) < M, forall u,v,w € §
and M is said to be a bound of S.

Definition 2.4 [2]. A pair (f,g) of self-maps on a D-metric space (X,p) is said to be
weak compatible (or coincidentally commuting) if fy = gy for some y € X implies that

gfy=1rgy.

Definition 2.5 [4]. A pair (f,g) of self-maps on a D-metric space (X,p) is said to be
limit coincidentally commuting (or limit weak compatible) if lim,,—« fx, = lim,.. gx,
for some sequence {x,} in X implies that lim,,_« fgx, = lim,_. g fx,.

PropoOSITION 2.6. Let (X, p) be a D-metric space. If the pair ( f,g) is limit weak compatible,
then it is weak compatible.

Proof. Let (f,g) be limit weak compatible. Let for some x € X, fx = gx. Taking x,, = x,
for all n, we get g fx = fgx. O

The following is an example of a pair of self-maps in a D-metric space which is weak
compatible but not limit weak compatible.

Example 2.7. (1) Let X = [0,2].
(2) Define p(x, y,z) = Max{|x — y|,|y —z|,|z — x|}, for all x, y, zin X.
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(3) Define self-maps f and g on X as follows:

gx=1, x€l0,1),
=2, x=1,
x+3
=50 x € (1,2], (2.2)
fx=2, xe][0,1],
- g xe(1,2].
Then the points of coincidence of f and g are {1,2}. We have gf(1) = fg(1) =1 and
gf(2) = fg(2) = 2. Therefore, (f,g) is weak compatible.
Taking x, = 2 — 1/2n, for all n, then fx, — 1 and gx, — 1, fgx, — 2 and gfx, — 1.
Hence, lim,—o fx, = lim,— e gx, but lim,—. fgx, # lim,— o g f 2.
Thus the pair (f,g) is weak compatible. But it is not limit weak compatible.

ProposITION 2.8. In a D-metric space (X,p), if p is continuous in two variables, then the
limit of a sequence in X is unique, if it exists.

Proof. Let {x,} — x and {x,} — y in a D-metric space (X,p). Now

%il{lop(xn)xn+p)x) = 0 (23)

implies that p(x, y,x) = 0, as p is continuous in two variables. Thus, x = y. Hence limit of
a sequence is unique, if it exists. O

ProrosITION 2.9 [4]. Every sequence {x,} C X satisfying
p (X Xn41,2) < Ap(Xn-1,%n,2), (2.4)

for all n e N and z € {x,}, where 0 <A < 1, is bounded by a D-bound k = 2/(1 — 1)
Max{p(xo,x0,%1),p(x0,X1,X1)}.

ProrosiTioN 2.10 [4]. Let {x,} be a sequence in X satisfying
p(Xn>Xn11,2) < Ap(Xn-1,%n,2), Vz € {x,}, VREN, (2.5)
where 0 < A < 1. Then
p (X Xni1,Xm) <Ak, Vm>n. (2.6)

LEmMA 2.11 (D-Cauchy principle [3]). Let {x,} < X be bounded with D-bound k satisfy-
ing

p(%ns Xni1,%Xm) < ¢"(k), Vm>n, (2.7)

where ¢ : R™ — RY, ¢ is continuous, is nondeceasing, and >, ¢"(t) < oo, for each t € R”,
then {x,} is a D-Cauchy sequence.

Throughout this paper, we assume that (X,p) is a D-metric space with p continuous
in two variables.
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3. Main results

Before proving main results, we need the following coincidence point theorem for four
self-maps in a D-metric space.

TaEOREM 3.1. Let A,B,S, T : X — X be four self-maps of a D-metric space (X, p) satisfying
A(X) € T(X) and B(X) < S(X). For some xy € X, define sequences {x,} and {y,} in X by
Axyy = Txops1 = Yons1 and Bxop1 = SXousa = Yansa, for all n. Further, assume that {y,} is
complete. Suppose that there exists A € [0, 1) such that

P (Vs ynr1,2) <Ap(Yn—1,¥n>2), VnEN, z€ {y,}. (3.1)

Then
(1) {yn} is a singleton;
(ii) all the points of the sequence {x,,} are points of coincidence of the pair (A,S);

(iii) all the points of the sequence {X2,+1} are points of coincidence of the pair (B, T).
Further, if for some n, X2, = X2p41(07 X2n = X2n—1), then Xz, becomes a point of coincidence
of the four maps A, S, B, and T.

Proof. (i) Let xo € X be a point in X. As A(X) < T(X) and B(X) < S(X), we construct
sequences {x,} and {y,} in X such that Ax;, = Tx2,41 = Y241 and Bxop1 = SXops2 =
Yan+2, for all n.

Case 1. If y2, = yaps1 = a (say), for some n (or else y2, = y2u-1), then Axy, = T4 =
Sx2n = . By (3.1), we have

P (Y2ns1s Yane2,2) < Ap(Yams yane152)  VzZ € {ynl, (3.2)
that is, p(Ax2,, BX2n+1,2) < Ap(Sx2n, Txon41,2), forall z € {y,}, implies that p(«, Bx2,41,2)
<Ap(a,&,2), 2 € {yn}.

Taking z = a, we get
p(a, Bxaps1,0) < 0. (3.3)
Therefore, p(a, Bx2n11,) = 0, which gives & = Bxz,11 Or ¥2,42 = a. Hence,
Von = Yontl = Yons2 = Q. (3.4)
Again from (3.1), we have
P (Y2ns1s Yani2,2) < Ap(Yans yani152),  VZ € {ya}. (3.5)

Using (3.4), we get

plaa,z) <Ap(a,a,z), Vze{y.}, 36
<pla,a,z) ifp(a,a,2) >0, (3.6)

which is a contradiction. Therefore p(«,«,z) = 0, which gives & = z, z € {y,}.
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(A) Hence, {y,} is a singleton, that is, {y,} = &, for all n € N, in this case.
Case 2. (When all the consecutive terms of the sequence {y,} are distinct.) We will show
that this case cannot occur.
(B) Suppose, if possible, that all the consecutive terms of sequence { y,} are distinct.
From (3.1), we have

P (Vs Y1 Ym) S AP (V=15 V> Ym)- (3.7)

Therefore by Propositions 2.9, 2.10, and by Lemma 2.11, the sequence { y,,} is a D-Cauchy
sequence. As {y,} is complete, there exists # € X such that lim, .. {y,} = u.
By (3.1),

P (V> Yn+1>2) <Ap(Yn-1,¥n>2),  z € {yn}. (3.8)
Letting n — oo, we get

p(u,u,z) < Ap(u,u,z), z € {ya},

) (3.9)
<p(u,u,z) if p(u,u,z) >0.

This is a contradiction. Therefore

p(u,u,z) =0, (3.10)

which gives u = z, z € {y,}, that is, y, = u, for all n, which contradicts our assumption
(B). Therefore, Case 2 cannot occur.This proves (i).
(i), (iii) From (A), we have

Yon = Yol = Y1 = Y2 = &, Vh (3.11)
Hence for all n, we have
Bxan-1 = Sxon = Axon = Txonr1 = Axon—2 = TXop 1 = BXopy1 = Sx2p 2= - -+, (3.12)
Thus,
Axy, = Sx2, =Bxoy1=Tx2p_1=+++, Vn (3.13)

Thus all points of sequence {x;,} are points of coincidence of pair (A, S) and all points of
sequence {xu,+1} are points of coincidence of pair (B, T). The rest of the theorem follows
from (3.12). O

Remark 3.2. The above theorem improves [4, Lemma 2.2] which states, under the as-
sumptions of the above theorem, that either

(a) A and S have a coincidence point,

(b) B and T have a coincidence point,

(c) A, S, and T have a coincidence point,
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(d) B, S, and T have a coincidence point, or
(e) {yn} converges to a pointu € X and, forallm >n e N,

j=n n

p (¥ ymrut) <2 > Mk, p(Pn> iy 1) szllﬁk, (3.14)

where k = §({y,}).
We remark that, from Theorem 3.1, it follows that {y,} is a singleton. Therefore, the
convergence of {y,} in X becomes a trivial case.

Remark 3.3. Taking T = § in Theorem 3.1, {y,} is again a singleton, all the points of
the sequence {x,,} are points of coincidence of the pair (A,S), and all the points of
the sequence {x,,+} are points of coincidence of the pair (B,S). If for some n, x;, =
Xon+1(0OT X2, = X24—1), then x,, becomes a point of coincidence for the three maps A, B,
and S.

This improves of [4, Lemma 2.3] in the similar sense as Theorem 3.1 does to of [4,
Lemma 2.2].

TaeoreM 3.4. Let A,B,S, T : X — X be four self-maps of a D-metric space (X, p) satisfying
A(X) € T(X) and B(X) < S(X), and

p(Ax,By,z) < AMax {p(Sx, Ty,z),p(Sx,Ax,z),p(By, Ty,2)}, (3.15)

forall x,y,z € X, where 0 < A < 1. Assume that for some xy € X, the sequence { y,} defined
by Axap = Sxops1 = Yans1 and Bxoue1 = SXont2 = Yans2, for all n, is complete. Then X is a
singleton. Thus A=B=S=T = L.

In [4], {y,} has been denoted by O (S, T, xo).

Proof. Construct sequences {x,} and {y,} in X as done above.
Taking x = X2, ¥ = X241 in (3.15), we get

P (Yant1s Yans2:2) <AP(Yons Yoni1,2)s Vn =0, z€ {yu}. (3.16)
Similarly, if we take x = x3,, ¥ = X2, in (3.15), we get
p (Yams Yane1,2) <Ap(Yau-1,y2m,2), ¥n=0,z€ {y,}. (3.17)
Therefore,
2 (V> Yri1s Yim) < AP (Pu=1> V> ¥m), Vm>neN. (3.18)

Thus, {y,} satisfies (3.1) and it is complete, by assumption. Therefore from Theorem 3.1,
yn=a, forallme N.
Putting x = X251, ¥ = X2041 and z € X in (3.15), we get that

p(Sx20> TX201152) > p (SX21, AX2r 2)

AXop, Bxoni1,2) < AM
p (A2 Bxoni1,2) ax( p(Bxans1, Tx2n41,2)

) , VzeX, (3.19)
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P (Y2 Yans152),p (Yams Yans1,2), >) VzeX, (3.20)

n b n > — AM
P()/z )2 Z) = ax( P(}’2n+2>}’2n+1, z)

that is,

pla,a,2) < AMax (p(a, 0, 2), p(a, o, 2), p(a, 0, 2)),  Vz € X,

=lp(a,a,2), VzeX, (3.21)

which is a contradiction. Therefore p(a,«,z) = 0 which gives « = z, for all z € X. Thus,
X = {a}, asingleton. Hence A=B=S=T=1. O

Remark 3.5. The above theorem improves of [4, Theorem 2.4], which under the assump-
tions of the above theorem, together with other additional assumptions (a), (b), and (¢)
(of [4, Theorem 2.4]) concludes that A, B, S, and T have a unique common fixed point.

In Theorem 3.4, only one orbit O4 5(S, T : x¢), and not its closure, has been assumed
to be complete at some point xy € X and it has been concluded that X = {«a}, a singleton.
It follows that A = B = S = T = I, the identity map on X and the existence of their unique
common fixed point are trivially true in this case.

Remark 3.6. Taking T = S in Theorem 3.4, X is again a singleton. This improves [4,
Corollary 2.5], in a similar sense as Theorem 3.4 does for of [4, Theorem 2.4].

In the following example, we have a nonsingleton space, in which four discontinuous
maps, not satisfying contraction (3.15), still possess a unique common fixed point.

Example 3.7. Let X = [0,1] and p(x, y,z) = Max{|x — y|,|y —zl,|z — xI}.
Let x,, = 1/n. Define self-maps A, B, S, and T on X as follows:

AW =50 =0, xefol 55 ],
2476
N (3.22)
B :T =Y, y1)_>_a_3
(x) = T(x) = 0 xe{o el }
And for x belonging to the rest of [0,1],
1 2 .1
Ax=Tx=0 for0<x< -, Ax=Tx== if-<x<l,
2 3 2
) 1 1 (3.23)
Bx=Sx== forO0<x<=, Bx=8Sx=0 if-<x<l.
3 2 2
Clearly, A(X) € T(X) and B(X) < S(X).
Taking x = 1/2, y = 1/3, and z = 2/3 in (3.15), we have
p(Ax,By,z) =p(0,0,§> = %
(3.24)

AMax {p(Sx, Ty,z),p(Sx,Ax,z),p(By, Ty,2)} = /\{p (0,0, %)} = A%.
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Thus,

<AZ or A=x=1, (3.25)

[SSHI )
SRR

which is a contradiction. Hence the four discontinuous self-maps A, B, S, and T do not
satisty (3.15) for all x, y,z € X and still A,B, S, and T have a unique common fixed point
0in X.

From this example, we conclude that by restricting the domains of variables x, y, z in
(3.15),
(i) the D-metric space may be nonsingleton;
(ii) even if we reduce the domain of x, y, z in (3.15), the self-maps A, B, S, and T
may have a unique common fixed point in X, without being continuous.

In the following two theorems, we pursue these two points by restricting that the do-
mains of x, y, and z are strengthening the (three-factor) A-contraction of [4] to a general
¢-contraction of five factors in an unbounded incomplete D-metric space.

In [6], Rhoades has defined the family of functions @, ® = {¢: R* — R*, ¢ is contin-
uous, nondeceasing, and ¢(t) < ¢, for each ¢ > 0}. It is clear that ¢(0) = 0.

Before proving Theorems 3.9 and 3.12 for four self-maps, we need to prove the fol-
lowing lemma.

LemMa 3.8. Let A, B, S, and T be self-maps on a D-metric space (X,p) such that A(X)
T(X) and B(X) < S(X). For some xy € X, define sequences {x,} and {y,} in X by Axz, =
TXon+1 = Yan+1 and Bxops1 = SxXons2 = Yonsa. If {yn} is bounded and for some ¢ € @,

p(Ax,Ty,z),p(Sx,By,z)
Vx € {x}, y € {x2ns1}> 2 € {yu}-

p(Ax,By,2) < ¢ Max (p(Sx, Ty,Z),p(Sx,Ax,Z),p(Ty,By,Z),)

(3.26)

If yu = OD{ Vn> Yur1> Yni2>- .-} for alln € N, each vy, is finite as { y,} is bounded. Also {y,} is
a nonincreasing sequence with y, > 0. Let y, — (= 0). Theny = 0 and {y,} is a D-Cauchy
sequence in X.

Proof. For xy € X, construct sequences {x,} and {y,} in X such that Ax,, = Txops1 =
Yon+1 and Bxous1 = SXo2p12 = Yonso, for all n. Taking x = x5, ¥ = X2441 and z = y,, for
m >2nin (3.26), we get

P (Sx20> TXant15 Yim) s P (SX2ns Ao Yim)
p(Axan, Bxans1, ym) < ¢Max | p(TXant1,BX2nt1s Ym)sp (A%ons TxXons1s Ym)s | > (3.27)
p(Sx205 BX2n 415 Ym)

that is,

P (Y21 Vonst> Ym)s P (Vans Yons1> Ym)»
P (V2nt1> Yane2 Yim) < OMax | p(¥ans1> Yant2s Ym)» P (Vans1s Yansts Ym) (3.28)
p(Y2m> Yons2> Ym)
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implies that

Vont1 = ¢’M3X{Y2n,)/2n+1}
= ¢(yn)> (3.29)
Yans1 < ¢ (Yan).

Similarly, if we take x = x2,, ¥ = x24-1, and z = y,, for m >2n — 1 in (3.26), we get

p(SxZn, szn—b)’m)>P(Sx2n>Ax2n’ym)’
p(szn;BxZn—liym) < ¢M8X P(szn—l,Bx2n71a)’m)’P(Ax2ﬂ’sz”*“ym)’ > (330)
p(szn:Bx2n71>ym)

that is,
P (Y2ns Y2n-15 Ym)s P (Yons Yont1s Ym)
P(y2n+1,y2n>ym) < ¢ Max P(yzn—1,y2n>ym);P()/zn+1)y2n—1,)/m), (3.31)
P(Y2ns Yons Ym)
implies that
0 < OMax {yan, Yan-1}
Y= ¢ Yon> Yan-1 (3.32)
= (/’()’Zn—l)-
Thus
Yn < @(pn-1), VneN. (3.33)

In particular, we have y,, < y,—1, forall n > 1.

Therefore, {y,} is a steadily decreasing sequence of positive numbers, which must tend
to a limit (say) y(= 0).

Letting n — o in (3.33),

<¢(y)
y<;b,yify>0 (3:34)
which is a contradiction. Therefore, y = 0.
Again,
P (Vs Y Yt pet) < Yo (3.35)
which tends to 0 as n — co. Hence {y,} is a D-Cauchy sequence in X. O

THEOREM 3.9. Let A, B, S, and T be four self-maps of D-metric space (X, p), with p contin-
uous in two variables satisfying
(1) A(X) € T(X) and B(X) < S(X);
(2) for some xo € X, {yn} is bounded and complete, where the sequences {x,} and {y,}
in X are given by Axy, = TXop1 = Yons1 and Bxoyi1 = SXonsa = Yansa, for all g
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(3) pairs (A,S) and (B, T) are weak compatible;
(4) for some ¢ € D,

(3.36)

p(Ax,By,2) < ¢ Max (p(Sx, Ty,Z),p(Sx,Ax,Z),p(Ty,By,Z),>

p(Ax,Ty,z),p(Sx,By,z)

forallx € {x20}, y € {x2n41}, and z € {y,} U{Ay,} U {By,}.
Then, A, B, S, and T have a common fixed point in X.
Further, this common fixed point will be unique if Theorem 3.9(4) holds for all x € {x2,},
Y € {Xon1}, and z € {y,} U {Ay,} U {By,} U C, where C is the set of all common fixed
points of A, B, S, and T.

Proof. Let xy € X be a point in X. Construct sequences {x,} and {y,} in X such that
Axon = Txans1 = Yans1 and Bxay1 = SXopsa = Yansa, for all n. Now by Lemma 3.8, {y,} is
D-Cauchy sequence. Therefore, {y,} converges to some u € X. Also

{AxZH} — U, {Bx2n+l} — U, (337)
{Sxont —u,  {Sxoum} —u (3.38)

Step 1. Putting x = X251, ¥ = X241 in Theorem 3.9(4), we get

P(szn, Tx2n+l)Z))P(len)szn)Z))
p(Ax2p, Bxans1,2) < ¢Max | p(TXans1, BX2n11,2)5p (AXan, TX2n41,2), (3.39)
p(Sx2n, BXan41,2)
Letting n — oo, using (3.37), and (3.38), we get
p(u,u,2), p(u,u,2), p(u, u,2),
p(u,u,z) < g Max ( o1ty 14,2), Pty 14,2)
= dp(u,14,2) (3.40)
<pu,u,z) ifp(u,u,z) >0,
which is not true. Therefore p(u,u,z) = 0. Hence
u=z Vze€{y,}U{Ay,} U{By.}. (3.41)

Hence u = yy, for all n and Au = Bu = u.
Step 2. As y; = y, = u implies that Tx; = Bx; = u. As (B, T) is weak compatible, so we
have

Bu=Tu. (3.42)
Also y; = y3 = u implies that Sx; = Ax, = u. As (A, S) is weak compatible, so we have

Au = Su. (3.43)

Therefore, Au = Bu = Su = Tu = u, that is, u is a common fixed point of A, B, S, and T.
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Step 3 (uniqueness). Let v € C. Putting x = X2, ¥ = X2411, and z = v in Theorem 3.9(4)
and letting n — oo, we get

p(u,u,v), p(u, 1, v), p(u, 1, v),
plu,u,v) < ¢Max< o1ty 14, ), p (1t 14, ) . (3.44)
Therefore v = u, that is, u is the unique common fixed point of A, B, S, and T. O

Note. Uniqueness also holds if Theorem 3.9(4) holds for all x € {x2,} UC, y € {x2p41} U
C,and z € {y,} U {Ay,} U {By,}. In this case, we may take x =v, y =v, and z = u in
Theorem 3.9(4). Hence, we get v = u.

CoRroOLLARY 3.10. Let A, B, S, and T be four self-maps of D-metric space (X,p), with p
continuous in two variables satisfying Theorem 3.9(1), (2), (3), and
(i) there exists A € [0,1) such that

p(Ax,By,z) < AMax {p(Sx, Ty,z),p(Sx,Ax,z),p(Ty,By,2)}, (3.45)

forallx € {x2,}, y € {x2n1}, and z € {y,} U {Ay,} U {By,} U C, where C is the set
of all common fixed points of A, B, S, and T.
Then, A, B, S, and T have a common fixed point in X.

Proof. Result follows from Theorem 3.9, by taking ¢(¢) = A(¢), forall t € R*, for some A €
[0,1), and by restricting the maximum to only the first three factors of Theorem 3.9(4).
a

Remark 3.11. The above corollary generalizes and improves [4, Theorem 2.4] pointing
out, in view of Theorem 3.4, that if the A-contraction holds for all x,y,z € X, then X
becomes a singleton.

Again, we establish another unique common fixed point theorem for four noncontin-
uous self-maps without requiring limit weak compatibility of the pairs, for a nontrivial,
unbounded, incomplete D-metric space.

THEOREM 3.12. Let A, B, S, and T be four self-maps of D-metric space (X,p), with p con-
tinuous in two variables, satisfying Theorem 3.9(1), (2), (3) and for some ¢ € O,

p(Ax,By,2) < pMax (p(Sx, Ty,Z),p(Sx,Ax,Z),p(Ty,By,Z),)

p(Ax, Ty,2),p(Sx,By,z) (3.46)

forall x € {x2,} U{yn}, ¥ € {X2n41} U {yu}, and z = Ax, z = By, z € {y,}. Then, the four
self-maps A, B, S, and T have a common fixed point in X.
Further, this fixed point is unique if one of the following is true.
(I) Equation (3.46) holds for all x € {x2,} U{yn} UCy, ¥ € {x2p41} U {yu}, 2 = Ax,
z = By, z € {y,}, where C, is the set of all common fixed points of the pair (A,S).
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(II) Equation (3.46) holds for all x € {x2n} U {yn}, ¥ € {x2n11} U {yn} U Cy, z = Ax,
z = By, z € {yn}, where C, is the set of all common fixed points of the pair (B, T).

(IIT) Equation (3.46) holds for all x € {x2,} U{yn}, ¥ € {x2n11} U iyn}, 2= Ax, z = By,
z € {yn} U C, where C is the set of all common fixed points of A, B, S, and T.

Proof. For xy € X, construct sequences {x,} and {y,} in X as before such that Ax,, =
TXon+1 = Yone1 and Bxou1 = SX2u42 = Yanso, for all n. Therefore (3.37) and (3.38) still
hold.

Step 4. Putting x = x2,,, ¥ = Xon41, and z € {y,} in (3.46), we get

P (Sx21, TX2041,2) 5 p (SX21, AXo5 2),
p(Axan, Bxon+1,2) < ¢Max | p(Tx2n41, Bx2n11,2),p (AX2ny TX2011,2), (3.47)
p(Sx21, Bx2p41,2)

Letting n — oo and using (3.37) and (3.38), we get

p(u,u,Z),p(u,u,z),p(u,u,z),)

p(u,u,z) < g Max ( p(u,u,2),p(u,u,z)

3.48
= ¢p(u,u,2) (3.48)
<plu,u,z) ifp(u,u,z) >0,
which is not true. Therefore p(u,u,z) = 0, which gives
u=z Vze |y} (3.49)

Hence (3.42) and (3.43) still hold good.

We will now prove that Au = wu.
Step 5. Putting x = 1, ¥ = X241, and z = u in (3.46), letting n — oo and using Au = Su,
we get

< s PRI )
that is,
p(Au,u,u) < pMax {p(Au,u,u),p(Au, Au,u)}. (3.51)
Casel. Ifin (3.51)
p(Au,u,u) = p(Au,Au,u), (3.52)
then from (3.51) we have
p(Au,u,u) < ¢pp(Au,u,u) (3.53)

<p(Au,u,u) if p(Au,u,u) >0,

which is not true. Hence p(Au,u, u) = 0, which gives Au = u.
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Case II. Ifin (3.51), if
p(Au,Au,u) > p(Au,u,u), (3.54)

then putting x = u, ¥y = X541, and z = Au(= Ax) in (3.46), letting n — oo and using Su =
Au, we get

p(Au,u,Au) < pMax {p(Au,u,u),p(Au,u,Au)}

= p(Au,u,Au) inview of (3.54), (3.55)
<p(Au,u,Au) if p(Au,u,u) >0,

which is not true. Hence p(Au,u,Au) = 0, which gives Au = u. Thus in both the cases
Au = u, and therefore Su = Au = u.

We will now prove that Bu = u.
Step 6. Putting x = x2,,, ¥ = 1, and z = u in (3.46) letting n — oo and using Tu = Bu, we
get

p(Bu,u,u) < $ Max {p(Bu,u,u),p(Bu,Bu,u)}. (3.56)
If in (3.56),
p(Bu,u,u) = p(Bu,Bu,u), (3.57)
then from (3.56), we have

p(Bu,u,u) < ¢p{p(Bu,u,u)}

3.58
< p(Bu,u,u) if p(Bu,u,u) >0, ( )

which is not true. Hence Bu = u.
In (3.56) if

p(Bu,Bu,u) > p(Bu,u,u), (3.59)

then putting x = x3,, ¥ = u, and z = Bu(= By) in (3.46), letting n — oo and using Tu =
Bu, we get

p(Bu,Bu,u) < $ Max {p(Bu,u,u),p(Bu, Bu,u)}

= p(Bu,Bu,u) in view of (3.59). (3.60)

Hence p(Bu, Bu,u) = 0, which gives Bu = u. Thus, in both the cases Bu = u, and therefore
Bu = Tu = u. Hence Su = Au = Bu = Tu = u, that is, u is a common fixed point of A, B,
S, T.
Step 7 (uniqueness). Let v be another common fixed point of the pair (A,S), that is,
v e (Cy.

(I) Putting x = v, y = x2n41, and z = v(= Av) in (3.46) letting n — oo using (3.38) and
Av = Sv = v, we get

(3.61)

p(v 1) < pMax (p(v,u,v),p(v,v,v),p(u,u,v),)

p(v,u,v),p(v,u,v)
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that is,
p(v,u,v) < pMax{p(v,u,v),p(u,u,v)}. (3.62)
If p(v,u,v) > p(u,u,v), then from (3.62), we have

(v,u,v) < pp(v,u,v)
: P . (3.63)
<pv,u,v) ifp(v,u,v)>0,
which is not true. Therefore p(v,u,v) = 0, which gives v = u.
Further, if in (3.62), p(u,u,v) > p(v,u,v), then taking x = v, y = u, and z = u(= Bu) in
(3.46), letting n — oo using (3.38) and Av = Sv = v, we get

p(v,u,u) < ¢Max {p(v,u,u),p(v,v,u)}
=dlp(v,u,u)}  asp(u,u,v) >p(v,u,v), (3.64)
<pw,u,u) if p(u,u,v) >0,

which is a contradiction. Hence p(u,u,v) = 0 implies that v = u, which proves (I) even in
this case.

(II) If v € Gy, then taking x = x2,, ¥ = v, and z = v(= Bv) in (3.46), we get v = u and
hence (II) follows.

(IIT) If v € C, then taking x = u, y = u, and z = v in (3.46), letting n — oo, we get v = u
and therefore (III) holds. ]

The following corollary generalizes and improves [4, Theorem 4.2].

CorOLLARY 3.13. Let A, B, S, and T be four self-maps of D-metric space (X,p), with p
continuous in two variables satisfying Theorem 3.9(1), (2), (3) and
() for some A € [0,1),

p(Ax,By,z) < ¢Max (p(Sx, Ty,z),p(Sx,Ax,z),p(Ty,By,z)) (3.65)

forallx € {x20} U {yn}, ¥y € {X2ns1} U lyn), andz € Ax orz € By or z € { yy,}.
Then, A, B, S, and T have a common fixed point in X.
Further, this fixed point is unique if one of the following is true.
(i) () holds for x € {x2,} U {ys} UC1, y € {x2p11} Uiyn}, 2= Ax, 2= By, z€ {y,},

where C, is the set of all common fixed points of the pair (A,S).

(if) () holds for x € {x2,} U{yn}, ¥y € X201} U {yn} UCy, z2=Ax, z= By, z € {yu},
where C, is the set of all common fixed points of the pair (B, T).

(iii) (k) holds for x € {x2n} U {yu}, ¥y € {x2n1} Uiy}, 2=Ax, z=By,z€ {y,} UC,
where C is the set of all common fixed points of A, B, S, and T.

Proof. Result follows from Theorem 3.12 by taking ¢(f) = Af, t € R*, and restricting
the maximum to the first three factors of (3.46). O
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Remark 3.14. As stated in Remark 3.11, Theorem 3.12 is an improvement and general-
ization of [4, Theorem 2.4] in the same manner.

In [3], Dhage has proved the following theorem.

THeOREM 3.15 [3]. Let A,B:X — X and let X be (A, B)-orbitally bounded and (A, B)-
orbitally complete D-metric space, and suppose that

(3.66)

p(Ax,By,2) < ¢ Max (p(x,y,Z),p(x,Ax,Z),p(y,By,Z),)

Bp(x,By,z),Bp(Ax, y,2)

for all x,y € X, z € O(A,B,x) UO(B, A, y), for some ¢ € ® and 5 € [0,1/3], where ¢ is
nondecreasing, ¢(t) < t, fort >0, and >.° | ¢"(t) < 0. Then A and B have a unique com-
mon fixed point.

Remark 3.16. 1f we take S = T = I in Theorem 3.12, the above result of [3] follows. Thus
Theorem 3.12 generalizes the result of [3] in the following senses.
(i) It does require the restriction of § as it is in [3].
(i) ¢ of the above theorem is not necessarily summable as it is required in [3].
(ii1) Domains of variables in the contraction have been curtailed to for all x € {x,,,} U
{yn} UG,y € {xann} Ulynt, 2=Ax,z=By,z € {ya}.

In [6], Rhoades has proved the following theorem.

TaEOREM 3.17 [6]. Let (X,p) be a complete D-metric space, let f be a self-map of X satis-
fying

_ p(x,¥,2),p(x, f%,2),p(y, f ¥, 2),
p(fx, fy,2) < ¢MaX( 0(%, £,2),p(f %, 712) ) (3.67)

forallx,y,z € X, for some ¢ € ©. Then f has a unique fixed point u and f is continuous at
u.

Remark 3.18. Theorems 3.9 and 3.12 generalize this result to four self-maps even with
restricted domains of variables x, y, and z in the contractive conditions and also with a
restricted domain of completeness.

Precisely, in the above result of [6], for some x; € X, choose sequence {x,} by x, =
f"xp, and {x,} is bounded. From Lemma 3.8, it follows that {x,} is a D-Cauchy sequence
in (X,p). As X is complete, x, — u(€ X). Taking x = y = x,,, z = z in (3.67), and letting
n — co, we get

(u,u,2) < p{p(u,u,2)} VzeX,
p ¢lp .} 6
<p(u,u,z) if p(u,u,z) >0,

which is not true. Hence p(u,u,z) = 0, for all z € X. Therefore u = z, for all z € X. Thus
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X = {u}, a singleton. Therefore the existence of fixed point of the self-map trivially holds
there.

Theorems 3.9 and 3.12 not only generalize the result of [6], they even improve it by
giving meaningful shape by restricting the domains of the variables x, y, and z suitably.

Note. In Example 3.7, the four noncontinuous self-maps satisfy all conditions of Theorem
3.12, that is, even each of (I), (II), and (III). Hence they have a unique common fixed
point at x = 0.

It is easy to see in Example 3.7 that A(X) < T'(X) and B(X) < S(X) and that the pairs
(A,S) and (B, T) are weak compatible and that (3.46) is satisfied.

4. Conclusions

From Theorems 3.9 and 3.12, we conclude that the existence of common fixed point of
two pairs of weak compatible self-maps in a D-metric space satisfying A-contraction of
three factors (or ¢-contraction of five factors) does not require
(i) continuity of any map A, B, S, or T}
(ii) limit weak compatibility of the pairs (A,S) and (B, T) (only weak compatibility
of them is enough);
(iii) completeness of orbit O4 (S, T : xp), that is, closure of each orbit for each x €
X (only the completeness of an orbit Osp(S,T : xp) at some point xo € X is
enough).

Note. If ¢-contraction or A-contraction is true for all x, y,z € X, then X becomes a sin-
gleton.

Finally, this paper opens a question to find a distinct implication of limit coinciden-
tally commuting property or of the continuity of maps in context of D-metric spaces.
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