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An exact solution is obtained for the dual series equations involving generalized Laguerre
polynomials.

1. Introduction

We consider the following dual series equations:

∞∑
n=0

AnL
(α)
n
[
(x+ b)h

]
Γ(α+n+ 1)

= f (x), 0 < x < a, (1.1)

∞∑
n=0

AnL
(σ)
n
[
(x+ b)h

]
Γ(α+n+β)

= g(x), a < x <∞, (1.2)

where α + β + 1 > β > 1−m, σ + 1 > α + β > 0, m is a positive integer, and 0 < h <∞,

0 ≤ b <∞, and h and b are finite constants. L(α)
n [(x + b)h] is a Laguerre polynomial, An

are unknown coefficients, and f (x) and g(x) are prescribed functions.
Srivastava [5, 6] has solved the following dual series equations:

∞∑
n=0

AnL
(α)
n (x)

Γ(α+n+ 1)
= f (x), 0 < x < a, (1.3)

∞∑
n=0

AnL
(σ)
n (x)

Γ(α+n+β)
= g(x), a < x <∞. (1.4)

The triple series equations (1.3) and (1.4) are a special case of the dual series equations
(1.1) and (1.2) when

h= 1, b = 0. (1.5)

Recently, Lowndes and Srivastava [3] have solved the triple series equations involving
Laguerre polynomials. References for the solutions of dual and triple series equations
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involving Laguerre polynomials are given in [3]. Connected to this work, references and
solutions for dual series equations are given by Sneddon [4].

The dual series equations (1.1) and (1.2) are new in the literature and have importance
due to the closed-form solution. The results of this note are shown to be in agreement
with those of Srivastava [5]. The analysis is purely formal and no justification had been
given for the change of the order of integrations and summation.

2. Some useful results

In this section, we will discuss some results which are useful in solving dual series equa-
tions (1.1) and (1.2). The orthogonality relation for Laguerre polynomials is given by [2,
page 292, equation (2)] and [2, page 293, equation (2)], from which we have

∫∞
0
xαe−xL(α)

n (x)L(α)
m (x)dx = Γ(α+n+ 1)

Γ(n+ 1)
δnm, α >−1, (2.1)

where δnm is the Kronecker delta.
We can easily find, with the help of integrals [2, page 293, equation (5)] and [2, page

405, equation (20)], that

∫ ξ

0
xα(ξ − x)β+m−2L(α)

n (x)dx

= Γ(α+n+ 1)Γ(β+m− 1)
Γ(α+β+m+n)

ξα+β+m−1L
(α+β+m−1)
n (ξ), α >−1, β+m> 1,

(2.2)

∫∞
ξ
e−x(x− ξ)σ−α−βL(σ)

n (x)dx = Γ(σ −α−β+ 1)e−ξLα+β−1
n (ξ), σ + 1 > α+β > 0. (2.3)

From [1, page 190, equation (27)], we find that

dm

dxm
[
xα+mL(α+m)

n (x)
]= Γ(α+m+n+ 1)

Γ(α+n+ 1)
xαLαn(x). (2.4)

3. Solution of dual series equations (1.1) and (1.2)

We assume that

x+ b = X1/h, f
(
X1/h− b

)= f1(X),

g
(
X1/h− b

)= g1(X), bh = c, (a+ b)h = d,
(3.1)

then the dual series equations (1.1) and (1.2) can be written in the following form:

∞∑
n=0

AnL
(α)
n (X)

Γ(α+n+ 1)
= f1(X), c < X < d, (3.2)

∞∑
n=0

AnL
(σ)
n (X)

Γ(α+β+n)
= g1(X), d < X <∞. (3.3)
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We assume that

∞∑
n=0

AnL
(α)
n (X)

Γ(α+n+ 1)
= f2(X), 0 < X < c. (3.4)

Combining the series equations (3.2) and (3.4), we can write the dual series equations
(3.2) and (3.3) in the form

∞∑
n=0

AnL
(α)
n (X)

Γ(α+n+ 1)
= F(X), 0 < X < d, (3.5)

∞∑
n=0

AnL
(σ)
n (X)

Γ(α+β+n)
= g1(X), d < X <∞, (3.6)

where

F(X)=


f2(X), 0 < X < c,

f1(X), c < X < d.
(3.7)

Multiplying (3.5) by Xα(ξ −X)β+m−2, where m is a positive integer, integrating with re-
spect to X over (0,ξ), and interchanging the order of integrations, we find on using (2.2)
that

∞∑
n=0

AnL
(α+β+m−1)
n (ξ)

Γ(α+β+m+n)
= ξ−α−β−m+1

Γ(β+m− 1)

∫ ξ

0
Xα(ξ −X)β+m−2F(X)dX , 0 < ξ < d, (3.8)

where

α >−1, β+m> 1. (3.9)

If we now multiply (3.8) by ξα+β+m−1, differentiate both sides m times with respect to ξ,
and use formula (2.4), we find that

∞∑
n=0

AnL
(α+β−1)
n (ξ)

Γ(α+β+n)
= ξ−α−β+1

Γ(β+m− 1)
dm

dξm

∫ ξ

0
Xα(ξ −X)β+m−2F(X)dX , 0 < ξ < d,

(3.10)
where

α >−1, β+m> 1. (3.11)
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Multiplying (3.6) by e−X(X − ξ)σ−α−β, integrating with respect to x over (ξ,∞), and in-
terchanging the order of integrations, we find by using formula (2.3) that

∞∑
n=0

AnL
(α+β−1)
n (ξ)

Γ(α+β+n)
= eξ

Γ(σ −α−β+ 1)

∫∞
ξ
e−X(X − ξ)σ−α−βg1(X)dX , d < ξ <∞, (3.12)

where

σ + 1 > α+β > 0. (3.13)

The left-hand sides of (3.10) and (3.12) are now identical. Making use of the orthogo-
nality relation (2.1), we find from (3.10) and (3.12) that

An = Γ(n+ 1)
[∫ d

0

e−ξL(α+β−1)
n (ξ)F1(ξ)dξ
Γ(β+m− 1)

+
∫∞
d

ξα+β−1L
(α+β−1)
n (ξ)G(ξ)dξ

Γ(σ −α−β+ 1)

]
, (3.14)

where

F1(ξ)= dm

dξm

∫ ξ

0
Xα(ξ −X)β+m−2F(X)dX , (3.15)

G(X)=
∫∞
ξ
e−X(X − ξ)σ−α−βg1(X)dX , (3.16)

provided that α+β+ 1 > 1−m and σ + 1 > α+β > 0.
With the help of (3.7), (3.15) can be written in the form:

F1(ξ)= dm

dξm

[∫ c

0
Xα(ξ −X)β+m−2 f2(X)dX +

∫ ξ

X
Xα(ξ −X)β+m−2 f1(X)dX

]
, c < ξ.

(3.17)
When we put

b = 0, h= 1, f2(X)= 0 (3.18)

in the solution of the dual series equations (1.1) and (1.2), we then obtain the solution of
the dual series equations (1.3) and (1.4) and the results are in complete agreement with
those of [5].

References
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