BOUNDARY BEHAVIOR OF CAPILLARY SURFACES POSSIBLY
WITH EXTREMAL BOUNDARY ANGLES
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For solutions to the capillarity problem possibly with the boundary contact angle 6 being
0 and/or 7 in a relatively open portion of the boundary which is C?, we will show that if
the solution is locally bounded up to this portion of boundary, the trace of the solution
on this portion is piecewise Lipschitz continuous and the solution is Hélder continuous
up to the boundary, provided the prescribed mean curvature is bounded from above and
from below. In the case where 8 is not required to be bounded away from 7/2, 0, and 7,
and the mean curvature H(x, ;) belongs to L?(Q)) for some f, € R and p > n, under the
assumption that in a neighborhood of a relatively open portion of the boundary the so-
lution is of rotational symmetry, the trace of the solution on this portion of the boundary
is shown to be Holder continuous with exponent 1/x if n = 3 and with exponent 1/3 if
n=2.

1. Introduction

Given a domain Q) C R”, we are interested in regularity near the boundary 0Q for solu-
tions u € C?(Q)) of the mean curvature equation

divTu =H(x,u) onQ, (1.1)
subject to the “contact angle” boundary condition
Tu-v=cosf onodQ, (1.2)

for a piecewise continuous function 6 which takes its values in [0, 7], where

Du
1+ |Dul?

and v is the outward-pointing unit normal of 9Q). Thus, geometrically, we are looking for
a function u on Q whose graph has the prescribed mean curvature H and which meets
the cylinder over the boundary in the prescribed angle 6. The function H is assumed to

Tu= (1.3)
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3926  Boundary behavior of capillary surfaces
be locally Lipschitz continuous on Q x R satisfying the structural conditions

%—I;I(x,t)zo, forxe Q,teR. (1.4)

One of our main interests is in the case when 6 takes the value 0 and/or 7 in a relatively
open portion of dQ), at which the solution graph is required to meet the boundary cylin-
der vertically upward or downward; thus, when approaching this portion, the Euclidean
norm of the gradient becomes unbounded, which makes this case mathematically more
subtle than the case when 6 is bounded away from 0 and 7. We will show in this paper
that if this portion of 0Q is C? and if the prescribed mean curvature is bounded from
above and from below, then if the solution is bounded locally up to this portion of the
boundary, the trace of the solution on this portion is piecewise Lipschitz continuous and
the solution is Holder continuous up to the boundary.

For the regularity result, no a priori regularity is imposed at the boundary and write
the equation together with the contact angle boundary condition in the weak form as
follows: let ¥ be any C°(Q) function which coincides on 9Q) with the outward-pointing
unit normal of Q2 and let 8 : 0Q — [0, 7] be a given function which is measurable with
respect to (n — 1)-dimensional Hausdorff measure 9, -, on 0Q N B,. Suppose that

ue C(Q)nwhi(Q). (1.5)
We say u satisfies the contact angle problem

divTu=H(x,u) inQ,

Tu-v=cosf onoQ (1.6)

in the weak sense provided that
J (Tu-Dy+H(x,u)n)dx = L cos6-nd¥,-,, foreachne Wh(Q). (1.7)
Q Q

We will establish the following theorem.

MaIN THEOREM 1.1. Suppose 0 = 0 or 0 = 7 in a relatively open subset 0Q of 0Q and Q) C

R™ If oQ is C2 and if the prescribed mean curvature H(x,t) is locally Lipschitz continuous
on Q X R, satisfies (1.4), and is bounded in absolute value by a constant H,

|H(x,u)| <Hy, forxeQ. (1.8)

Let u € C*(Q) n WHH(Q) be a solution of (1.1) and (1.2) in the weak sense. Then the trace
of u on 0Q) is Lipschitz continuous with Lipschitz norm

(2”+6(n+1)+2)<3:")<1+2H*< sup  u-— infxo)u)-H*>, (1.9)

QNAg, (x0) QNAg (
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which is completely determined by Hy., n, and (supg, u — info u). Furthermore, u is Holder
continuous up to oQ) with exponent determined by the same set of quantities.

We notice that the last statement follows from [14].

Suppose that 0, 0Q) are of the rotational symmetry with respect to the same symmetry
axis. Furthermore, suppose that the same rotational symmetry of the function H(x,z) is
imposed on the first variable for every value of ¢.

We will establish in Section 4 the following, which is valid in particular in the case
where 0 is not required to be bounded away from 7/2, 0, and 7.

Mai~n THEOREM 1.2. Suppose that 0 is a relatively open subset of 0Q which is C%. Let
B = cos6. Suppose that, at xy € 09, we have ( (Bxo) = 0, and is Lipschitz continuous in 0Q
with Lipschitz constant L. Suppose that in a neighborhood U of 0Q in Q, the function ul
is of rotational symmetry, and suppose that the prescribed mean curvature H(x,t) is locally
Lipschitz continuous on Q X R, satisfies (1.4), and

H(x,t) € LP(Q), for some p, p > n, ty < u(x). (1.10)

Let u € C*2(Q) n WHL(Q) be a solution of (1.1) and (1.2) in the weak sense. Then the trace
of u on 0Q is Holder continuous with exponent 1/n. The Hélder norm is determined by n
and (supy u — info u), L, and H(xo).

2. Preliminaries

2.1. The following result is obtained by Korevaar and Simon in [8].

ProrosITION 2.1. Suppose that H(x,t) is locally Lipschitz in Q X R, satisfies (1.4), and

0H| <
ERDY

g—f' <A, forxeQ,zeR (2.1)

Suppose that u € C*(Q2 N B,) N WH1(Q N B,) satisfies

J (Tu-D11+H(x,u)17)dx=J cos@-nd¥#, ., foreachn e W(QnB,),
QnB, 0QNB,
(2.2)

with 6 = 0 on 9Q N B,. Suppose that 0Q N B, is of class C* and u is bounded locally up to
the boundary in Q N B,. Then,

Du,—1 —
*u= \/(ﬁ CO(Q N Bp/z) (2.3)



3928 Boundary behavior of capillary surfaces

and u satisfies the boundary condition in a classical way (i.e., (1.2) holds with 8 = 0 on
0Q N Byy). Furthermore, considered as a function on the graph of ulanp,,, T*u is Lipschitz
continuous. Furthermore,

(closure graph u) N (AN B,j) X R (2.4)

is contained in a properly embedded C-' submanifold of R™*!.

We notice that this result does not yield the regularity of the trace of the solution
obtained in this present work.

2.2. Simon and Spruck treat in [15] the case where Q is C*, 6 in (1.2) is C1* for some
0 < a< 1, and H(x,t) is strictly monotone in #:

inf a—lrj(x,t) > 0. (2.5)

In case 0 < 0 < 7, the existence of a solution u € C%(Q) of (1.1) and (1.2) is established in
[15]. In case 0 is allowed to take the values 0 and/or 7, setting

ST = {x:x € 0Q, 6 =0 in some neighborhood of x},
S; = {x:x €0Q, 6 =m in some neighborhood of x}, (2.6)
S ={x:x€0Q,0<0<m},

a function u € C2(Q U S,) is shown to exist in [15] which satisfies (1.1) in Q and satisfies
(1.2) on Sy; furthermore, u is Holder continuous at each point of ST U Sy, has a restriction
to 0Q which is Lipschitz continuous at each point of St U Sy, and (1.2) is satisfied on St
in the sense that

lim |Tu-v+1|dx=0, foreachU c QwithUnoQcC ST, (2.7)

e =0JUnQ,

assuming that Tu is extended to some boundary strip Q, with width € so that it is constant
along the normals to Q. This regularity result is obtained by first establishing estimates
of the tangential derivatives under the condition that |cosf| < y < 1 for some positive
constant y; in case 6 is constant in a neighborhood of the point under consideration, this
estimate of tangential derivatives is independent of y. This proves the Lipschitz continuity
of the trace of u on dQ), which yields Holder continuity of u together with [14, Theorem
2]. Estimates for the tangential derivatives are obtained by performing a transformation
of coordinates near the boundary analogously to that in [14], together with a subsequent
differentiation of (1.1), (1.2), and inserting (2.5) into the resultant identities. The disad-
vantage of these proofs is that H is supposed to satisfy the strict inequality (2.5) rather
than the less restrictive condition (1.4).



Fei-Tsen Liang 3929

2.3. In contrast, the following estimates for the boundary oscillation of u is established
n [10, Main Theorem III].

ProPOSITION 2.2. Let u € C*(Q) n WH'(Q) be a bounded solution to (1.1) and (1.2) in the
weak sense of (1.4). Suppose that for positive constants /5 ﬁ < 1 and a ball Br(xy) intersecting
the interior of Q, the function cos is continuous on 0Q N Br(xoy) and such that either of the
inequalities

B <cosf < E, —/§ > cosf = —/? (2.8)

holds for all x € 0Q N Br(xo), and such that

~x
A~

H*(x) = H(x,iiglﬂfu) e LP(Q), H (x)= H<x,4_rsal;pu) e LP(Q), (29)

H(x,0) € LY(Q).

Suppose 0Q) is piecewise Lipschitz continuous with possible outward and/or inward cusps.
Then the trace of u on 9Q) is Lipschitz continuous in 0Q N Br(xo) if 9Q N Br(xo) is either
C? or is the graph of a Lipschitz continuous function with Lipschitz constant L such that
ﬁ\/ 1+ L? < 1. The Lipschitz constant of the trace of u on dQ2 N BR(xO) depends only on H,

n, together with the constants [3 /3 and f‘Y{anBR(XU), where %anBR(xo is an upper bound for
the absolute value of the principal curvatures of 9Q N Br(xo) in case 9Q N Br(xo) is C? and

—~—

HoanBrte = V1+L? in case 0Q N Br(xo) is Lipschitz continuous with Lipschitz constant L.

We notice that (2.9) hold in particular if |H(x,t)| is bounded in Q x R.

This result is established by modifying the approach taken in [3, 4, 5], which is based
on the minimizing property satisfied by u and the following result due to Stampacchia
[16, Lemma 4.1].

LemMa 2.3 (Stampacchia). Suppose that ¢(t) is a nonnegative nondecreasing function de-
fined on R such that for some constant C, ko, and y, there holds

(h—k) - ¢(t) < C- [¢(k)]", foreach h >k = k. (2.10)

Then,
RO () < 2V0 YO 1 (2k0) YTV g()), iy < 1, (2.11)
d(ko+1) =0, ify>1, (2.12)

where
T=2"0"D.C. (ko). (2.13)

Let ¢(¢) be the area of the level set of a function nu, where 7 is a suitably chosen cut-
off function in a suitably chosen domain. The identity (2.12) is applied to prove [10,
Proposition 2], once the inequality (2.11) is shown to hold for some y > 1. To make this
feasible, the condition (2.8) is crucial. At neighborhoods of points where 8 = 0,7, or /2,
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the condition (2.8), however, is not satisfied. Main Theorem 1.1 treats the cases that 9 = 0
or 7 in a relatively open subset of Q). Main Theorem 1.2 treats the case that 6 = /2 ata
point of 0Q near which f is Lipschitz continuous.

The proof of Main Theorem 1.2 will be based on another modification of the tech-
nique used in [3, 4, 5]. The inequalities (2.10) will be shown to hold for some y; < 1,
i=0,1,..., iteratively with ¢ being the level set of some function #;u, where #; are suitably
chosen cut-off functions in some suitably chosen domains depending on i. Using (2.11),
the exponent y; will strictly increase as the number of times i of iteration increases. After a
finite number of times of iteration, the exponent becomes greater than 1 and the identity
(2.12) can be applied.

We will obtain the inequality (4.32) below. In order to estimate the third and last terms
on the right-hand side of (4.32), we have to control the size of the level set of the function
n;iu. For this purpose, we impose the restrictions that (), 8, and hence u are of the same
rotational symmetry. The rotational symmetry of Q enables us to choose #; to be of the
same rotational symmetry, and hence control the size of the level set of the function #;u.
In order to estimate the fifth and sixth terms on the right-hand side of (4.32), we impose
the restriction that S(xo) = 0 and S is Lipschitz continuous in a neighborhood of x, or
oQ.

2.4. As for the regularity near the boundary, the following result is established in [11] in
which the region A, (%), for small positive number , is chosen as follows. Namely, setting

Q) = {x:x € Q, dist(x,0Q) =t} fort>0, (2.14)

we let the boundary 9(Q N A, (X)) be made up of three parts:

(02N A, (X)) U (074, (%)) U (0"% A, (X)), (2.15)

such that

0*A,(X) C 0*Qy, 0**A,(X) = (0A,(X) N Q) \ 0% Q,,

(2.16)
Dd - vana,&)lor+a,@) = 0,
where we let von4,(z) be the unit outward normal to d(Q N A, (%)); furthermore,
diam (0Q N A, (X)) <r, diam (0*A, (%)) <7, (2.17)

and 0Q N A,(X) and 0*A, () include balls of radius (r/2)""! centered, respectively, at X
and a point at distance r from X. We established in [11] the following proposition.
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PropPOSITION 2.4. Let u € C2(Q) n WHH(Q) be a solution to (1.1) and (1.2) in the weak
sense. Let |H(x,t)| be bounded by the constant H, in Q X R. Suppose that for a point xo €

0Q), there exist positive constants ﬁ, B < 1, and a sufficiently small positive number & such
that one of the inequalities in (2.8) holds for x € 0Q N As,(xo). Suppose that 8 is so small
that 0Q N As,(xo) is of class C*. Then u is Lipschitz continuous in Q N As,(xo) up to the
boundary; for each positive number , the Lipschitz norm of u in Q N A, (xo) is determined

by 1, H, 1, B, By Hyord oy and |1Q; here Haanas () s an upper bound for the absolute

5 (%0)”

value of the principal curvatures of 9Q N As, (xo).

2.5. The main part of [11] is devoted to estimating the L!-norm of u which begins with
writing (1.1) and (1.2) in weak form (1.7) in which the assumed boundedness of |u|
allows us to take the test function to be (u(x) —infqu) or (sup,u — u(x)). The resul-
tant inequalities suggest to us to restrict u to a small region QO N A of the type indicated
in the beginning of [11, Section 3], which is analogous to that of A,(x,) above. In [11,
Section 4], a modified version of Sobolev inequality is applied to obtain estimates of
Jana,, (x0) (SUP QA (1) ¥ — U(x))dx and Janag, (xo) ((x) = infanag, (x,) #)dx. In order to ap-
ply this modified version of Sobolev inequality, we have to apply the condition (2.8) to
treat the boundary integrals fa**A,;(, (x0) (SUPQ A4y, (o) # — #(x))dH, -1 and Ja**Aao(xo) (u(x) -
infonag, (x) #)d#,-1. At neighborhoods of points where 6 = 0,7, or /2, the condition
(2.8), however, is not satisfied.

The proof of Proposition 2.4 is based on a modification of the reasoning by Giusti
[7, pages 312-313], which leads to estimates for the oscillation of u in terms of the L'-
norm of u, under the conditions that either the subgraph of u or the complement of
the subgraph of u includes a large portion of a sufficiently small cylinder-type region
around u(xp), xo € dQ. Such conditions are proved in [7, Theorem 3.2] to be fulfilled by
capillary surfaces with boundary contact angle bounded away from 0 or 7. In order to
prove Main Theorem 1.1, we will rephrase this result in [7] as Theorem 3.1 below.

3. Proof of Main Theorem 1.1

3.1. Estimates of the oscillation of u in terms of the L!-norm of u.

3.1.1. Equation (1.1) is the Euler equation of the functional

F . (v) = JQN/H \Dvlzdx+nJQJOVH(x,t)dtdx, (3.1)

and corresponding to the capillarity problem with boundary contact angle 6 is the prob-
lem of minimizing the functional

F =T+ | (cosOvdit s (3.2)
20
among all v € BV(Q).
Miranda [13] introduced the notion of generalized solutions for the minimal surface
equation. Giusti [6, 7] used the analogous notion of generalized solutions for the mean
curvature equation. The idea of generalized solutions originates from the observation that
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a function u: Q — R is a solution of (1.1) if and only if its subgraph
U={(x,t) € QOXR, t<u(x)} (3.3)
minimizes the functional

Fo(U) = ng Do | + JQXRH¢dedt (3.4)

locally in Q X R, in the sense that for every V coinciding with U outside some compact
set K € QO x R, we have

JK Do | + JK Houdxdt < JK D¢y | + L{ Heydxdt; (3.5)

here and in the following, ¢v is the characteristic function of the set V:

1 if (x,t) € V,
pv(ot) = {o i (ot ¢ V. (3.6)

Moreover, a function u € BV(Q) minimizes & in Q if and only if its subgraph minimizes
the functional

F(U) = Lm« Dy | + L)XRHqSdedt n LQXR(COS 0)puddt,. (3.7)

Minimization is here to be understood in the following sense: for T' > 0, set

Q=Qx[-T,T],
8Q =30 x [~ T, T}, (3:8)
and for U C Q,
Fr(U) = J | Déu | +J H¢dedt+J (cos0)pudJe,. (3.9)
Qr Qr 8Qr
We say that U minimizes Fr in Qr if
Fr(U) < Fr(S) (3.10)

for every Caccioppoli set S C Qr. We say that U minimizes F in Q X R if U minimizes
Fr in Qr for every T > 0. A function u: Q — [—o0,00] is called a generalized solution of
(1.1) in Q if its subgraph U minimizes the functional F locally in Q x R. A function
u:Q — [—oo,00] is called a generalized solution of the functional F if its subgraph U
minimizes the functional F in Q X R.
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A generalized solution can take the values +co on sets of positive measure. However, a
locally bounded generalized solution u(x) is a classical solution of (1.1) in Q. A bounded
generalized solution of the functional & is a solution of (1.1) and (1.2) in the weak sense.
Thus, by the uniqueness (up to an additive constant) of the weak solution of (1.1) and
(1.2) in the sense (1.7) (cf. [2, Theorems 7.6 and 7.9]), each weak solution of (1.1) and
(1.2) in the sense (1.7) is a generalized solution of the functional %..

Let u be a weak solution to (1.1) and (1.2) in the sense (1.4). For points z = (%,1) €
Q x R, we now consider the sets

—{(x,t) |u(x) —u@)| <e 0<t—u(X)<el}, G
(Nfg_( )t u(x) —ulx)] <& 0<ulx)—t<e}, A1)

and let
U@ =uncCHz), U;3=UnC;(2). (3.12)

Based on the minimizing property of the subgraph of the function u, the following result
can be established, whose proof is essentially identical with that of corresponding results
in [7].

THEOREM 3.1. Let u be a weak solution to (1.1) and (1.2) in the sense (1.7). Let U be the
subgraph of u. Suppose that there exists a constant y, 0 < y < 1, such that there holds either

B(x) = -9, VxeaQnC:(z), (3.13)

or

B(x) <9, VxeoQnCz(z). (3.14)

Suppose further that for some constant y with uy < 1 and Cq depending only on Q, an
inequality

J vdxsyj |DV|dX+CQJ [v|dx (3.15)
20 Q Q

holds for all v € BV(Q). If

|U(2)| >0, Ve>0, (3.16)
then there exist positive constants Ty and oy determined by n, infaxr H, 9, I s0nE Gy Ro,
and the geometry of Q such that

d N A n/(n+1)
%|U£(z)|zo¢*-(n+l | U=2)]| , (3.17)

and hence

n+l

|UZ(2)| > ase™!, foreverye <Ts. (3.18)
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The value of oy can be specified as

1-y
-y 3.19
T 16(n+ Dkor) (3.19)

with k(41 being the constant for the isoperimetric inequality in R™*!.

We notice that Giusti in [7, Lemma 1.1] establishes (3.15) for 4 = 1 in the case that
0Q e C2.

We also notice that an inequality of the form (3.15) appears first by Emmer in [1]
with p = /1 + L? for any Lipschitz domain with Lipschitz constant L. By Finn [2, pages
141-143], this result is extended to include domains in which one or more corners with
inward opening angle appear.

3.1.2. The result in Theorem 3.1 is connected with the following estimates of u(x) —
u(xo) in terms of the measure of an associated level set.
Forxo€Q, T € R, T >0, let us set

~

Ar(xo) = {x:x € Q, ulx) —u(xo) < T}, (3.20)

and set Zy = (xo,u(xp)). Under the assumption that there exists a constant J, 0 <y < 1,
such that (3.13) holds, by Theorem 3.1 there exist positive constants T« and «. such that

| Ut (20) | >axe™!  forevery e < Ty, whenever | U (2,)] >0 for every e >0. (3.21)

Since u € C°(Q)), we have IINJ;E(EO)I <T- IK}(xo) [, from which and using (3.21), we ob-
tain

1/n
T < (ai|g}(xo)|) , forT <T,. (3.22)

*

Analogously, forxo € Qand T € R, T >0, let us set

~

A7 (x) = {x:x€Q, u(xy) —u(x) < T} (3.23)

Under the assumption that there exists a constant )A/, 0< )A/ < 1, such that (3.14) holds, by
Theorem 3.1 there exist positive constants Ty and a4 such that

| lNJ; (2o) | > axe™!, foreverye < Ty, whenever | IN]Q (z0) | >0 for every e >0,
(3.24)

holds. We have analogously

1/n
Ts(i|X;(x0)|> , for T < Ts. (3.25)

Kk
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3.2. The Lipschitz continuity of the trace on the boundary: Proof of MainTheorem 1.1.
Assume that there exists a nonnegative constant Hy such that

|H(x,t)| <Hy, forxeQ,teR. (3.26)

Analogously to [11, Section 4], we restrict our consideration to a small region Q N As, (xo)
of the type indicated in the beginning of Section 2.4, for some positive number §;.
Let

0- (2N Ag,(x0)) = (A(Q N Ag, (x0)) \ 9%* A, (x0)) N {x: Barag () <O},

(3.27)
a+ (Q N A5n (xo)) = (a(Q N A50 (Xo)) \ a**Aao (Xo)) N {X : ﬁQﬂAﬁo(xo) > O}’
and let
ti~ = inf  u—u(x), = su u—u(x). 3.28
A= e (x0) A ai(mAE)(xQ)) (x0) (3.28)
Let us set
(QnAg, (xo))+ ={x:x€QnAs, (%), ulx) —u(xo) > t1"},
(3.29)

(QNAs (%)) = {x:x€QnAg (), ulx) —ulxo) <57}

3.2.1. We notice that the following result holds when 8 = 0 or 6 = 7 on a portion of 0Q).

LeEmMMA 3.2. Suppose that B(x) = 1 or f(x) = —1 on 9Q N A, (xo). For 8y sufficiently small,
(QNAs(x0))* and (Q N As,(x0))~ are disjoint; in particular, d((Q N As,(x0))*) does not
intersects 0+ (Q N As, (x0)).

Proof. Since u is assumed to be bounded up to the boundary, [10, Theorem 1] assures
us that u € HY!(Q). From this and the fact that the restriction u|g\q, is a minimizing
function of the functional

J(u) = JQ\QE\H + |Du|?dx + L

with v, being the unit outward normal to Q),, we are allowed to set # = 1 in the identities

Hudx+J (Tu-va,)ud¥,_1, (3.30)

0:NQ 0Q:.NQ

Du
————— - Dnd JH- d =J -nd#,_1, 3.31
JQ\/1+|DU|2 axE Q ax aaﬁ 1 ! ( )

Du
e Dyl [ Hedx= [ (Tuon) qdi s 02
me e Q\Q, e BQS\BQ( uevo,) -1 1 (3.32)
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here Q. = {x:x € Q, dist(x,0Q) < ¢} for sufficiently small €. Subtracting (3.32) (with
n =1) from (3.31) (with # = 1), we obtain

J de=j ﬁd%n,l—J (Tu - vo,)d%, . (3.33)
Q. 0Q 0Q

Since the left-hand side of the last identity approaches zero as € — 0, a subsequence
can be extracted from the sequence {Tu - vo (x + Dd)} with d(x) = dist(x,09Q), which
approaches f3(x) for almost every x € dQ) as ¢ — 0. Under the assumption |B(x)| =1
on dQ N A(xy), this, together with the interior regularity of u, yields that for each &,
0 < &y < 1, if §y is sufficiently small, then

1-4,
> 5 (3.34)

| Tu - v,

for x € 0Q, N Q, € < §. Thus, if B =1 on 9Q N As,(xo) and Jy is sufficiently small, the
level set {x:x € QN As (x0), u(x) =t~} intersects Q) at the angle 0 and stays almost
parallel to 0Q and the level set {x : x € QO N A, (x0), u(x) = t;} intersects dAs, (xp) N Q at
the angle 0 and stays almost parallel to dAs, (xo N Q). Thus, if = —1 on 9Q N A, (x0) and
Jy is sufficiently small, the level set {x:x € QN Ag,(x0), u(x) = t,"} intersects 0Q) at the
angle 0 and stays almost parallel to dQ) and the level set {x:x € QN A, (x0), u(x) =t}
intersects 0As, (xo) N Q at the angle 0 and stays almost parallel to 0As, (xo N Q). From this,
follows Lemma 3.2. O

3.2.2. Proof of Main Theorem 1.1. Consider a point xy € 0Q2 with 0(xy) = 0 and choose
0o sufficiently small such that 6 = 0 on dQ N Bs, (xp). Choose the boundary strip A, (xo)
adjacent to dQ2 N Bs,(xo) to be of width & and to be of the type indicated above. By the
choice of A, (xo), we have

[(QNnAs (x0)" | < [QnAs (x0) | < (280)". (3.35)

The fact that = 0 on dQ N A(xp) and Lemma 3.2 allow us to set y = —1/2 in (3.19)
and (3.22) with T =t~ and K}(xo) = (Q N A, (x))*. Inserting (3.35) into (3.22), we
establish Main Theorem 1.1 in case 6 = 7 near x.

In case @ = 7 in a portion of dQ), consider a point xy € Q) with 6(xy) = 7w and choose
0o sufficiently small such that 8 = w on 0Q N By, (xo). Choose the boundary strip As, (xo)
adjacent to Q) N Bs,(x0) to be of width &y and to be of the type indicated above. We have

[(QNAs (x0)) | < | QN As, (x0)] < (280)". (3.36)

The fact that 8 = 7 on dQ N A(x) and Lemma 3.2 allow us to set y = 1/2 in (3.19) and
(3.25) with T = t,* and K}(xo) = (Q N As,(x0))". Inserting (3.36) into (3.25), we estab-
lish Main Theorem 1.1 in case 8 = 0 near x.
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4. Proof of Main Theorem 1.2

Let u be a bounded solution to (1.1) subject to the “contact angle” boundary condition
(1.2). Choose a point xy € 0Q. Let €, be the level set of u through x,. Since || is bounded
away from 1, the level set €, divides Q) into two components ; and (), in which the
respective inequalities u(x) > u(xo) and u(x) < u(xp) are valid at points near to €.

We choose, for sufficiently small £y, the set &ﬂfo (xo) for 0 < & < 1 as follows. Namely,
setting d(x) = dist(x,€,,) for x € Q and letting

0'Q = {x:x € Q, dist (x,&,,) =t} fort>0, (4.1)
we let the boundary 8&&‘?0 (x0) be made up of five parts, namely,

93l (x0) = (8f 5, (x0)) U (85 5, (x0)) L (9F 5, (x0) )

(4.2)
U (95* sl (x0)) U (9554 (x0) )
such that
oF A2 (xo) C €y,
352 (x0) c 9™ Q)
oF* 2 (x0) C QY (4.3)

03 * 9 (x0) C {x:x € Q, dist (x,07* A (x0)) = to},

diam (37* 542 (x0)) < (1) °,  diam (3} 42 (x0)) = o,

and 97 * sl : (x0), 8*5@0 (x0) include (n — 1)-dimensional balls of the respective radii
(to)'~ 5/2 t0/2 and

30" < [0t () | = ()",
1, (1) (n-1) (44
n—1 n—1
E(fo) < |of sl (xo) | < (o)™ .

Furthermore, 8;"*&4 (x0) consists of c, components of (n — 1)-dimensional surfaces
which together with oF oA o (x0), 05 AL o (x0), Of * 0  (x0), 05 oAy, 9 (xo) enclose the connected
n-dimensional region &Qfo (x0) such that

05% 548 (x0) | < 2 (10) " V"2, (4.5)

here ¢, is a constant depending only on 7.
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Let 70 be a smooth function on Q such that

O<no=1,
fo(x) =1 forxe &ﬁg/z(xo),
Ho(x) =0 for x € 35 48, 4 (x0), (4.6)
1 1-6 1 1-68
4<E> < | Do | SNE(E) , forx e s, (x0) \ A4S, (x0).

Let k be a number greater than max(u(xo), t,0). We set
ur = (1 —no)u+min (nou,k). (4.7)
Then, u belongs to BV(Q)) and from the minimizing property of u, we know that setting
Ao (k,n0) = {x:x € ALy (x0) NQ, Hou >k}, (4.8)
the restriction u/,(x,4,) is a capillary surface such that

Ji(u) < Jie(uk), (4.9)

where for v € C1(Q), we set

Jk(v) J \/1+|Dv|2dx+J
Ao ( kﬂo

v
J H(x, £)dt dx
Ao (k, f70)

(T - Vst ) v Ao +J Bvddt,_,

gl
0ty (e, )\ 9T * S 4 (x0) sty (k,m0) NIT* S/ (x0)
(4.10)

where Vg, (k) is the unit outward normal to sl (k, #79) and we set (f)~ = min(f,0) for all
real-valued functions f. Assume for a moment that u is smooth, we obtain analogously
to [9, equation (1.8)] that

J \/1+|Du|2dx+J JHx, £ dtdx
Ao (k,no) ko)

< 1+ [D[(1- ax+ | — k),
<[ DL s [l k)dit

K10)N07 543,74 (x0)
Dno - v)
By (qu — K)d,_, - J (Do - v0)

y——no )
dsto(kmo) /1442 | Do |

+ j_ A%,
W()(k,ﬂn)ﬂag *&428/4 (x0)
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2 2
< 1+ (1- |Du|2dx+J \1+u?|D dx
Lﬁo(kﬂo)\/ ( ’10) Ao (k | 7]0|

o(k10)
Dy - -
7J‘ u(rloivo)z d%n71
aslollom) 31+ 12| Drp |
" — 1) (ou — k)%,
Im”ag*ﬁim(m)ﬁl (1o = 1) (o — k) 1

+ -1 u—k)d#,_.,
L%(ic,qu)marsdgmxn)ﬁ(ﬂo ) (nou =) dFo

(4.11)

where we set 9 * 3,4 (x0) = 95 * A3/ (x0) U 05 * A3 4 (x0) and By = Tu - vys (), With
Vel (x) DeINg the unit outward normal to A, 4 (x0) and vy is the unit outward normal to
Ao (k, 110)»

Setting w = max(#ou — k,0), this and the monotonicity condition on H in (1.4) yield,
analogously to [9, equation (1.10)],

[ ipwldxs [ s
Ao (ko) Ao (ko)

<2|slo(k,no) | +2(

Do - )~
sup |Dnpo| J udx—J uM d¥,
sl (x0) slo (ko) ocko(kimo) \[14u2 | Do |

Iﬂﬂwd%m4+J BlwdI,_1,

Ao (k;110) N7 434 (x0)

Jiﬂ k 9 \ﬂ; 4 (X
of :’]0) 0* 'fse/( )

where H;, = H(x,ty). From the modified version of Sobolev inequality in [12, Theorem
6.5.7], the monotonicity condition on H in (1.4), the condition (1.10) and Holder’s in-
equality, we obtain

Wy —n)/n
[(7) - ||Hto||LP(Q) - [ Ao (ks 70) |(p ) p] Wz (st (o)

32|&io(k,ﬂo)|+2( sup |D’7°|> 'Lq (M)udx

ﬂgsm(xo)

_ZI M<D’7°'v02) s, . (4.13)
oA (k,1o) A 1+u2|D;10~

+2 1 ( ou—k)d% -1
mo<k,no>nan**m§£/4<xo>|ﬁ (1 "

+J_ 1B (o — K)dF,,
Tolono) NaT* st (x0) Blln !
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for ny = n/(n — 1) and then, analogously to [9, equation (1.11)], we have
(h—k) - | o (h,no) |

<2Go| sbo (ko) | +2Co | sup | Do '|&Qo(k,ﬂo)|l/n'J udx
ASesa(x0) Ao (k;10)

-2GCo- |$40(k>'10)|1/n'J

u (Dﬂoi'voz) d¥,
9o (k,mo) A1+ uz |D’10 |

+2Co - | sl (ko) |7 - Ui |B1 | (o — k)ddt,—

Ao (s110) N3G * 34 (x0)

+ —K)d%, ]
J Mo * sl (x0) |ﬁ|(’70u ) !

Ao (ko)
(4.14)
for each h > k > max(u(xy), ty,0), where
-1
n Wy —n)/n
Co=2( 1) < [(2) ~ Wl 18|77 L @)
with ¢ being so small that
—n)/n 1(w,
H Ly - |8 ) |77 < 2 (22), (416)
Setting, for i € NU {0}, & = 'i+2(£/2i), and
0<ni<1,
ni(x) =1 forxe sl (x),
ni(x) =0 forxe afﬂfi (x0), (4.17)

1-4 1-8
2”2(%) < | Dnpol szf“ﬁ(%) , forx € ol (x0) \ A (x0).

and letting

Ai(k,n;i) = {x:x € Ag (x0), niu >k} (4.18)
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we can, analogously to [9, equation (1.13)], derive the following inequality in case € is so
small that (4.16) and (4.5) hold, namely,

(h=k) - |di(h,n) |

<2GCo| Ai(k,mi) | 1+1/n +2C, ( sup |Dn; |) oA (k, i) | n, J udx

2. (x0) Aik,n)
n (DT],"V;‘)7
~2Cy - | sti(kmi) | J u——r=di,
oskitkm) 1+ | Dr; |
+2C - .ﬂi k, i l/n.|:j i— i -k d%nf
o | sdi(k,mi) | 7&4i(k,nf)03§*A5,(xo)|/3 1| (piu—k) |
¥ = R)d3 1 |
jﬂmmmw 1B1 (it — k) d¥

(4.19)

where 9§ * A, (x0) = 05 * A, (x0) U 05 A, (x0) and fiy = Tu - VA, (x)> With v4, being the
unit outward normal to A, (xo) and ; is the unit outward normal to &Q‘;fl (x0).

4.1. We will apply Lemma 2.3 stated in Section 2.3. We will adapt the iteration proce-
dure on [4, pages 178-179] or [9] to increase the exponent in (4.19) so that (2.12) can
be applied. Namely, we firstly let (u#)" = max(u#,0) and conclude by (4.14) and (2.11)
that

(um)" € LT (3,5 (x0)), (4.20)

for any qo, 1 < qo < n/(n—1) and that

+ <29t |, - D J d
||(W71) qu< 0 sup | ;71| &il(k,m)u *

Sﬁ%/s (x0)

e J u—k)d¥,_
’ sy (ko) N3 * 3,5 (x0) |ﬁ2 | (7']1 ) 1

+Co [_
Sy (k) N0 * A, (x0)
(Dypy -m1)

D)
oshitem) |1+ 42 | Dy |

+Co - | Ay (kym1) | +max (u(x0),20,0) - |y (k1) | 1/q0>)

- Co d%n—l

(4.21)
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where 0f* 9, 5(x0) = 05 * S, 5(x0) U 05 * S, 5(x0). Since #1 = 1 in sdo(k,n) C
A, 4 (x0), we obtain from Holder’s inequality that

L%(km)“dx <[ (un) "Il - 15 (korpo) |71 (4.22)

Inserting the previous two inequalities into (4.14), we obtain, analogously to [9, equation
(1.15)],

(h—=k) - |so(h,no) |

<2C - |ﬂ0(k,f70) |1+1/n+2C0. ( sup !Dﬂ0|)

91(32/4 (x0)

-1 Co - sup |D;71|)J wdx
{ (3@5/8()‘0) Ay (ko)

+C0J7 o (11t — K)d6,
wl(k,mmag*wésm(m)w [(n !

+Co J_
Ay (o) N7 * 9,5 (x0)
(D1 -m1)~

0 U
oy (k1) A1+ uz |D;/]1 |

+max (u(xo),t0,0) - | 1 (k,m1) | l/qo} - [ Ao (k,10) | 1-(1/qo)+(1/n)

d%n—l +C0 . |&Ql (k>]71) |

+2C0|ﬂo(kaﬂo)|l/n[ : |B1| (ou—k)d¥,

J Ao(ko) 95 * s34 (x0

+J 1Bl (o1t — k) d¥,_,
Ao (ko110) N0 * 3,4 (x0) Al "

2 Y|
oo (k,10) W

(4.23)

Setting (u#,)* = max(u#,,0), we derive, analogously to [9, equation (1.16.1)],

n
(un2)+ eLn (df55/16(x0)), forany q1, 1<q1 < ——, (4.24)
n—2
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and also

(h—k) - [sdo(h,no) | <2Cp - |3go(k,’70)|1+1/n+2q°+q1+2C0' ( sup |D’10|)

&q‘gs/zt (x0)

X{( sup |D’72|)'[Co-( sup |D’13|)'I udx
Asens(x0) A /32 (x0) Az (k.n2)

+C0'J | 4|(3M—k)d%71
&ﬁ3(k,f13)ﬁ33‘*.9ﬁ§1£/32(x0) ﬁ 1 !

+C| | Bl (131 = k)dd, -
A3 (k13) N0 * )32 (%0)

(Dns - v3)

B G E R Vi
053 (k,1p3) \/WDl’]ﬂ2

+Co- | s (kuna) | +mas (u(x0) o 10,0) - | (ko) | /}

- C() d%nfl

+Co | Ay (k,n2) | Vot [ ) | B3 | (n2u — k)d3,

Jiﬂl(k»m)nag*&q?s;/m(xo

+J— s |B| (nau—k)d¥,

«%Z(kyﬂz)ﬂai‘*«%lfsg/m(xo)

(D}’Iz . 1/2) d%n1:|

_COI U
0k (k) |1+ u2 | Dy, |

+Co - | st (ko) |V

+max (u(x0),,0) - | 2 (k,72) | l/ql} - | Ao (k,n0) | 1-(1/q1)+(1/n)

+Co|&ﬂo(k,no)|1/"[ |B1 | (ou — k)ddt,—

[ﬂo(k;ﬂo)ﬁag * ley (x0)

+J7 181 (nou — k) dH
Ao (;110) N0 * 534 (x0) ’

(Do - )

0 1472
asto(kno) |1+ 1,2 | Dryo |

-C d%n—l:| >
(4.25)

for each h > k > max(u(x),,0) and 1 < q; < n/(n—2).
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4.2. We continue the process of iteration so that the exponent of | (k,#o)]| is increased
by a number 1/(g, — 1) — 1/g: at each step,

1 1\ n
1<qm<[17;7<17qm_1)] <n—(m+1)’ (4.26)

and g, can be arbitrarily close to n/(n— (m+1)). After ng + 1 steps, 1 < ng < n— 1, the
exponent of | (k,7o)| increased to become greater than 1. That is, setting, for 1 <m <
no,

Pm=( sup IDrio|) ( sup IDrinoﬂI) ( sup |D11n0+z|)
A4 (x0) ey 41 (%) ey 12 (%0)

) ( sup |DT’]n0+m |) ) ( sup |Drlflo+m+1 |> > (427)
Aepgem (%0) A (x0)

Eng+m+1

POZ( sup |Dl’]0|>, P71=1,

Al (x0)

and letting

no—1
C = Z (CO)um (CO | &4n0+m+1 (k> 77n0+m+1) | 1/‘1n0—m72
m=-1

(4.28)
+max (”(xo), to, 0) | (ﬂn0+m+1 (k, ’7710+m+1) | Va1 ),
with g_; = 1, we finally arrive at, analogously to [9, equation (1.19)],
(h=k) - | o (o) | <2 slo (kyrgo) | """ +25m |l (ky o) 170701
no—1
’ |:(C0)nopn0 udx + Z (CO)um ) |‘%n0+m (k)’/ln0+m) |1/qnnim*2_1
HAang—1(k12ng-1) —

: u—k)dat,
(Lw(k,nwmag*wem(xo> B | Uttt = K)o

+ |3 u—k)d#,_
Ldnw<k,nn()+m>maz‘*&4£m+m(xO) Bl Uttt = k)43
o Dt - Vg (%)) d%nl) N C}

~G J :
astugsn o) A1+ 42| Difyom |
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+2Co - | st (ko) |- [ |B1 | (ou —k)ddt,—

I Ao (k,10) N3 * sS4 (x0)

+J 1Bl (ot — k) dF
Ao (koto) N9 * A3/ (x0) "

Dn - N
G, u(WO'%)Zd%;I},
a.ﬂg(k,ﬂo) A 1 + uz |D’10 |
(4.29)
for each h > k > max(u(xo), to,0), where
(1_<L>>+121 for 1 < m < ny, (4.30)
qng n

and &,, = 3, (¢/2) and C,, = 290*0+"*4n-1+d ' We may assume without loss of gener-
ality that

u(X()) =0, th < 0. (4.31)
Thus, setting Co=2+ ((1/n) +(1/gn,)) "+ Co, we obtain from this, (4.6), and (2.12) that

sup u—u(xp) < 260G, - | Ao (k,70) | 4 26C. | o (k, 7o) |(1/n)7(1/q"°)
&qf/z(xO)

+260C0 (Ja&& . MM d%n—l) |.qu,0(k,;70) | 1/n—1
o(k10)

\/1+u2|D110|2

+260 . (Co)"™ < Py - | sup u— inf u |- | sy (ko) | Va0
Ai(xy)  Ax0)

ng—l
+2C0 . Z (Co)" Py, - ( sup u— inf u) [log*sdl (x0) | + |3T*&ﬁfm (x0) ]

m=—1 A2 (x0) A2 (x0)

) |ﬂm(k, ﬂm) |(l/qnn—m—z)_1+(1/")_(1/Qn0)

+250c0< )|[31|(;10u—k)d?/f,H

J Ao(ko) N5 * s34 (x0

WHmu—Hd%nJIﬂdhmHVWI

|

+ J
Ao (ksm10) N0 * 34 (x0)

ng—l
+2G . Z (Co)um- [

m=—1

(Dﬂm ' 1’m)_
U——oo—d#,
me(k,qm) TRE

. |ﬂm(kﬂ7m) |(l/qngfmfz)—1+(1/n)—(1/%0)’

(4.32)

analogously to [9, equation (1.22)].
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4.3. In view of the choice of &ﬁfm (x0) and #,,, we have
| Ao (ko) | < €7D0 =1,2,...,ny,

|0f* 2 (xo) | <" VU= m=1,2,...,m, i=1,2,

|8§“*&ﬁf§m (x0) | < 2c,e" =200 4y = 1,2, mg,

Pm < 2(2/3)(m+1)m . 8—(m+1)(1—8)‘

(4.33)

Moreover, it is easy to see that 19 can be chosen to be n — 1 and g, 0 < m < ny — 1, can
be chosen to be arbitrarily close to the number n/(n— (m+1)) and g,, can be chosen
arbitrarily large; that is, for each positive number &, we can choose g, 0 <m < ng — 1,
such that

1 n—(m+1) o 1

I -& — == (4.34)
m n qny

With such a choice of ny and g, 0 < m < ny, we have

P, - |$ﬁ§ (xO) | 1=(1/gny ) +(1/n) < 26,, . £(n+1)5/,,_g,

no—l

> (Co)" P - (10572 (x0) | + |97+ AL () |) - | o () | /o) /M= (W)

Em
m=-—1

<2Gi .y, (CO)”O A (85/nfs~+£(n+1)5/n—§),

C- [t (xg) | <260 (g 1) 1O
(4.35)

where C, = 32)n(n—1)+2.
Inserting these into (4.32), we obtain

sup u— inf u| < 2C . Co - el ((n=DI/m=E 4 2C (7). (C())rhl . glHom=¢
A (x0) s (x0)

+26 - (Co)" - | sup u— inf u |- (ne¥nE 4 gV/nE glnrI/n-E)
M) )

+26 ()" sup u— inf u
stix) )

i [(8)(1—n)+(n—1)26/n | a&go(k’”o) | +£(n—1)8/n—5| aﬂm(k’”m) | ]

#2060y ety (kmo) | | ~ k)dt,
o~ o (ksmo) | Mmar*w§5/4<xo>|ﬁ|(mu )dH-1

#2000 o [ sto (ko) |- | B s = K) 38,1,

&4<)(k,nu)ﬂa§*&4§e/4(x(>)
(4.36)

where C, = 5+ (3n%/2) + 3" % (n/(n — (m+1))).
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In view of the rotational symmetry of Q) and u, we choose #,, to be of the same rota-
tional symmetry so that the level sets of #,,u are of the same rotational symmetry. Hence,
0A 1 (k, 1) consists of 0* &ﬁfmfl , and another region which is parallel to 0* ‘szdfmf1 , together
with some other portion of 9, (xg) C 0* 48 . Hence,

|05 (ks 1) | < 26" 1 +267D1=0) 4 o gn=1)=(n=2)5 (4.37)

4.4. To estimate the last terms in (4.36), we observe that

o 1 ( Ou—k)d% —1
Jﬁo(k,nu)maé*w§£/4(xu)|ﬁ | 1 §

1B (o O]

1 ( ou—k)d% —1
ol nas* st 4 (x0) Bl (n "

Jﬂ()(k,n(>)ﬁa§*%§e/4 (%0

u—k)di,_
L%(ic,qn)ma;*&@m(xn) |11 o "

<| sup u— inf u |03 * sl 4 (x0) | <2 sup u— inf u cpetn~D=n-2)3,
Ad(xy) S0 Ao(xp)  Sx0)

(4.38)
Hence,
Ao (k, 1/"’1-J u—k)d¥#,  <2| sup u— inf u|c,e¥™,
| o ko) oI35 4 (x0) 1B o = k)t iy )
(4.39)

and setting 77 = 1 in (1.7) with Q replaced by 543, , (xo), we obtain

o | 1|(0u—k)d?f’€,1
I&«O(k,qo)na;f*sdgs/4(xo) /3 g g

(4.40)
< (sup u— inf u) J S | 1| d¥n-1,

AL (x0) Al (x0) Ao (k,110) N3 3,4 (x0)
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in which

o | B1]|d¥n-s
Lo(k,m)ma;*s@mm) P !

sj 5 de+J 5 |ﬁ1|d%n_1+J 1Bl
-9Q35/4(x0) &Qo(k,ﬂo)ﬁaﬁ&ﬁkm(xo) Wo(k,ﬂo)maf*ﬂsg/ﬂxo)

|B1|d¥,

< sup [H||sl8yy(x0) | +

Ay (x0) Jmﬁa; * S (x0)

T
xﬂ()(k,ﬂn)ﬁaf*&ﬁgm(xo)

< sup IHIs”*(”*l)‘S+26ne(”*1)’(”*2)5+J IB1dH,1,
2,4 (x0) Ao (ko) NI 434 (x0)
1Bl (ou — k)dd,,—,
L«o(k,no)mar*mmxo) Fltn !
< | sup u— inf u J Bl dH,—1,
A9 (x0) AL (x0) o (k,110)N 97 * 34 (o)
(4.41)
in which
| Bl < sup 1B A () < sup It D0,
() 00T ™ 54 (x0) 3 * sl (x0) O s (x0)
(4.42)
Hence,
1/n—-1
[sto o) | [ 1o = K) %,
SAo(ki0) 37 * st (x0) "
(4.43)
< (sup u— inf u) sup  |Ble~((n=D/mo,
i) @) J el ()
We have, for sufficiently small ¢,
sup  |f] SL(diamﬂ?sM(xo)) < Le' 9, (4.44)

O * sSeya (x0)

in case (xo) = 0 and f3 is Lipschitz continuous with Lipschitz constant L in a neighbor-
hood of xy on 0Q), and then, by (4.43),

| st (ko) | J_ Bl (nou — k)dF,_, < Le'0-(n=1/md (4 45)
ﬂ()(k,ﬂo)ﬂaf*gﬁim(xo)
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Inserting (4.45) into (4.41) and afterwards inserting the resultant inequalities into (4.40),
we obtain

sty (ko) |V J _K)d¥,.
| sdo (k>10) | Mnaﬁ*sﬁﬁﬂAxo)'ﬁl'(%u ) 1

<| sup u— inf u sup |H|el~((=1/md 4 50 e0/m 4 [el=0=((n=1)/mad |
A (x0) A2 (x0) A4 (x0)

(4.46)

Inserting (4.38) and (4.46) into (4.37) and afterwards inserting the resultant inequality
and (4.37) into (4.36), we obtain

sup u— inf u|=<2Cw.Cy. g ((mDO/m-E
Ayx)  Shen(x0)

+2Cn ) (n_ 1) . (C())n71 . $1+(5/n) £

+26 . (Co)" - | sup u— inf u |- (ne¥nF 4 gl D/nE)
A (x0) A2 (x0)

+260%2 . Cy gy e | sup u— inf u| - e¥"
A(xy)  Hx0)

+260%2.Cy - sup |H - (supu - infu) - gl ((n=lymd
Ala (x0) Q o

4280t . Gy o L. gl -0y,

(4.47)
Choose § = 1/2. We obtain
sup u— inf u| < Cpe/n, (4.48)
\94?/2 (x0) ‘9@/2 (x0)
where
C,=25"2y. (Co)'H . (supu —infu) l+c¢,+L+ sup |H|]. (4.49)
Q @ A4 (x0)

This completes the proof of Main Theorem 1.2.
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