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1. Introduction

The uncertainty principle is a metatheorem in harmonic analysis that asserts, with the use
of some inequalities, that a function and its Fourier transform cannot be sharply localized.
We refer to the survey article by Folland and Sitaram [1] and the book of Havin and Joricke
[2] for various classical uncertainty principles of different nature which may be found in the
literature.

In [3], the authors gave g-analogues of the Heisenberg uncertainty principle for the g-
Fourier-cosine and the g-Fourier-sine transforms. One of the aims of this paper is to provide
a generalization of their work next to state local uncertainty principles for various g-Fourier
transforms.

This paper is organized as follows. In Section 2, we present some preliminaries results
and notations that will be useful in the sequel. In Section 3, we prove a density theorem and
a g-analogue of the Hausdorff-Young inequality. Then, we state a generalization of the g-
Heisenberg uncertainty principle for the g-Fourier-cosine and the g-Fourier-sine transforms.
In Section 4, we state local uncertainty principles for the g-Fourier-cosine, g-Fourier-sine, and
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g-Bessel-Fourier transforms. Then, we give a Heisenberg-Weyl-type inequality for some g-
Bessel-Fourier transform.

2. Notations and preliminaries

Throughout this paper, we assume g €]0, 1[. We recall some usual notions and notations used
in the g-theory (see [4, 5]). We refer to the book by Gasper and Rahman [4] for the definitions,
notations, and properties of the g-shifted factorials and the g-hypergeometric functions.

We write R, = {+q" :n € Z}, R, = {q" : n € Z}, and

[x],=——, x€C,  [n]!= ((1‘7"_‘7;;”, nen. 1)

The g-derivative of a function f is given by

(D)) = L=LT i 20, 22)

(Dgf)(0) = limg—100(Dy f) (g¥), provided that the limit exists.
The g-Jackson integrals from 0 to a and from 0 to oo, of a function f, are (see [6])

[ F@dx=a-ga3 f@me, [ fwdx-0-0 3 f@e @
n=0 n=-co

provided that the sums converge absolutely.
The g-Jackson integral in a generic interval [a, b] is given by (see [6])

b b a
j fx)dyx = j fx)dyx - f fx)dyx. (2.4)
a 0 0

The g -integration by parts rule is given, for suitable functions f and g, by

b b
f 8(X)Dyf (x)dgx = f(b)g(b) - f(a)g(a) - f f(qx)Dqg (x)dgx. (2.5)

a a

Jackson (see [6]) defined a g-analogue of the Gamma function by

T,(x) = @D (1 _gyix x20,-1,-2,.... (2.6)

(%:9).,
The third Jackson g-Bessel function (see [7, 8]) is

ZV
C(1-g)Te(v+1

J(z:4%) ;101 047 4%, 4°2"), 27)
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and the g-trigonometric functions (g-cosine and g-sine) are defined by (see [9])

I2(1/2) 1 xn
.2\ — q 1/2 n_n(n-1) _*
cos(x; %) q(1+q*1)1/2x ]—1/z<—q X;q > Z( 1)"q 2nl, ANL
(2.8)
sin (x. 2) _ rqz(l/z) xl/Z] 1 _qx. 2 i ( 1)11 n(n-1) 2n+1
/q - (1+q—1)1/2 1/2 q Iq ~ [2n+1]
They verify
D,cos(x; qz) = —% sin (gx; qz), D, sin (x; qz) = cos(x; q2). (2.9)
We need the following spaces and norms.
(i) S«q (Ry) is the space of even functions f on R, satisfying
Vn,meN, Pumg(f)= sup |[(1+x*)"DEf(x)] < +o0. (2.10)

x€R,; 0<k<n

(i) LRy, x™*1dyx), n > 1, v > =1/2, is the set of all functions defined on R, . such that

o) 1/n
I fllnv,q = {fo |f(x)|nx2"+1dqx} < 0. (2.11)

(i) L2(Rq,) = L2 (Rg s, dgx), 12 1,and [lng = Iln-1/2,4-
(iv) Ly (Rg,) is the set of all bounded functions on R, .. We write || f||o,4 = SUP ek, , |f(x)].

3. Generalization of the Heisenberg uncertainty principle

The g-Fourier-cosine and the g-Fourier-sine transforms are defined as (see [8, 9])

Fa(f)(x) = cqf:f(t)cos(xt; qz)dqt, GF(f)(x) = cqj:f(t) sin (xt; qz)dqt, (3.1)

where

_(+qhH?

Cp= ——F——. 3.2

1 [ (1/2) (32)
Letting g T 1 subject to the condition (Log(1l — gq)/Log(q)) € Z gives, at least formally, the
classical Fourier transforms (see [3, 10]). In the remainder of the present paper, we assume
that this condition holds.
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It was shown in [8, 9] that we have the following result.

Proposition 3.1. (1) For f € L;(Rq,J,), one has F4(f) € Ly (Ry+) and

PNV
T g (33)

¥ ST/ @a)r
” q(f)”oo,q rqz(l/Z)(QI q)oo

(2) ¥4 is an isomorphism of Lé(Rq,J,) (resp., S.q(Ry)) onto itself. Moreover, one has S’-’;l =%,
and the following Plancherel formula:

IF4(Nllg = lIfll2q,  f € Li(Rq). (34)

Similarly, it was shown in [3, 8] that the g-Fourier-sine transform verifies the following
properties.

Proposition 3.2. (1) For f € Ly(R,.), one has ;F(f) € Ly (R,.) and

1 _141/2
T a) ) fihy (35)

FPlloa < — o —
g (Flleeg T,(1/2)(4:9)%

(2) 4 is an isomorphism of Lé(Rq,J,) onto itself; its inverse is given by q?’l =(1/¢%) ,F- One
has the following Plancherel formula:

lgF(Pll2g = gllfllzg,  f € Li(Rq). (3.6)

Let us now state the following useful density result.
Proposition 3.3. Foralln > 1, S. 4(R,) is dense in LZ(R‘%*)‘

Proof. Let n > 1 and f € Ly(Ry.). For p € N, put f, = f-x(pqv), Where y[pgqv) is the
characteristic function of [g7, g7"].

It is clear that for all p € N, f, € S.4(Ry) and |f — fp|" < [f]". So, the Lebesgue theorem
implies that (f},), converges to f in L7 (R ). O

Remark 3.4. Using the density of S, 4(Rg) in L7(Rg+) (n > 1), one can see that the g-Fourier-
cosine (resp., g-Fourier-sine) transform has a unique continuous extension on L7(R,.), that
will also be denoted as ¥, (resp., ;). We have the following g-analogue of the Hausdorff-
Young inequality.

Theorem 3.5. Let n €]1,2] (resp., n = 1) and m = n/(n — 1) (resp., m = oo) be the dual exponent of
n. Forall f in L;‘(qu+), the functions ¥, (f) and ;F(f) belong to L;”(qu+), and one has

IFa( ) mg < Cillfllng, NgFDllmg < Call fllng, (3.7)



Ahmed Fitouhi et al. 5

where
172\ P21 /n) 172\ 121 /m)
oo (_(*4a HY c, - (0+d H” 2((n-1)/n)
= (21 , G (1) q NEYS)
TLp(1/2)(9;9) 5 Lp(1/2)(9;9) 5
Proof. The result is a direct consequence of [11, Theorem 1.3.4, page 35], and Propositions 3.1
and 3.2, by taking S. 4(RR,) as a set of simple functions. O

The following lemma gives relations between the two Fourier g-trigonometric trans-
forms.

Lemma 3.6. (1) For f € L3(Ry,,) such that Dy f € L3(R,), one has

A A
¢F(Daf)(A) = _E%(f) <5>' LERy.. (3.9)
(2) Additionally, if limy,_.... f (q") = 0, then

F,(Dyf) () = %mﬂu), LeR,,. (3.10)

Proof. The same steps as in the proof of [3, Lemma 2]; the g-integration by parts rule and the
fact that

fw f(Hd,t = lim f ' F(b)d,t (3.11)
0 n—+oo q

give the result. O

In [3], the authors proved the following g-analogues of the Heisenberg uncertainty
principle.

Theorem 3.7. Let f be in L3(Ry,;) such that Dyf is in L7 (R,+). Then,

It Fllzg INFq(Fllzq > 3/2 I 1B, (3.12)
In addition, if lim, .. f (q") = 0, one has
1 Fllag 14 gF(Fllag > _3/2 —a =I5, (3.13)

Now, we are in a position to generalize Theorem 3.7. One obvious way to generalize itis
to replace the LZ norms by Ly norms. This is the purpose of the following result.

Theorem 3.8. For1<n<2and f € Lg(Rq,J,), one has

11134 < Cillxfllng 1AFq(Hllngs (3.14)

I£12,4 < Collxfllng 14 4F()llng, (3.15)
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where

Crl _ q—1+1/n(1 +q’("+1)/")Cz, Clz _ q—l (1 +q—(n+1)/n)cll (3.16)
with Cy and C, being given by (3.8).

Proof. The case n = 2 has been dealt with in Theorem 3.7. Now, assume 1 < n < 2 and let m be
the dual exponent of n. Let f € S, ;(R;) such that lim; o f (t) = 0. From the relation

Dy(ff)(t) = Daf ()F () + f (g Dy f (1), (3.17)

the g-integration by parts rule, and the Holder inequality, we have, since ¢|f (t)|* tends to 0 as ¢
tends to co in Ry 4,

1 [ee) 2 3 {o'e) _
EL £ () Pyt = UO ED,(FF) (gt

5jwhD%ﬂﬂfaﬂ¢¢+fwhfw0lhfaﬂdﬁ
0 0

o 1/n © 1/m (318)
<(J 1Forag) ([ Ipisoraz)
© 1/n ) _ m 1/m
+ (I |tf(qt)|ndqt> <f0 |Daf (8)] dqt) :
0
However, the change of variable u = gt gives
oo 1/n o 1/n
(] eranlag) — =a ([ rorar) (319)
So,
1(” —(n+l)/n
EI |[F®)dgt < (144D £ gl Dg(f) g (3.20)
0

On the other hand, we have D,(f) = ¥4[Fq(Dq(f))] = g2 F[;F(Dq(f))] since Dy(f) is in
Lé (R4,+)- Then, by using Lemma 3.6 and the g-analogue of the Hausdorff-Young inequality, we
obtain

C
ID4(F)lg < CLllFa (D), = q—illxmf)lln,q,

%7q(f)<%>

A5, < a7 (1 +g D) Calit flagll A gF 00 (3.22)
q q

I£13, <qa " (L+q D) Callt fllngl[AFqg (O,
q 4

Now, let f € L3(Ry,,); itis easy tosee thatforallp € N, f, = f g4+ € Suq(Ry), limsof,(t) =0,
and ( fp)p converges to f in Lé(qu+). Moreover, if the right-hand side of (3.14) (resp., (3.15)) is
finite, then the functions tf and A¥,(f) (resp., A ;¥(f)) are in L;‘(Rq,Jr), and they are limits
in LZ(R‘%*) (as p tends to o) of tf, and A¥F,(f,) (resp., A;¥(fp)), respectively. Finally, the
substitution of f, in (3.22) and a passage to the limit when p tends to oo complete the proof. []

1D (A llnq < a°Coll,F Do)l = 7°C

_ q_2+1/nC2 ”)Lstq (f) ”n,q'
nq
(3.21)

Thus,
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4. Local uncertainty principles

In the literature, the first classical local inequalities were obtained by Faris (see [12]) in 1978,
and they were generalized by Price (see [13, 14]) in 1983 and 1987. In this section, we will
generalize Price’s results by giving their g-analogues.

4.1. Local uncertainty principles for the g-Fourier trigonometric transforms
Theorem 4.1. If 0 < a < 1/2, there is a constant K = K(a, q) such that for all bounded subset E of
Ry and all f € L3(Ry,+), one has

Lm( PO dgd < KIEP || x5, (4.1)

Here, |E| = [ xe(x)dgx and K = ((G4/4/[1-2a],)((1 - 2a)/2a))**(1/(1 - 2a)?), where ¢, =
(1+4™)'"?/Tp(1/2)(q:9)%-

Proof. For r > 0, let y, = [0 be the characteristic function of [0,7] and yr =1 - .
Then, for r > 0, we have, since f-y, € L%(Rq,+),

1/2
([ 1#NOFa) = I ey < I Frxe sy + IF Tl

(4.2)
IEMZN1F(F X g + 1 Falf- T
and by the use of the Holder inequality, we obtain
I1Fa(Fxlon g < all Fxrlls
Cq (4.3)

= Sllx e x flly g < Ellx e[l 1xf [l < 2 x

[1 —2a]q

On the other hand, since f € L7(R, 1), we have f-{, € LZ(R,.), and by the Plancherel formula,
we get

IFaCf X g = 1 Xrllag = %7 %rx flla g < N7 T llon g 12 Fllog < 77"l flloye - (44)

So,

([1mnFan) < ( —iprree e ) ) 45)
g ") T\ -2al, 2"1' ’

The desired result is obtained by minimizing the right-hand side of the previous inequality
overr > 0. O
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Corollary 4.2. For 0 < a <1/2and b > 0, there is a constant K, such that for all f € L;(RW), one
has

LA < Kapllx® 1l 41\ Fo(£)l5, (46)

Proof. For r > 0, put E, = [0,r[ N R, and E, = [r,+oo[ N R,.. It is easy to see that E, is a
bounded subset of Ry, and |E,| <.
Then, from the Plancherel formula and Theorem 4.1, we have

1FI2, = IF4(HI,
- L |F0 ()P () dgh + L |F4 (1) (1)d, &7)
< KPP f | + I Fa () g

Choosing r > 0 so as to minimize the right-hand side of the inequality, we obtain || f ||§q <

(Kapllx F1I5 IEFo (18,07 7, with Koy = ((a/D)/ @ + (b/a)" @) P Kb/2, and K is

the constant given in Theorem 4.1. O

In the same way, one can prove the following local uncertainty principle for the g-
Fourier-sine transform.

Theorem 4.3. If 0 < a < 1/2, there is a constant K' = K'(a, q) such that for all bounded subset E of
Ry and all f € Lé(Rq,J,), one has

|, FHW) gl < KEP | xf[3,, 48)
E q q

where K' = ((&,/4/11 - 2a],)((1 - 2a)/2qa)) " [1+2qa/ (1 - 2a)]2.

}?orollary 4.4. For0 <a <1/2and b >0, there is a constant K | such that for all f € Lé(Rq,+), one
as

IS < Kyl £115 100 F (IS, (4.9)

with K, = ((a/b)*" ) + (b/a)“/(‘”b))(Mb)/z(K/)b/Zq—(m)‘
Proof. The same steps of Corollary 4.2 give the result. 0

Theorem 4.5. If a > 1/2, there is a constant Ky = Ky(a, q) such that for all bounded subset E of R, .
and f € L;(Rq,J,), one has

[ IRHWFa < KBS 1L, @10)

Lm(f)u) Pdgd < KalEl Il 2l f 11 (4.11)
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The proof of this result needs the following lemmas.

Lemma 4.6. Suppose a > 1/2, then for all f € Lé(RW), such that x°f € Lg(Rqﬂ,),

I£1R, < Ko [IFIB, + I1x°£ 113, (4.12)

where Kz — Kz(a, q) — (1 _ q)((an, an, -q, _an—l; an)m/(q/ an—ll _q2a/ _1;q2a)m)'

Proof. From [15, Example 1], and the Holder inequality, we have

+00 2
I, =[], @ Al e ] < Kallf ) @

where K2 _ J‘(;—oo(l + x2a)—1dqx — (1_q)((q2a, an, _q/ _an—l;an)w/(q/ q2a—1,_q2a, _1/. q2a)°o). O

Lemma 4.7. Suppose a > 1/2, then for all f € Lé(Rq,J,), such that x°f € Lg(Rq,+), one has

1-1/2 1/2
1£llq < Ksll Fllsg > 12 F 112 (4.14)

where K3 = K3(a, q) = [2aK,(2aq - q)l/za_l]l/z.

Proof. For s € R, ;, define the function fs by fs(x) = f(sx), x € R, ..

We have ||fill1q = 57| fllq, X fsll3,, = s M Ix“f115,-
Replacement of f by f, in Lemma 4.6 gives

IF15, < KalsllflI2, + s HIx £115,,]- (4.15)

Now, for all 7 > 0, put a(r) = Log(r)/Log(q) — E(Log(r)/Log(q)). We have s = (r/q*")) € R+
and r < s <r/q. Then, forallr >0,

r -2a a g2
I£13, < Ka allflli,,7 + 772 | x fll5,|- (4.16)
The right-hand side of this inequality is minimized by choosing

r=Qa-1)"2g"2 flb el f |1, (4.17)

When this is done, we obtain the result. O

Proof of Theorem 4.5. Since the proofs of the two statements are similar, it is sufficient to prove
(4.11).

Let E be a bounded subset of R, .. When the right-hand side of the inequality (4.11) is
finite, Lemma 4.6 implies that f € L;(Rq,J,) ; 80 ¥4(f) is defined and bounded on R, ;. Using
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Proposition 3.1, Lemma 4.7, and the fact that
j 1Fqa(F)(N)Pdgh < IENFq (1124 (4.18)
E

we obtain the result with K7 = ((1 + q’l)/Fﬁz(l/Z) (g; q)i)K%. O

Remark 4.8. By the same technique as in the proof of Corollary 4.2, we can show that
Theorem 4.5 leads to inequalities (4.6) and (4.9) with some different constants.

4.2. Local uncertainty principles for the g-Bessel-Fourier transform

The g-Bessel-Fourier transform is defined (see [16]) for f € Li(Ry,., x**'d,x) by

Foal)D) =6 (i) e, (19)
0
where
iw(zq?) = (1- qz)vl"qz v+ 1)(1-9)q%2) (A -9)q 'z ) (4.20)
is the normalized third Jackson g-Bessel function, and
(1+q")”
o= : 4.
@17 Taw+1) (.21)
It was shown in [10] that for v > —1/2, we have the following result.
Theorem 4.9. (1) For f € Ly(Ry,+, x*"*'dyx), one has Fv4(f) € LT (Ry.) and
Cvg
”qv,q(f)”oo,q < Hf”lvq (4.22)

(4:97)2,
(2) Fv,q is an isomorphism of Lé(quJ,,xz"*ldqx) onto itself, Sf;}q = q""*2F,,q, and one has the
following Plancherel formula:

Vf € L3 (Ry, x*dyx), ||?qu||2,v,q =" fll2q- (4.23)
The following result states a local uncertainty principle for the q-Bessel-Fourier transform.

Theorem 4.10. For v > -1/2and 0 < a < v +1, there is a constant K,,, = K(a, v, q) such that for all
fe Ls(]Rq,J,, x?*1d x) and all bounded subset E of R, ,, one has

Ll%,q<f>u> PAZ1dg ) < Kol ER O f 5,0 (4.24)

Here, |E|, = [ xe(x)x®* dyx, €yq = Cvq/ (q; qz)2 and

0’

2a/(v+1)

_ _ 2
. Ev,q aq2v+1 1-a/(v+1) . q2v+1 aq2v+1 a/(v+1)
av ’[2v+2—2a] v+1l-a v+l-a ’
q

(4.25)
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Proof. Letv >-1/2,0<a<v+1, f € Lf,(Rq,+, x**1d,x), and let E be a bounded subset of R, ...
For r > 0, we have, since f.y, € L;(Rq,Jr,xZ”*ldqx),
, 1/2
([ 1P a,0) " = el
E

< NFva(Fxdxellang + 1Foa(f X)XEl 4
SIEL 2N Fna(Fx oo * 1 Fnalf -T2

(4.26)

However, by the use of the Holder inequality, we obtain

[F0.a(fxr) llog < Evall foxrllig
= Eq”x_axr‘xuf”m,q (427)

< Sl xr |, 1% f ]2,

Now, if k is the integer such that g* < r < 5!, we get, sincea <v + 1,

a 2 . 2a 2v+1d a 2v+1 zﬂd qZk(V+1_u) r2(v+1—a)

- = - = - = < .

1 xrll,, fo X ()X g ,[0 X 7~ vv2-2a], = 2v+2-2a],
(4.28)

Then,
C
[CARTEY [Re-pe——— [P (4.29)
[2v +2-2a],

On the other hand, since f € Lé (Rg+/ xz"*ldqx), we have f.y, € Lé (Rg+/ xz"*ldqx), and by the
Plancherel formula (4.23), we obtain

IFva(f %) lang = T N T llag = 7 N %2 f ]

2v+1 = 2v+1 (430)
a1 fllog < a7 % g
So,
1/2 ~
([ 1FanPetan) < [ =t s i ) g,
E [2v +2-2a], "
(4.31)

By minimization of the right-hand side of the previous inequality over r > 0 and by easy
computation, we obtain the desired result. O
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Theorem 4.11. For v > —1/2 and a > v + 1, there exists a constant K, ,, such that for all bounded
subset E of Rg. and all f in L? (R, + x?*d x), one has

j |Fug () O PN gk < K LELIFIS " [l f [ (4.32)

Proof. Since a > v + 1, the same steps as in the proof of Theorem 4.5 and the relation (4.22) give
the result with

) (an, an, _q2v+2, _qZ(a—v—l)/. an)Qo )
K, v = (q2v+2/ qz(“‘”‘l), _q2a, -1; qza)w Cyqr

c 2 (v+1)/a
o1 vq a _a N o) ((a-v-1)/a)
@a = (1 q)<(q;q2)2> <”+1 1> <"‘""1>q '

Corollary 4.12. For v > -1/2 and a,b > 0, there is a constant K,,,, = K(a, b, v, q) such that for all
fe L%(R,VH x**d,x), one has

(4.33)

O

b
150 < Kapall® £115, A F0q(£)]15, 00 (4.34)
4 q q
with
( b\ @/ (@) 2\ b/ (@) (at+b)/2 g~ @hatd)
- Ll (Ka v)b/z
a b 4 ([21) + 2]q)tlb/2(1)+1)
ifa<v+1,
Ka b,y= 9 f
/0, , ab/(2v+2) (v41)/ (v+b+1) “b/ (v+b+1) a(v+b+1) /2(v+1)
Kay PG b + b
[2v +2], v+1 v+1
ifa>v+1,
(4.35)

where K, (resp., K, ) is the constant given in Theorem 4.10 (resp., Theorem 4.11).

Proof. Forr >0, weput E, = [0,r[ N Ry, and E, = [r,+o[ N R,
We have E, is a bounded subset of R, . and |E,|, < r?*2/[2v + 2] ;- Then, the Plancherel
formula (4.23) and Theorems 4.10 and 4.11 lead to

7N B = 1Fa(D g = [ 1FaDEOR s [ (900 P2

Kaopl By VN2 f 113, + 7 2 IV Fra (A5, ifa<v+l,

Ko | EIFIRS 0l fl3e Y + 2 [N (P15, i @>v+1,

IN

Ka,v 2 _ 2 .
Wr2a||xaf||2,v,q + 12X Fq (Dl ifa<v+l,
Ky Zm e oyl f oy + P2 A Fug (D, i a> v+ 1.

(4.36)

The desired result follows by minimizing the right expressions over r > 0. O
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Remark that when a = b = 1, we obtain a Heisenberg-Weyl-type inequality for the g-
Bessel-Fourier transform.

Corollary 4.13. For v > =1/2, v #0, one has for all f € L3 (R4, x*"*'dyx),

ILf

2
2 S K1

xf”2,v,q||)tqv,q(f) ||2,v,q’ (4~37)
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