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We prove that if G is a 2-connect graph of size g (the number of edges) and minimum degree 6 with
6>1/2q/3 +¢€/12-1/2, where € = 11 when é = 2 and ¢ = 31 when & > 3, then each longest cycle in
G is a dominating cycle. The exact analog of this theorem for Hamilton cycles follows easily from
two known results according to Dirac and Nash-Williams: each graph with 6 > 1/q+5/4-1/2is
hamiltonian. Both results are sharp in all respects.

1. Introduction

Only finite undirected graphs without loops or multiple edges are considered. We reserve n,
g, 6, and « to denote the number of vertices (order), the number of edges (size), the minimum
degree, and the connectivity of a graph, respectively. A graph G is hamiltonian if G contains
a hamiltonian cycle, that is, a cycle of length n. Further, a cycle C in G is called a dominating
cycle if the vertices in G\ C are mutually nonadjacent. A good reference for any undefined
terms is [1].

The following two well-known theorems provide two classic sufficient conditions for
Hamilton and dominating cycles by linking the minimum degree 6 and order n.

Theorem A (see [2]). Every graph with 6 > (1/2)n is hamiltonian.

Theorem B (see [3]). If G is a 2-connect graph with 6 > (1/3)(n +2), then each longest cycle in G
is a dominating cycle.

The exact analog of Theorem A that links the minimum degree 6 and size g easily
follows from Theorem A and a particular result according to Nash-Williams [4] (see Theo-
rem 1.1 below).
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Theorem 1.1. Every graph is hamiltonian if

| 5 1
—_Z 1.1
o> a+t71- 5 (1.1)

The hypothesis in Theorem 1.1 is equivalent to g < 6> + 6 — 1 and cannot be relaxed to
q < 6% + 6 due to the graph K; + 2K consisting of two copies of Ks,1 and having exactly one
vertex in common. Hence, Theorem 1.1 is best possible.

The main goal of this paper is to prove the exact analog of Theorem B for dominating
cycles based on another similar relation between 6 and g.

Theorem 1.2. Let G be a 2-connect graph with

2g e 1
> =+ —=-= (1.2)
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where € = 11 when 6 = 2 and € = 31 when & > 3. Then each longest cycle in G is a dominating cycle.

To show that Theorem 1.2 is sharp, suppose first that 6 = 2, implying that the
hypothesis in Theorem 1.2 is equivalent to g < 8. The graph K; + 2K, shows that the
connectivity condition x > 2 in Theorem 1.2 cannot be relaxed by replacing it with « > 1.
The graph with vertex set {vy, vy, ...,vs} and edge set

{0102, VU3, V304, V4U5, UsVs, VU1, V107, V708, Vg4 | (1.3)

shows that the size bound g < 8 cannot be relaxed by replacing it with g < 9. Finally, the graph
K, + 3K shows that the conclusion “each longest cycle in G is a dominating cycle” cannot
be strengthened by replacing it with “G is hamiltonian.” Analogously, we can use K; + 2Ks,
K5 +3Ks-1, and K + (6 + 1)Ky, respectively, to show that Theorem 1.2 is sharp when 6 > 3.
So, Theorem 1.2 is best possible in all respects.

To prove Theorems 1.1 and 1.2, we need two known results, the first of which is
belongs Nash-Williams [4].

Theorem C (see [4]). If 6 = (n —1)/2, then either G is hamiltonian or G = Ky +2Ks, or G =
Ks:1 + Gs, where Gg denote an arbitrary graph on 6 vertices.

The next theorem provides a lower bound for the length of a longest cycle in 2-
connected graphs according to Dirac [2].

Theorem D (see [2]). Every 2-connected graph either has a hamiltonian cycle or has a cycle of length
at least 26.

2. Notations and Preliminaries

The set of vertices of a graph G is denoted by V(G) and the set of edges by E(G). For S,
a subset of V(G), we denote by G\S the maximum subgraph of G with vertex set V(G)\S.
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We write G[S] for the subgraph of G induced by S. For a subgraph H of G, we use G\H short
for G\V (H). The neighborhood of a vertex x € V(G) will be denoted by N (x). Set d(x) =
N (x)|. Furthermore, for a subgraph H of G and x € V(G), we define Ny (x) = N(x) NV (H)
and dp (x) = [Ng(x)].

A simple cycle (or just a cycle) C of length t is a sequence v1v;---vyv1 of distinct
vertices vy, ..., v with v;v;,1 € E(G) for eachi € {1,...,t}, where vs;1 = v1. When t = 2, the
cycle C = v1v,v1 on two vertices v;, v; coincides with the edge v1v,, and when t = 1, the cycle
C = v coincides with the vertex v;. So, all vertices and edges in a graph can be considered as
cycles of lengths 1 and 2, respectively.

Paths and cycles in a graph G are considered as subgraphs of G. If Q is a path or a
cycle, then the length of Q, denoted by |Q)|, is |[E(Q)|. We write Q with a given orientation by
Q. For x,y € V(Q), we denote by xQy the subpath of Q in the chosen direction from x to y.
For x € V(Q), we denote the hth successor and the hth predecessor of x on @ by x*" and x7",
respectively. We abbreviate x*! and x~! by x* and x~, respectively.

Special Definitions

Let G be a graph, C a longest cycle in G, and P = xPy a longest path in G\C of length p > 0.
Let ¢, &, ..., ¢s be the elements of N¢(x) U N¢(y) occurring on C in a consecutive order. Set

I =§Cn, I'=¢CE,, (i=1,2,...,5), (2.1)

i+1

where ¢g41 = ¢31.

(¥1) We call I, I, ..., I; elementary segments on C created by Nc(x) U Nc(y).

(¥2) We call a path L = zLw an intermediate path between two distinct elementary
segments I, and I, if

zeV(IY), weV(I;), V(L)NV(CUP)={zw). (2.2)

(*¥3) The set of all intermediate paths between elementary segments I;,, I;,, ..., I;, will be
denoted by Y(I;,, Iy, ..., I;).

Lemma 2.1. Let G be a graph, C a longest cycle in G, and P = xPy a longest path in G\C of length
p>1If[Nc(x)| >2,|Nc(y)| >2and Nc(x) #Nc(y), then

36 + max{oy, 02} — 1> 36,
IC| > (2.3)
max{2p + 8,46 - 2p}, if

=

S|
1l

-

|
v
»

where 61 = |[Nc(x)\Nc(y)| and o, = [Nc(y) \Nc(x)|-
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Lemma 2.2. Let G be a graph, C a longest cycle in G, and P = xPy a longest path in G\C of

length p > 0. If Nc(x) = Nc(y), INc(x)| > 2 and I,, I, are elementary segments induced by
Nc(x) U Nc(y), then

(al) if L is an intermediate path between 1, and I, then

|| + [Ip| > 2p +2|L| + 4, (2.4)

(a2) if Y(I,, Ip) C E(G) and |Y (14, Ip)| =i for some i € {1,2,3}, then

I+ || >2p+i+b5. (2.5)
p

Lemma 2.3. Let G be a graph, S a cut set in G, and H a connected component of G\S of order h.
Then

> M (2.6)
2
where qu = |{xy € E(G) : {x,y} NV (H) #0}|.
Lemma 2.4. Let G be a 2-connect graph. If 6 > (n —2) /3, then either
9 when 6 = 2,
(2.7)

121 3(6-1)(6+2)

> when 6 > 3,

or each longest cycle in G is a dominating cycle.

3. Proofs

Proof of Lemma 2.1. Put
A1=Nc(x)\Nc(y),  A>=Nc(y)\Nc(x), M=Nc(x)NNc(y). (31
By the hypothesis, Nc(x) # Nc(y), implying that

max{| A, [Az|} > 1. (3.2)

Let ¢1,&,...,¢s be the elements of Nc(x) U Nc(y) occuring on C in a consecutive order. Put
I; = &Céia(i = 1,2,...,5), where ¢, = ¢. Clearly, s = |A| + |Ag| + |[M]. Since C is extreme,
il > 2( =1,2,...,s). Next, if {¢;, &1} N M #0 for some i € {1,2,...,s}, then |[;| > p + 2.
Further, if either ¢; € Ay, &1 € Ay or ¢; € Ay, éiv1 € Ay, then again |I;| > p + 2.

Case 1. (p=1).
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Case 1.1 (|Ai] 2 1(i = 1,2)). It follows that among Iy, I, ..., I there are |M| + 2 segments of
length at least p + 2. Observing also that each of the remaining s — (|M| + 2) segments has a
length at least 2, we have

ICl 2 (P +2)(IM] +2) +2(s = M| - 2)
=3(IM[+2) +2(|A1] + | A2 - 2)
=2|A1] + 2|Az| + 3| M| + 2. (3.3)
Since |Aj| = d(x) — |M|-1and [Az| =d(y) - M| -1,
IC| >2d(x) +2d(y) — |M|-2>36+d(x) - M| -2. (3.4)
Recalling that d(x) = |M| + |A1| + 1, we get

IC|>36+|A1|-1=36+0; - 1. (3.5)

Analogously, |C| > 36 + 02 — 1. So,

|C| > 36 + max{o1, 02} =1 > 36. (3.6)

Case 1.2 (either |A1| > 1, |Az2| =0 or |A1] =0, |A| > 1). Assume without loss of generality that
|A1] > 1and |Ay| =0, thatis, [Nc(y)| = |M]| > 2 and s = |A1| + |M|. Hence, among I3, I, ..., I
there are |[M| + 1 segments of length at least p + 2 = 3. Taking into account that each of the
remaining s — (|M| + 1) segments has a length at least 2 and |M| + 1 = d(y), we get

IC| 23(IM]| +1) +2(s — |M] - 1) = 3d(y) +2(JA;| - 1) .
>36 + |A1| - 1 = 36 + max{o1, 02} — 1 > 36. '

Case 2 (p > 2). We first prove that |C| > 2p + 8. Since |[N¢(x)| > 2 and |[N¢(y)| > 2, there are
at least two segments among I, I, . .., I; of length at least p + 2. If [M| = 0, then clearly s > 4
and

ICl>2(p+2)+2(s-2) >2p+8. (3.8)

Otherwise, since max{|A1[,|Az|} > 1, there are at least three elementary segments of length at
least p + 2, that is,

IC|>3(p+2) >2p+8. (3.9)

So, in any case, |C| > 2p + 8.
To prove that |C| > 46 — 2p, we distinguish two main cases.
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Case 2.1 (|Ai] 2 1(i = 1,2)). It follows that among Iy, I, ..., I there are |M| + 2 segments of
length at least p + 2. Further, since each of the remaining s — (|[M| + 2) segments has a length
at least 2, we get

ICI> (p+2)(IM] +2) +2(s - [M] - 2)
= (P-2)IM] + (25 + 4IM] + 4) + 2(|Al] + | 4] - 2) (3.10)
>2|Aq| + 2| Az + 4| M| + 2p.
Observing also that
|[A1] + M| +p >d(x), |As| + M| +p >d(y), (3.11)
we have
2|A1| +2|Az| +4|M| +2p > 2d(x) + 2d(y) — 2p > 46 - 2p, (3.12)

implying that |C| > 46 - 2p.

Case 2.2 (either [A1]| > 1, [A2| = 0 or |A4] = 0, |Ay| > 1). Assume without loss of generality
that |A1| > 1 and |A,| = 0, that is, [Nc(y)| = M| > 2 and s = |A4] + [M]. It follows that
among I, I, ..., I; there are |M| + 1 segments of length at least p + 2. Observing also that
IM| +p >d(y) > 6, that is, 2p + 4|M| > 46 — 2p, we get

ICl>(F+2)(M|+1) 2 (p-2)(IM|-1) +2p + 4|M| (3.13)

>2p + 4| M| > 46 - 2p.
O

Proof of Lemma 2.2. Let ¢1,¢&, ..., ¢s be the elements of N¢(x) occuring on C in a consecutive
order. Put I; = §ié§i+1 (i=1,2,...,5), where .1 = ¢&. To prove (al), let L = zLw be an
intermediate path between elementary segments I, and I, with z € V(I}) and w € V(I;). Put

§a62| =dy, |Zé§a+1

—d,  |oCw|=ds,  |wCla

=dy,
(3.14)
C = §axﬁy§bEziwé§u.

Clearly,

|C'| = IC| - dy—ds + |L| +|P| +2. (3.15)
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Since C is extreme, we have |C| > |C'|, implying that d; + d3 > p + |L| + 2. By a symmetric
argument, d, + dy > p + |L| + 2. Hence

4
Lol + |Io] = D di > 2p +2|L| + 4.
i=1
The proof of (al) is complete. To prove (a2), let Y(I,, 1) € E(G) and [Y(I,, Ip)| = i for
somei € {1,2,3}.

(3.16)

Case 1 (i = 1). It follows that Y(I,, I) consists of a unique intermediate edge L = zw. By (al),
|Io| + |Ip| > 2p +2|L| +4 = 2p + 6. (3.17)

Case?2 (i = 2). It follows that Y (I,, I) consists of two edges e1, e,. Pute; = zyw; and e; = zywy,
where {z1,z;} C V(I}) and {wy, w,} C V(I}).

Case 2.1 (z1 # z» and w1 # wy). Assume without loss of generality that z; and z; occur in this
order on I,.

Case 2.1.1. w, and w; occur in this order on I.

Put
gaézll =dy, |21622| =dy, |226§a+1 =ds,
|§b6wz| = da, |wzéw1' =ds, 'wléébn = d, (3.18)
C' = £,Cz1w0, CwrzoClpx Py Ce,.
Clearly,

|C'| =IC| - d — ds — de + |{ex }| + |{e2}| + |P| + 2

319
=|C| — dy — dy — de + P + 4. (3.19)

Since C is extreme, |C| > |C'|, implying that d, + ds + d¢ > p + 4. By a symmetric argument,
di +ds +ds > p+4. Hence

6
Lol + 1| = D di > 2p +8. (3.20)
i=1

Case 2.1.2. wy and w, occur in this order on Ij.
Putting

C’ = §aézlwléwZ226§bxﬁy§b+16§a, (3.21)

we can argue as in Case 2.1.1.
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Case 2.2 (either z1 = z, wy #w, Or z1 # 2o, W1 = wy). Assume without loss of generality that
z1# 2y, w1 = wy and z1, zp occur in this order on I,,. Put

= d3r

§u621| =dy, |Zlézz| =dy, |226§u+1

|§b6w1| =dy, |w16§b+1 =ds,
(3.22)
C' = 8xPyg, Cz101Ce,
C" = £.C20w1 Cbar1xPy i1 Cean
Clearly,
|C'| =IC|—di —ds+|{er}| +|P|+2=|C|—dy —ds+P +3,
(3.23)
|C"| =IC|-ds—ds+|{ex}| +|P|+2=|C|—d3s —ds +p + 3.
Since C is extreme, |C| > |C'| and |C| > |C"|, implying that
di+dys>p+3, ds+ds>p+3. (3.24)
Hence,
5
ol + | = Didi > dy +ds+dy+ds +1>2p+7. (3.25)

i=1

Case 3 (i = 3). It follows that Y(I,, I,) consists of three edges e, e;, es. Let e; = zjw; (i =
1,2,3), where {z1,2;,2z3} C V(I;) and {wy,ws, w3} C V(I}). If there are two independent
edges among e;, e, ez, then we can argue as in Case 2.1. Otherwise, we can assume without
loss of generality that w; = w, = w3 and z1, z», z3 occur in this order on I,. Put

§a621| =d,, 'zlézzi =dy, |ZzéZ3| =ds,

|Zsé§a+1 = da, ‘ébéwli =ds, |wlé§b+1 =ds,
(3.26)
C = §ux13y§b Czlwléga,
C" = ¢,Czzw C§a+1xﬁy§b+1 Cé,.
Clearly,
|C'| =ICl-di—ds +|{e1}| +P+2,
(3.27)

|C”| = |C|—d4—d6+|{€3}|+ﬁ+2.
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Since C is extreme, we have |C| > |C'| and |C| > |C"|, implying that

di+ds>p+3, dy+ds>p+3. (3.28)
Hence,
6
ol +Io] = Ddi > dy +dy +ds + de +2 > 2p +8. (3.29)
i=1
O
Proof of Lemma 2.3. Put
V(H) ={vy,..., 01}, IN(vi))nS|=p (@{=1,...,h). (3.30)

Observing that h > d(v;) =i +1 > 6 - pi +1foreachi € {1,2,...,h}, we have ff; >
6-h+1(i=1,2,...,h). Therefore,

h h h
i =q(H) + D = 5 > (o) + D fi
i=1 i=1 i=1

1 h 1 h 1 h 1 h (331)
"Ei;(dH(Ui) +pi) + §i§:1ﬁi = Egld(”"’ + 51-2:1 (6-h+1),

o1 _h(26-h+1)
>5h6+ 5h(E~h+1) = . '

O

Proof of Lemma 2.4. Let C be a longest cycle in G and P = x;Px, a longest path in G\ C of
length p. If |[V(P)| < 1, then C is a dominating cycle and we are done. Let |V (P)| > 2, that is,
p > 1. By the hypothesis, |C|+p + 1 < n < 36 + 2. Further, by Theorem D, |C| > 26. From these
inequalities, we get

n<36+2,  |C|<36-p+1, 1<p<5+1. (3.32)

Let é1,¢&,...,¢s be the elements of N¢(x1) U Nc(x2) occuring on C in a consecutive
order. Put

I; = ¢Céina, =gCe, (i=12,...,9), (3.33)

i+1

where &g,1 = ¢1.
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Case 1 (6 = 2). Let Q be a longest path in G with Q = §Qq and V(Q) N V(C) = {¢,1}. Since C
is extreme, we have |§éq| > |QJ| and |qé§| > |Q|, implying that

Cl = |¢Cn| + [nCe| = 2Ql. (3:34)
Since x > 2and p > 1, we have |Q| > 3. By (3.34), |C| > 2|Q| > 6, implying that g > |C|+|Q| > 9.

Case 2. (6 > 3).

Case 2.1 (p = 1). By (3.32),

IC| < 36. (3.35)
Case 2.1.1 (N¢(x1) # Nc(x2)). It follows that max{o1, 02} > 1, where
o1 =|Nc(x1)\Nc(x2)|, 02 =|Nc(x2) \Nc(x1)]- (3.36)

By Lemma 2.1, |C| > 36. Recalling (3.35), we get |[C| = 36. If max{oy,0,} > 2, then by
Lemma 2.1, |C| > 36 + 1, contradicting (3.35). Let max{oy, 02} = 1. Clearly, s > 6 and
|| >3 ({ =1,2,...,s). Further, if s > 6 + 1, then |C| > 3s > 36 + 3, again contradicting
(3.35). Let s = §, implying that || =3 (i=1,2,...,s). By Lemma 2.2, Y(I1, I,...,I;) = 0. Let
Hiy, H,,..., Hg1 be the connected components of G\ {&1,&,...,¢&} with V(H;) = V(I7) (i =
1,2,...,s) and V(Hg.1) = {x1,x2}. Foreachi € {1,2,...,s + 1}, put

hi=|V(H)|,  gi=|{xy € EG): {x,y} NV (H;)#0}|. (3.37)

Clearly, h; =2 (i=1,2,...,5s+1). By Lemma 2.3,

qizwzzaq (i=1,2,...,5+1), (3.38)

implying that

ngqe(s+1)(25—1)=(6+1)(25-1)>w_

i=1

(3.39)

Case 2.1.2 (N¢c(x1) = N¢(xp)). Clearly, s > 6 — 1. If s > §, then we can argue as in Case 2.1.1.
Let s = 6—1. Further, if |I;|+|I;| > 10 for some distincti,j € {1,2,...,s}, then |C| > 10+3(s-2) =
36 + 1, contradicting (3.35). Hence

ILi| + |I;| <9 for each distinct i,j € {1,2,...,s}. (3.40)
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Claim1.Y(I1, I, ...,I;) € E(G) and
(1) if max;|I;| < 4 then |[Y(I1,Iy,...,15)| <3,

(2) if max;|I;| =5 then [Y(I, I, ..., I;)| <6 -1,
(3) if max;|I;| = 6 then [Y(I1, L, ..., I,)| < 2(6 - 2).

Proof. 1t Y(I1, I, . .., Is) = @ then we are done. Otherwise, Y(I,;, I)) # 0, for some distinct a,b €
{1,2,...,s}. By definition, there is an intermediate path L between I, and I,,. If |[L| > 2, then
by Lemma 2.2,

[Lal + |Ip| 2 2p +2|L| + 4 > 10, (3.41)

contradicting (3.40). Otherwise, |L| = 1 and therefore, Y(I3, I, ...,I;) € E(G). By Lemma 2.2,
|Ia| + |Iy| > 2p + 6 = 8. Combining this with (3.40), we have

8 < ||+ |Ip] < 9. (3.42)

Furthermore, if |Y(I,, I)| > 3, then by Lemma 2.2, |I,| +|Ip| > 2p + 8 = 10, contradicting (3.42).
So,

1<|Y(I;, ;)| <2 for each distinct i,j € {1,2,...,s}. (3.43)

Putr = |{i:|[;| > 4}|. If r > 4, then |C| > 16 + 3(s — 4) = 36 + 1, contradicting (3.35). Further, if
r =0, thenby Lemma 2.2, Y(I1,I»,...,I;) =0. Let 1 <r < 3.

Case al (r = 3). It follows that |I;| > 4 (i = a,b,c) for some distinct a,b,c € {1,2,...,s}
and |I;| = 3 for each i € {1,2,...,s}\{a,b,c}. Recalling that s = 6 — 1 and |C| = 36, we
have |I,| = [I| = |I| = 4, that is, max;|[;| = 4. By Lemma 2.2, [Y(I;, I;)| < 1 for each distinct
i,j € {a,b,c}. Moreover, we have [Y(I;, I;)| = 0 if either i ¢ {a,b,c} or j & {a,b,c}. So,

Y(I, I, ..., I)| = [Y(I, I, I.)| < 3. (3.44)

Case a2 (r = 2). It follows that |I;| > 4 and |I| > 4 for some distinct a,b € {1,2,...,s} and
|Ii| = 3 for eachi € {1,2,...,s}\{a,b}. By (3.42), we can assume without loss of generality
that either |I,| = |Ip| = 4 or |I,| =5, |I| = 4.

Case a2.1 (|I;| = |I,| = 4). It follows that max;|I;| = 4. By Lemma 2.2, |[Y(I,, Ip)| < 1 and
Y(I;, I;) = if {i,j} # {a, b}, implying that [Y(I1, I, ..., Is)| = [Y(I,, Iy)| < 1.

Case a2.2 (|1,| = 5, |Ip| = 4). It follows that max;|I;| = 5. By Lemma 2.2, we have |Y(I,, I)| < 2
and |Y(I,, I;)| < 1 foreachi € {1,2,...,s}\{a,b}. Furthermore, Y(I;, I;) = @if a ¢ {i,}. Thus,
|Y(11/IZ/”-/IS)| < 6-1.
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Case a3 (r = 1). It follows that |I,| > 4 for some a € {1,2,...,s} and |[;| = 3 for each i €
{1,2,...,s}\{a}. By (342),4 < |I,| < 6.

Case a3.1 (|I;| = 4). It follows that max;|I;| = 4. By Lemma 2.2, Y(I,,I;) = @ for each i €
{1,2,...,s}\{a}, implying that [Y(I;, I»,...,Is)| = 0.

Case a3.2 (|I,] = 5). It follows that max;|I;| = 5. By Lemma 2.2, |Y(I,, I;)| < 1 for each i €
{1,2,...,s}\{a} and Y(I;, I}) =@if a & {i,j}, thatis, [Y(I1, I5,...,I5)| < 6 - 2.

Case a3.3 (|I,] = 6). It follows that max;|I;| = 6. By Lemma 2.2, |Y(I,, I;)| < 2 for each i €
{1,2,...,s}\{a} and Y(I;, I;) = @ if a ¢ {i,j}, thatis, [Y(I},I,...,I;)| < 2(6 - 2). Claim 1 is
proved.

Lete € Y(I1,I,...,Is) and let e = zw, where z € V(I;) and w € V(I;) for some
distinct a,b € {1,2,...,s}. Put G' = G\e. Form a graph G" in the following way. If d(z) > 6
and d(w) > 6 in G’ then we take G” = G'. Next, suppose that d(z) =6 -1and d(w) > 6in G'.
Put

Ui = ({818, &) UVI\(z), U= ({& &, .., & UV (T)) \{w). (3.45)

If U; € N(z), then clearly d(z) > |U;]| = 6 in G, contradicting the hypothesis. Otherwise,
zv € E(G') for some v € Uy and we take G" = G’ + {zv}. Finally, if d(z) = d(w) = 6 - 1, then
as above, zv ¢ E(G') and wu ¢ E(G') for some v € Uy, u € U, and we take G” = G'+{zv, wu}.
Clearly, 6(G") = 6(G) and g = q(G) > g(G") — 1. This procedure may be repeated for all edges
of Y(I1, I, ..., Is). The resulting graph G* satisfies the following conditions:

6(G")=6(G),  q(G) = q(G")~Y(Iy b ..., L), (3.46)
In fact,

G* = (G\Y(},L,...,I)) + EY, (3.47)

where E* consists of at most 2[Y(Iy,Is,...,I;)| appropriate new edges such that
G*\{&,¢&,...,¢&} is disconnected. Let Hy, Hy, ..., H; be the connected components of G*\
{&1,&,..., &) with V(I7) € V(H;) (i = 1,2,...,s) and V(Hs1) = {x1,x2}. For each i €
{1,2,...,s+1}, put

hi=|V(H)|,  gi=|{xy € E(G") : {x,y} nV(H;) #0}|. (3.48)

Clearly, h; >2 (i=1,2,...,s+1).If h; > 6 forsomei € {1,2,...,s}, then

s+1

n>>hi+|{é, &, ... &) 2 6+35=36+3, (3.49)
i=1
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contradicting (3.32). Otherwise, 2 < h; <5<26 -1 (i=1,2,...,s + 1). It follows that (h; —2)
(26 — h;j — 1) > 0 which is equivalent to

wzzé—l (i=1,2,...,5+1). (3.50)

Case 2.1.2.1 (max;|I;| < 4). By (3.50) and Lemma 2.3, q;(G*) >26 -1 (i=1,2,...,5+1). Hence

3(G*) > ilqi((}*) > (s +1)(25 - 1) = 6(26 - 1). (3.51)

i=1
Using (3.46) and Claim 1, we have

3(6-1)(6+2)

: (3.52)

4>q(G’)-3>6(26-1)-3>

Case 2.1.2.2 (max;|I;| = 5). Assume without loss of generality that max;|I;| = |I;| = 5, that is,
4 < hy <5.By (3.50) and Lemma 2.3, g;(G*) >26 -1 (i=2,...,s+1) and

>2(26 - 3). (3.53)

hi(26-h; +1
ql(G*)Z%

Hence
q(G*) > 5(26 1) +2(26 - 3) =26 + 6 - 5. (3.54)

By (3.46) and Claim 1,

_36-DE+2)

> (3.55)

q>q(G") - (6-1) >25° -4

Case 2.1.2.3 (max;|I;| = 6). Assume without loss of generality that max;|I;| = |I;| = 6, that is,
hy = 5. By (3.50) and Lemma 2.3, g;(G*) >26 -1 (i=2,...,s+1) and

h1(26 - hl + 1)
2

q1(G") > =5(6-2). (3.56)

Hence
g(G*) >s(26 — 1) +5(5 —2) = 26> +26 - 9. (3.57)

By (3.46) and Claim 1,

3(6-1)(6 +2)

5 (3.58)

q>q(G*)-2(6-2)>25-5>
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Case 2.2 (

>
p=6-2p=

2). According to (3.32), we can distinguish five main cases, namely, 2 < p < 6-3
6-1,p=6,andp=056+1.

N
2,p
Case 2.2.1 (2 <p <6 -3). It follows that [N¢c(x;)| >6-p >3 (i=1,2) and

6>5 6-p>3. (3.59)

If Nc(x1) # Nc(x2), then by (3.59) and Lemma 2.1, [C| > 46 — 2p > 36 — p + 3, contradicting
(3.32). Let Nc(x1) = Nc(x2). Clearly, s > [Nc(x1)| - (|[V(P)|-1) 26 -pand || >p+2 (i =
1,2,...,5).Ifs>6-p+1, then
ICl>s(p+2)>(6-p+1)(p+2),
=(6-p-1)(p-1)+36-p+1236-p+3,

(3.60)

again contradicting (3.32). Let s = 6 — p. It means that x;x, € E(G), that is, G[V(P)] is
hamiltonian. By symmetric arguments, Nc(y) = Nc(x;) for each y € V(P). Assume that
Y(I,Ip,...,Is) #0, thatis, Y(I,, Ip) # @ for some elementary segments I, and Ip. By the defini-
tion, there is an intermediate path L between I, and I;,. If |L| > 2, then by Lemma 2.2

Lo+ |Ip| > 2p +2|L| +4 > 2p + 8. (3.61)

Hence

IC| =|La| + |I| + Z I >2p+8+ (s-2)(p+2),
ie{1,...,s}\{a,b} (3.62)
=(6-p-2)(p-1)+36-p+2>36-p+3,

contradicting (3.32). Thus, |L| = 1, thatis, Y(I3, I5,...,Is) € E(G). By Lemma 2.2,
o] + |Ip| 2 2p +2|L| +4=2p +6, (3.63)
which yields

ICl =La] + Il + D, [Ll>2p+6+(s-2)(p+2)
ie{1,....s}\{a,b} (364)
=(s-2)(p-2)+46-2p-2236-p-2+(6-p).
If 6 —p >4, then |C| > 36 — p + 2, contradicting (3.32). Let 6 — p < 3. Recalling (3.59), we have
6—p =3, thatis,p=56-3and s =6 —p = 3. Hence, |C| > s(p +2) = 3(6 — 1). On the other
hand, by (3.32) and the fact that p > 2, we have |C| <36 -p +1 <36 — 1. Thus

36-3<|C|<36-1. (3.65)
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PutG' = G\Y(I}, I, I3). Asin Case 2.1.2, form a graph G* by adding at most 2|Y (I3, I, I3)| new
edges in G’ such that 6(G*) = 6(G) and G*\{¢1, &, &} are disconnected. We denote G* = G
immediately if Y(I3, I, I3) = 0. Hence

q(G) 2 q(G*) = [Y(I1, I, I3)]. (3.66)

Let Hy, Hy, ..., H; be the connected components of G*\ {&1,&,¢&3} with V(IF) € V(H;)(i =
1,2,3) and V(P) C V(Hy). Since x1x; € E(G) (i.e., G[V(P)] is hamiltonian) and P is extreme,
we have V(Hy) = V(P). Using notation (3.48) for G*, wehave h; > |[;| -1>2p+1=6-2 (i =
1,2,3)and hy =6 -2.1f h; > 6 + 1 for some i € {1,2,3}, then

n2h1+h2+h3+h4+5246—2. (367)

By (3.59), 6 > 5, implying that 46 —2 > 36 + 3 and n > 36 + 3, contradicting (3.32). Let
6-2<h; <6 (i=1,2,3,4). It follows that

BE6—hi+1) _ (5-2)(6+3)

i = . 3.68
5 5 (i1=1,2,3,4) (3.68)

By Lemma 2.3, g;(G*) > (6 —-2)(6 +3)/2 (i =1,2,3,4), implying that

2(G) 2 3G 226~ 1)(6+3). (3.69)

i=1
If |Y (L1, I, I3)| > 4, then |Y(I,, Ip)| > 2 for some distinct a,b € {1,2,3}. By Lemma 2.2
Lol + 1| >2p+7=26+1 (3.70)
and hence |C| > 36, contradicting (3.65). So, [Y (11, I, I3)| < 3. By (3.66) and (3.69),

3(6-1)(6+2)

q2q(G")-3>2(6-1)(6+3)-32 > (3.71)
Case 2.2.2 (p = 6 — 2). It follows that [Nc(x;)| > 6 —p =2 (i = 1,2). By (3.32),
IC|<36+1-p=26+3. (3.72)

If Nc(x1) # Ne(xp), then by Lemma 2.1, |C| > 46 — 2p = 26 + 4, contradicting (3.72). Let
Nc(x1) = Nc(xp). Further, if s > 3, then

IC|>s(p+2)>36=26+(5+2) >26+4, (3.73)

again contradicting (3.72). Let s = 2. It follows that x;x, € E(G), that is, G[V(P)] is
hamiltonian. By symmetric arguments, Nc(y) = Nc(x1) = {&1, &} for each y € V(P). Clearly,
LI >p+2=06 (i=1,2).
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Case 2.2.2.1 (Y(I1,I;) = 0). It follows that G\ {¢1,¢>} is disconnected. Let Hy, Ho, ..., H; be
the connected components of G\ {¢;,¢;} with V(I) C V(H;) (i = 1,2) and V(P) C V(H3).
Since P is extreme and G[V (P)] is hamiltonian, we have V(Hj3) = V(P). By notation (3.48),
hi>|;|-1>6-1(i=1,2)and h3=6-1.1f h; > 6 + 3 for some i € {1,2}, then

n>hy+hy+hs +|{&1,é&}| > 36 +3, (3.74)

contradicting (3.32). So,6 -1< h; <6+2 (i=1,2,3). By Lemma 2.3,

@S —hi+1) | (6-1)(6+2)

. - 3.75
gi > 5 > 5 (i=1,2,3). (3.75)

Hence,

3 —
q> Zqi > w (3.76)

Case 2.2.2.2 (Y(I;, I) #0). By definition, there is an intermediate path L between I; and I,. If
IL| > 2, then by Lemma 2.2

IC| =]+ || >2p+2|L| +4 > 26 +4, (3.77)
contradicting (3.72). Otherwise, Y(I1, I) C E(G). Further, if |Y (I3, I)| > 3, then by Lemma 2.2
IC| = ||+ |I2] > 2p + 8 =26 +4, (3.78)

again contradicting (3.72). Thus |Y(I3, I)| < 2.

Case 2.2.2.2.1 (|Y(I;,IL)| = 1). Put G = G\ Y([3,I2). As in Case 2.1.2, form a graph G* by
adding at most two new edges in G’ such that 6(G*) = 6(G), G*\ {¢1,&} is disconnected
and q(G) > q(G*) — 1. Let Hy, Hy, ..., H; be the connected components of G*\ {¢1, &} with
V(I7) € V(H;) (i =1,2) and V(P) = V(H3). Using notation (3.48) for G, as in Case 2.2.2.1,
wehave 6 -1 < h; <6+2 (i =1,2,3). By Lemma 2.2, |I1| + |Io| > 2p + 6 = 26 + 2. It means
that max;|[;| > 6 + 1, that is, max;h; > 6. Assume without loss of generality that h; > 6. By
Lemma 2.3,

b]l(G*) > h1(26 —2h1 + 1) > 6(62+ 1)’

(G > hi(26 —2hi+1) S (5—1)2(5+2)

(3.79)

(i=2,3),
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implying that
4(G") > 5(62+ D 6-1)6+2). (3.80)
Hence
§>q(G)-13 6(62”) +(6—1)(6+2)—12w. (3.81)
Case 2.2.2.2.2 (|Y(I1,I2)| =2). By Lemma 2.2,
IC| = 1] + L] > 25 + 7 = 26 + 3. (3.82)

Recalling (3.72), we get |C| = 26 + 3and V(G) = V(PUC).Put G’ = GY (I3, I). Asin Case 2.1.2,
form a graph G* by adding at most four new edges in G’ such that 6(G*) = 6(G), G*\ {é1, &}
is disconnected and g(G) > q(G*) — 2. Let Hy, H, and Hj be the connected components
of G*\{&1, &} with V(H;) = V(I)(i = 1,2) and V(H3) = V(P). Using notation (3.48) for
G*, we have as in Case 2.22.1,6 -1 < h; < 6+2 (i = 1,2,3). Since |I;] > 6 (i = 1,2) and
IC| = |Ii| + || = 26 + 3, we can assume without loss of generality that either [I| = 6 + 2,
|L|=6+1or|L|=6+3, || =6.

Case 22.2.22.1 (|[I1]| = 6 + 2, || = 6+ 1). It follows that hy =6 + 1, h, = 6 and h3 = 6 — 1. By
Lemma 2.3,

hi(26—hi+1) 65 +1)

qi(G) > (i=1,2),
2 2
h3(26 -hs+1)  (6-1)(6+2 (3:89)
—hs + - +
45(G") > 3( 23 ) _ ( )2( ).
Hence
3 [ —
g2 Y qi(G)-226(6+1)-2+ (6-1D©6+2) _36-1©+2) (3.84)
im1 2 2
Case 2.2.2.222 (|| =6 + 3, |I| = 6). Let Y(I1, I,) = {e1,e2}, where
e1=1y1z1, e=1z, (v} V() {z1,2} V(). (3.85)
If y1 # y» and z; # z, then as in proof of Lemma 2.2 (Case 2.1),
IC| = I+ || > 25 +8=2(6-2) +8=26+4, (3.86)

contradicting (3.72). Let either y; # 1, and z; = z; or y; = y, and z; # z».
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Case 2.2.2.2.2.2.1 (y1 #y, and z; = z7). Assume without loss of generality that 1, 1, occur on
I1 in this order. If y, = y7, then

ICl 2 [61:Cyiz1y2Cérxa Prrd | = 26 + 4, (3.87)
contradicting (3.72). Let y2 # y7, that s, |y 6y2| > 2. Put

C' = & Cyrzi Corxr Px1d,

_ _ (3.88)
C" = & Cz1y1Céxy Px1 81
Clearly,
€12 |C'| = [6:Con | + [y1Co| +1e2) + |82C| + (B +2),
R (3.89)
ICI > |C"] = [1Cz1 | + eI+ [yiCoa| + |v2Cio| + (B +2).
By summing and observing that
|&:Cya| + [11Co| + [y2Ca| + |82C| + [2aCei | = I, (390)
we get
2C| > |C| + |yléyz| +2(p+2) +2>|C|+26 +4. (3.91)

Hence |C| > 26 + 4, again contradicting (3.72).

Case 2.2.2.2.2.2.2 (y1 = y» and z1 # z»). Assume without loss of generality that z,, z; occur on
I, in this order.

Case 2.2.2.22.2.2.1 (6 > 6). If |;Cy1| > 6 — 1 and [y1C&| > 6 - 1, then |[}] > 26 -2 > 6 +4,
contradicting the hypothesis. Thus, we can assume without loss of generality that |&Cy;| <
6-2.1f y; = ¢, then

ICI > |¢1 Czay1Céaxs P | 226 +5, (3.92)
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contradicting (3.72). Let y; #¢;, that is, y; € V(I}). Since Y(I1, I2) = {y1z1,y122}, we have
N(y;) ¢ V(L).If N(y;) n V(y{égg) =, then [N (y7)| < 6 - 1, a contradiction. Otherwise,
y;w € E(G) for some w € V(yfééz‘). Put

R= §15y{wal,
C'= §1§y121 Eézm nglgl, (3.93)
C'=¢ EZzyfézxz Pxid.

Clearly,

12 [C'| = IRl + [{sz1}] + |21 Clal + (B +2),

3.94
|C|2|C"|=|§1EZ1|+|21622|+|{y122}|+|ylé§2|+(i_9+2)' o
By summing and observing that |R| > [ éy1| +1, we get
201> (|6Con |+ [yiCi| + |eaCar| + [miCar|) +2(+2) +4=IC+26+4. (395)
Hence |C| > 26 + 4, contradicting (3.72).
Case 2.2.2.2.2.2.2.2 (6 = 5). It follows that
1] =6+3=8§, |IL|=6=5, |IC]=26+3=13. (3.96)

If either [&;Cy1| < 6 — 2 = 3 or [y1C&y| < 6 — 2 = 3, then we can argue as in Case 2.2.2.2.2.2.2.1.
Otherwise, |§1éy1| = |y16§2| =4.1f |z1 C&| >4, then

§16y121 Céz](z EX1§1 >14 > |C|, (397)

a contradiction. Let |z; E ¢&| < 3. Similarly, [¢; E zp| < 3, implying that I, = &¢5z2z127¢:. If
zyzo € E(G), then

§1éylzlzfzzcggx2 legl =14 > |C|, (398)

a contradiction. So, N (z]) C {¢1, &, z1,¢; }, again a contradiction, since [N (z])| > 6 = 5.

Case 2.2.2.2.2.2.2.3 (6 = 4). It follows that

IL|=6+3=7  |Ll=6=4, |C]=26+3=11. (3.99)
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Since |I| = 7, we have either |§16y1| >4 or |y15§2| >4, say |§16y1| > 4. Put
C' = &:Cyriz1 Coraxa Prrdy. (3.100)

If |§1éy1| > 5, then |C'| > 12 > |C|, a contradiction. This means that |§16y1| =4.1f|z:C&| =1
then |C’'| > 12 > |C|, a contradiction. Let |z1C¢;| > 2. Since || = 4, we have |z1C¢;| = 2, that is,
I = &2zpz1z7 &1 Further, if z{z, € E(G), then

&Cryizzi mbx, Paid| = 12> |C), (3.101)

a contradiction. Let zz> ¢ E(G). Since [Y(I1, I2)| = 2, we have N(z]) C {&1, &, z1}, contradict-
ing the fact that [N (z])| > 6 = 4.

Case 2.2.3 (p = 6 — 1). By (3.32),
IC|<36+1-p=25+2. (3.102)

It follows that |[Nc(x;)| >6-p=1 (i = 1,2).

Case 2.2.3.1 (|Nc(x;)| 22 (i = 1,2)). If Nc(x1) # Nc(x2), then by Lemma 2.1, |C| > 2p + 8 =
26 + 6, contradicting (3.102). Let Nc(x1) = Nc(x2). If s > 3, then

IC|>s(B+2) >3(6+1) >26+2, (3.103)

contradicting (3.102). Let s = 2. It follows that |C| > s(p + 2) > 2(6 + 1). Recalling (3.102), we
get

IC|=26+2, |L|=|L|=6+1, V(G)=V(CUP). (3.104)

Assume that yz € E(G) for some y € V(P) and z € V(C)\{¢1,¢,}. Besides, we can assume
without loss of generality that z € V(I]). Since C is extreme, we have

|6iCz| 2 [aiPy|+2, |2C&| 2 [yPx:| +2, (3.105)
implying that
L] = |§162' + 'zééz) > |x113y| + |y13x2| +4=p+4=56+3, (3.106)

a contradiction. So, Nc(y) C {¢é1,¢&} for each y € V(P). On the other hand, by Lemma 2.2,
Y(I;,I,) = @ and hence G\ {¢1,¢é} is disconnected. Let Hy, Hy, and Hjz be the connected
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components of G\{¢&;, &} with V(H;) = V(I}) (i = 1,2) and V(H3) = V(P). Using notation
(3.48), we have h; =6 (i =1,2,3). By Lemma 2.3,

| h@6-hi+1) _§(6+1)

j = 3.107
qi 2 2 2 (l 1/ 2/ 3)/ ( )
implying that
& 3(6%+6 -
7> 3> 200, 30 E ) (3.108)

i=1

Case 2.2.3.2 (either [Nc(x1)| = 1 or [Nc(x2)| = 1). Assume without loss of generality that
INc(x1)| = 1. Put Ne(x1) = {y1}.

Case 2.2.3.2.1 (Nc¢(x2) # Nc(x1)). It follows that x> € E(G) for some y, € V(C)\{y1} and
we can argue as in Case 2.2.3.1.

Case 2.2.3.2.2 (Nc(x2) = Nc(x1) = {y1}). It follows that
N(x;)) = (V(P)\{x:i})) u{y} (i=1,2). (3.109)

Since k > 2, there is an edge zw such that z € V(P) and w € V(C)\ {y1}. Since N¢(x1) =
Nc(x2) = {y1}, we have z ¢ {x1,x2}. By (3.109), x,z= € E(G). Then replacing P with

x1Pz"x, Pz, we can argue as in Case 2.2.3.1.

Case 2.2.4 (p = 6). By (3.32), |C| <36 +1—-p = 26+ 1. Let Q = ¢Qn be a longest path in G with
V(Q)NV(C) ={¢n}. If|Q] > 6 +1, then by (3.34), |C| > 2|Q| > 26 + 2, a contradiction. Let

Q| < 6. (3.110)

Case 2.2.4.1 (x1x; ¢ E(G)). It follows that [Nc(x;)| > 1 (i = 1,2). If [Nc(x;)| > 2 for some

€ {1,2}, then clearly |Q| > p + 2 = 6 + 2, contradicting (3.110). Let [N¢c(x1)| = |[Nc(x2)| =
1. Further, if Nc(x1) # Nc(x2), then again |Q| > 6 + 2, contradicting (3.110). Let Nc¢(x1) =
Nc(x2) = {z1} for some z; € V(C). Since k > 2, there is a path L = yz, connecting P and C
such that y € V(P) and z, € V(C)\{z1}. Clearly, y ¢ {x1,x2}. If x,y~ € E(G), then

Q| > zlxlﬁy‘legyzz =6+2, (3.111)

contradicting (3.110). Let x,y~ € E(G). Further, if y~ # x1, then recalling that x,x; ¢ E(G)

we have [Nc(x2)| > 2, a contradiction. Otherwise, y~ = x; and |Q| > |z1x2 Pyzz| =6+1,
contradicting (3.110).
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Case 2.2.4.2 (x1x2 € E(G)). Put C' = xlﬁxle. Since « > 2, there are two disjoint paths Ly, L,
connecting C' and C. Further, since P is extreme, we have |Li| = |L,| = 1. Let L1 = y1z1 and
Ly = y»z5, where y1, > € V(C') and z1, zo € V(C). Since C' is a hamiltonian cycle in G[V (P)],

we can assume that P is chosen such that x; = y;. If |x1ﬁy2| <2, then |Q] > |z1x1x2 13 Yozo| >
6 + 1, contradicting (3.110). Let |x1 Py| > 3. If x,v € E(G) for some v € {y;l,ygz}, then

Q| > |21 Pox, Pyaza| > 6+ 1, (3.112)

contradicting (3.110). Otherwise, [Nc(x2)| > 2, implying that x,z3 € E(G) for some z3 €
V(C)\{z1}. Then

10| > |z1x113x2z3| > 642, (3.113)

again contradicting (3.110).

Case 225 (p = 6 + 1). By (3.32), |C| £ 36 +1 —p = 26. On the other hand, by Theorem D,
IC| > 26, implying that |C| = 26 and V(G) = V(CUP). Let Q = §Q11 be a longest path in G
with V(Q) N V(C) = {¢,n}. If |Q] > & + 1, then by (3.35), |C| > 2|Q| > 26 + 2, a contradiction.
Let

Q| < 6. (3.114)

Case 2.2.5.1 (x1x; € E(G)). Put C' = xlﬁx2x1. Since x > 2, there are two disjoint edges z;w;
and zpw, connecting C' and C such that z1,z, € V(C') and wy, w, € V(C). Since C' is a
hamiltonian cycle in G[V(P)], we can assume without loss of generality that P is chosen
such that z; = xy. If |x11_522| < 3, then |Q| > |wix1x, Ezzw2| > 6 + 1, contradicting (3.114). Let
|x11322| > 4. Further, if x,v € E(G) for some v € {zgl, zgz, 253}, then

10| > |wix1Poxs Pzows| > 6 +1, (3.115)

contradicting (3.114). Now let x,v ¢ E(G) for each v € {z;!,z;%,z;°}. It follows that
INc(x2)| > 2, that is, x,ws € E(G) for some w3 € V(C)\ {w1}. But then |Q| > |wyx1 Px,ws| =
6 + 3, contradicting (3.114).

Case 2.2.5.2 (x1x2 & E(G)). If dp(x1) + dp(x2) > |V(P)| = p+1 = & + 2 then by Theorem C,
G[V(P)] is hamiltonian and we can argue as in Case 2.2.5.1. Otherwise, dp(x1)+dp(x2) < 6+1,
implying that

de(xy) +dce(x)>6-12>2. (3.116)

Assume without loss of generality that dc(x1) > de(x2).
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Case 2.2.5.2.1 (dc(x2) = 0). It follows that N(xz) = V(P)\ {x1,x2}. By (3.116), dc(x1) > 2.
Put C' = xi’ﬁxzx; Since x > 2, there is a path L = zLw connecting C’ and C such that

z € V(C')\{x]} and w € V(C). If x; € V(L), that is, x;z € E(G), then x1Pz x, 13 zx1 is
a hamiltonian cycle in G[V(P)] and we can argue as in Case 2.2.5.1. Let x; ¢ V(L). Since
V(G) = V(CU P), we have L = zw. Further, since dc(x1) > 2, we have x;w; € E(G) for some
wy € V(C)\ {w}. Hence,

Q| > w1x1Pz x> Ezw =6+3, (3.117)

contradicting (3.114).

Case 2.2.5.2.2 (dc(x2) = 1). Let Nc(x2) = {wq}. By (3.116), dc(x1) > 1. If either dc(x1) > 2 or
Nc(x1) # Ne(x2), then xyw € E(G) for some w € V(C)\ {w;} and therefore

Q| > |wx11_5x2w1| =06+3, (3.118)

contradicting (3.114). Otherwise, Nc(x1) = Nc(x2) = {w,}. Since x > 2, there is an edge zw
such that z € V(P) and w € V(C)\ {w:}. Clearly, z € {x1,x;}. Further, we can argue as in
Case 2.2.5.1.

Case 2.2.5.2.3 (dc(x) > 2). Since dc(x1) > dc(x2), we have de(x1) > 2. Hence |Q| >p + 2 =

6 + 3, contradicting (3.114). O

Proof of Theorem 1.1. Let G be a graph satisfying the hypothesis of Theorem 1.1, which is
equivalent to

g<6*+6-1. (3.119)
Since
1 on
q=5 2, dw>—, (3.120)
ueV(G)

we have 6n/2 < 6% + 6 — 1 which is equivalent to

n-1 1 1
_ -4z 3.121
6> 3 2+6‘ ( )

If n is even, that is, n = 2t for some integer t, then

—s4z=t-les, (3.122)
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implying that 6 > t = n/2. By Theorem A, G is hamiltonian. Let n is odd, thatis, n = 2t + 1
for some integer t. Then 6 > t —1/2 + 1/6 implying that 6 > t > (n — 1)/2. Recalling that
G is hamiltonian when 6 > (n — 1)/2, we can assume that 6 = (n — 1)/2. By Theorem C,
either G is hamiltonian or containers at least 6* + 6 edges, contradicting (3.119). Theorem 1.1
is proved. O

Proof of Theorem 1.2. Let G be a 2-connected graph. The hypothesis of Theorem 1.2 is equiva-
lent to

8 when 6 = 2,
< _ _ 3.123
g< 3(6 1)(;5+2) 1 hen s >3 ( )

Case 1 (6 =2 and g < 8). Let C be a longest cycle in G and P = x; Px, a longest path in G\ C of
length p. If p = 0, then C is a dominating cycle and we are done. Let p > 1. Since k > 2, there
isapath Q = §Q71 such that V(Q) N V(C) = {¢,1} and |Q| > 3. Further, since C is extreme,
we have |C| = |§éq| + |qé§| > 2|Q| > 6 and therefore, g > |C| + |Q| > 9, contradicting the
hypothesis.

Case2 (6 >3 and g < (3(6-1)(6+2)—1)/2). Since

g=5 3 dwz 2, (3.124)

n-2 1 7
> _z . 3.125
62—7--3%3 (3.125)
If n = 3t for some integer f, then
3t-2 1 7 7
> T 2 3.126
02— 35 15 (3.126)

implying that 6 >t =n/3 > (n—2)/3. Next, if n = 3t + 1 for some integer ¢, then

101 7 2 7
-1 1,7 _, 2,7 (3.127)

>
6_3 3 36 3 36

implying that 6 >t = (n—1)/3 > (n—2)/3. Finally, if n = 3t + 2 for some integer ¢, then

3 1 7 1 7
S 1. 7 _, 1.7 3128
623 -3%35-t"3%35 (3:128)

implying that 6 >t = (n —2)/3. So, 6 > (n - 2)/3, in any case. By Lemma 2.4, each longest
cycle in G is a dominating cycle. O
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