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We prove the existence and uniqueness of solutions for a family of discrete boundary value
problems by using discrete’s Wirtinger inequality. The boundary condition is a combination of
Dirichlet and Neumann boundary conditions.

1. Introduction

In this paper, we study the following nonlinear discrete boundary value problem:

-A(a(k-1,Au(k-1))) = f(k), keZ[1,T],
1.1
u(0) = Au(T) =0, (D

where T > 2 is a positive integer and Au(k) = u(k+1)—u(k) is the forward difference operator.
Throughout this paper, we denote by Z[a, b] the discrete interval {a,a+1,...,b}, where a and
b are integers and a < b.

We consider in (1.1) two different boundary conditions: a Dirichlet boundary
condition (#(0) = 0) and a Neumann boundary condition (Au(T) = 0). In the literature,
the boundary condition considered in this paper is called a mixed boundary condition.

We also consider the function space

W ={v:2Z[0,T +1] — R; such thatv(0) = Av(T) =0}, (1.2)
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where W is a T-dimensional Hilbert space [1, 2] with the inner product
T
(u,0) = D u(k)o(k), Yu,veW. (1.3)
k=1

The associated norm is defined by

T 1/2
[[ull = (Zlu(k)|2> : (1.4)
k=1

For the data f and a, we assume the following.

(Hy) f:Z[1,T] - R.

(Hy) a(k,”) : R — R forall k € Z[0,T] and their exists a mapping A : Z[0,T] xR — R
which satisfies a(k,¢) = (0/0¢)A(k,¢), for all k € Z[0,T] and A(k,0) = 0, for all
kez[0,T].

(Hs) (a(k,é) —a(k,n))-(¢—n)>0forall k € Z[0,T] and ¢, 1 € R such that ¢ #1.
(Hy) 1¢P® < a(k, )¢ < p(k)A(k, &) for all k € Z[0,T] and ¢ € R.
(Hs) p:Z[0,T] — (1,+o0).
The theory of difference equations occupies now a central position in applicable
analysis. We just refer to the recent results of Agarwal et al. [1], Yu and Guo [3], Koné and
Ouaro [4], Guiro et al. [5], Cai and Yu [6], Zhang and Liu [7], Mih4ilescu et al. [8], Candito

and D'Agui [9], Cabada et al. [10], Jiang and Zhou [11], and the references therein. In [7], the
authors studied the following problem:

Ay(k-1)+Af(y(k)) =0, keZ[LT],
y(0)=y(T+1) =0,

(1.5)

where A > 0 is a parameter, A%y(k) = A(Ay(k)), f : [0,+o0) — R a continuous function
satisfying the condition

f(0) =-a<0, whereaisapositive constant. (1.6)

The problem (1.5) is referred as the “semipositone” problem in the literature,
which was introduced by Castro and Shivaji [2]. Semipositone problems arise in bulking
of mechanical systems, design of suspension bridges, chemical reactions, astrophysics,
combustion, and management of natural resources.

The studies regarding problems like (1.1) or (1.5) can be placed at the interface of
certain mathematical fields such as nonlinear partial differential equations and numerical
analysis. On the other hand, they are strongly motivated by their applicability in
mathematical physics as mentioned above.
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In [11], Jiang and Zhou studied the following problem:

Au(k-1) = f(k,u(k)), keZ[1,T],
1.7
u(0) = Au(T) =0, 47

where T is a fixed positive integer, f : Z[1,T] x R — R is a continuous function. Jiang
and Zhou proved an existence of nontrivial solutions for (1.7) by using strongly monotone
operator principle and critical point theory.

In this paper, we consider the same boundary conditions as in [11] but the main
operator is more general than the one in [11] and involves variable exponent.

Problem (1.1) is a discrete variant of the variable exponent anisotropic problem

Noo ou .
_ga—xja,(x, 6_x,> =f(x) inQ,
u=0 onljy (1.8)
ou
> =0 only,

where Q ¢ RNV(N > 3) is a bounded domain with smooth boundary, I'; UT, = 0Q, f € L*(Q),
pi continuous on Q such that 1 < pi(x) < N and Zf\zjl(l/pi‘) > 1 for all x € Q and all
i € Z[1,N], where p; := essinf,cqp;(x).

The first equation in (1.8) was recently analyzed by Koné et al. [12] and Ouaro [13]
and generalized to a Radon measure data by Koné et al. [14] for an homogeneous Dirichlet
boundary condition (¥ = 0 on 0Q). The study of (1.8) will be done in a forthcoming
work. Problems like (1.8) have been intensively studied in the last decades since they
can model various phenomena arising from the study of elastic mechanics (see [15, 16]),
electrorheological fluids (see [15, 17-19]), and image restoration (see [20]). In [20], Chen et
al. studied a functional with variable exponent 1 < p(x) < 2 which provides a model for
image denoising, enhancement, and restoration. Their paper created another interest for the
study of problems with variable exponent.

Note that Mihdilescu et al. (see [21, 22]) were the first authors who studied anisotropic
elliptic problems with variable exponent. In general, the interested reader can find more
information about difference equations in [1-11, 23-25], more information about variable
exponent in [12-22, 26].

Our goal in this paper is to use a minimization method in order to establish some
existence results of solutions of (1.1). The idea of the proof is to transfer the problem
of the existence of solutions for (1.1) into the problem of existence of a minimizer for
some associated energy functional. This method was successfully used by Bonanno et al.
[27] for the study of an eigenvalue nonhomogeneous Neumann problem, where, under
an appropriate oscillating behavior of the nonlinear term, they proved the existence of a
determined open interval of positive parameters for which the problem considered admits
infinitely many weak solutions that strongly converges to zero, in an appropriate Orlicz-
Sobolev space. Let us point out that, to our best knowledge, discrete problems like (1.1)
involving anisotropic exponents have been discussed for the first time by Mihdilescu et al.
(see [8]), in a second time by Koné and Ouaro [4], and in a third time by Guiro et al. [5]. In
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[8], the authors proved by using critical point theory, existence of a continuous spectrum of
eigenvalues for the problem

—A<|Au(k —)PED2 Ay (k - 1)) = Mu(k)["®2y(k), kez[1,T],
(1.9)
u(0)=u(T+1)=0,

where T > 2 is a positive integer and the functions p : Z[0,T] — [2,) and q : Z[1,T] —
[2, o0) are bounded while A is a positive constant.

In [4], Koné and Ouaro proved, by using minimization method, existence and
uniqueness of weak solutions for the following problem:

-A(a(k-1,Au(k-1))) = f(k), keZ[1,T],
(1.10)
u0)=u(T+1)=0,

where T > 2 is a positive integer.

The function a(k — 1, Au(k — 1)) which appears in the left-hand side of problem (1.1)
is more general than the one which appears in (1.9). Indeed, as examples of functions which
satisfy the assumptions (H;)—(Hs), we can give the following.

(i) A(k,&) = (1/p(k) g™, where a(k, &) = |¢[P®)2%¢, for all k € Z[0,T] and ¢ € R.

(i) Ak, &) = 1/p()[A +1gP)PY% -1 (p(k)-2
Z[0,T] and ¢ € R.

, where a(k,&) = (1+ 227", for all k €

In [5], Guiro et al. studied the following two-point boundary value problems

~Ala(k -1, Au(k - 1)) + [u(k)PPu(k) = f(k), keZ[1,T], )
Au(0) = Au(T) = 0. '

The function a(k — 1, Au(k — 1)) has the same properties as in [4], but the boundary
conditions are different. For this reason, Guiro et al. defined a new norm in the Hilbert
space considered in order to get, by using minimization methods, existence of a unique
weak solution (which is also a classical solution since the Hilbert space associated is of finite
dimension). Indeed, they used the following norm:

T+1 T 1/2
[Jul] = <Z|Au(k -DP + Zlu(k)|2> , (1.12)
k=1

k=1
which is associated to the Hilbert space

W ={v:2Z[0,T +1] — R; such that Av(0) = Av(T) = 0}. (1.13)
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In order to get the coercivity of the energy functional, the authors of [5] assumed the
following on the exponent:

p:Z[0,T] — (2, +o0). (1.14)

The assumption above allowed them to exploit the convexity property of the map x — xP /2.
Problem (1.11) is a discrete variant of the following problem:

N
—Zlaima(x,g—)i) = f(x,u) in Q,
i= (1.15)
ou

& =0 on Q,

which was studied by Boureanu and Radulescu in [26] with an additional condition that u >
0. Note that, in [26], the Neumann condition is more general than the one in problem (1.11).
In this paper, we use the discrete Wirtinger inequality (see [23]) which allows us to assume
that the exponent p : Z[0,T] — (1, +0). The discrete Wirtinger inequality is a discrete variant
of the well-known Poincaré-Wirtinger inequality (see [28]). Another difference of the present
paper compared to [5] is on the boundary condition.

The remaining part of this paper is organized as follows. Section 2 is devoted to
mathematical preliminaries. The main existence and uniqueness result is stated and proved
in Section 3. In Section 4, we discuss some extensions, and, finally, in Section 5, we apply our
theoretical results to an example.

2. Preliminaries
From now, we will use the following notations:
p~ = min ]P(k), p’ = max ]P(k)- (2.1)

kezZ[0,T keZ[0,T

Moreover, it is useful to introduce other norms on W, namely,

T 1/m
|ul,, = (Zlu(k)l’”> Vuew, m>2. (2.2)
k=1

We have the following inequalities (see [6, 8]) which are used in the proof of Lemma 2.1:
T/ @y, < ju|, <TY™ul, YueW, m>2. (2.3)

In the sequel, we will use the following auxiliary result.
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Lemma 2.1 (see [5]). There exist two positive constants Cq, C, such that

T+1 T+1 p/2
Slauk-1)P*D > ¢ <Z|Au(k - 1)|2> -Gy, (24)
k=1 k=1

forall u € W with ||lu|| > 1.
We have the following result.

Lemma 2.2 (discrete Wirtinger’s inequality, see Theorem 12.6.2, page 860 in [23]). For any
function u(k), k € Z[0, T] satisfying u(0) = 0, the following inequality holds:

. P T ) T-1 )
4sin (m>k§|u(k)| ggému(kn . (2.5)

3. Existence and Uniqueness of Weak Solution
In this section, we study the existence and uniqueness of weak solution of (1.1).

Definition 3.1. A weak solution of (1.1) is a function u € W such that

Tzﬂa(k -1, Au(k-1))Av(k-1) = if(k)v(k) forany v € W. (3.1)
k=1 k=1

Note that, since W is a finite dimensional space, the weak solutions coincide with the
classical solutions of the problem (1.1).
We have the following result.

Theorem 3.2. Assume that (Hy)—(Hs) hold. Then, there exists a unique weak solution of (1.1).
The energy functional corresponding to problem (1.1) is defined by | : W — R such that

T+1 T
J(w) = DAk -1, Au(k - 1)) = D f(k)u(k). (3.2)
k=1 k=1

We first present some basic properties of J.

Proposition 3.3. The functional ] is well defined on W and is of class C' (W, R) with the derivative
given by

T+1

T
(J'(w),v) = Yalk-1,Au(k - 1))Av(k - 1) - Y f(K)v(k), (3.3)
k=1 k=1

forallu,v e W.
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The proof of Proposition 3.3 can be found in [5].
We now define the functional I by

T+
I(u) = ZlA(k ~1, Au(k - 1)). (3.4)
k=1

We need the following lemma for the proof of Theorem 3.2.
Lemma 3.4. The functional I is weakly lower semicontinuous.

Proof. A is convex with respect to the second variable according to (H>). Thus, it is enough
to show that I is lower semicontinuous. For this, we fix u € W and € > 0. Since I is convex,
we deduce that, for any v € W,

I(v) > I(u) + (I'(u),v — u)

> 1I(u) + Tila(k -1, Au(k-1))(Av(k—-1) - Au(k - 1))
k=1
T+1
>1(u) - Z|a(k -1, Au(k - 1))||Av(k - 1) — Au(k - 1)]
k=1 (3.5)
T+1
>1(u) - Z|a(k -1, Au(k - 1)||lv(k) —u(k) + u(k - 1) —v(k - 1)|
k=1
T+1
> I(u) = Y latk =1, Auk = 1))|(lo(k) = u(k)| + [o(k = 1) —u(k = 1)]).
k=1
We define H and B by
T+1
H =Y la(k -1, Au(k - 1)|o(k) - u(k)],
= (3.6)
T+1
B=Y|a(k -1, Au(k - 1))|[o(k - 1) - u(k - 1)|.
k=1
By using Schwartz inequality, we get
T+1 172,14 1/2
H< <Z|a(k -1, Au(k - 1))|2> <Z|v(k) - u(k)|2>
k=1 k=1
(3.7)

T+1 1/2
< <Z|a<k -1, Au(k - 1>>|2> lo = ul.

k=1
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The same calculus gives

T+1 1/2
B< <Z|a(k—1,Au(k—1))|2> o —ul|. (3.8)
k=1
Finally, we have
T+1 1/2
I(v) > I(u) - <1 + 22|u(k -1, Au(k - 1))|2> lo—ul| >1(u)-¢ (3.9)
k=1
for all v € W with ||v - u < 6 = ¢€/K(T,u), where K(T,u) =
(1+230 Jak -1, Au(k - 1))
We conclude that I is weakly lower semicontinuous. O

We also have the following result.
Proposition 3.5. The functional ] is bounded from below, coercive, and weakly lower semicontinuous.

Proof . By Lemma 3.4, ] is weakly lower semicontinuous. We will only prove the coerciveness
of the energy functional since the boundedness from below of | is a consequence of
coerciveness. The other proofs can be found in [5]. By (Hj), we deduce that

T+1

J(u) = ZA(k 1, Au(k - 1)>—Zf k)u(k)

T+1

Z jlauk - ey Zlf(k)u(k)l (3.10)

1T T /2 , ¢ 1/2
z—j}Auk Bk - <Z|f(k)|2> <Z|u<k>|2> :
k=1 k=1 k=1

To prove the coercivity of J, we may assume that |[u|| > 1, and we get from the above
inequality and Lemma 2.1, the following;:

c, [ p /2 T , /2 , 1/2
J(u) > p—+<Z|Au(k - 1)|2> ~Cy- <Z|f(k)| > <Z|u(k)|2> : (3.11)
k=1

k=1 k=1



International Journal of Mathematics and Mathematical Sciences 9

Using Wirtinger’s discrete inequality, we obtain

c p/2 T 12 ;¢ 1/2
G . _ _ 2 2
](u)2p+<4sm (sor57 1)>Z|u<k>|> Cs <k§:;|f(k)|> <k§'”(k)'>

CioP p /2 T 1/2 T 1/2
1 .y 2 2
St (s ) (Brr) - (Frwor) - (Zeoor)

C12”7 o T -
2 Tsmp (m)”'u”p _Klllu” _CZ/

(3.12)

where K; is positive constant. Hence, since p~ > 1, J is coercive. O

We can now give the proof of Theorem 3.2.

Proof of Theorem 3.2. By Proposition 3.5, | has a minimizer which is a weak solution of (1.1).
In order to end the proof of Theorem 3.2, we will prove the uniqueness of the weak
solution.
Let 11 and u, be two weak solutions of problem (1.1), then we have

T+1 T
Diatk =1, Auy (k= 1) A(ur —u2) (k= 1) = D f (k) (w1 — ) (k),
k= k=
! ! (3.13)
T+1 T
Diatk =1, Aup(k = 1) A(ur — up) (k= 1) = > f (k) (ur — u2) (k).
k=1 k=1
Adding the two equalities of (3.13), we obtain
T+1
Z[a(k -1, Auy(k-1)) —a(k -1, Aupy(k = 1))]A(ug —up)(k—1) = 0. (3.14)
k=1
Using (H3), we deduce from (3.14) that
Aui(k-1) = Aup(k-1) Vk=1,...,T+1. (3.15)
Therefore, by using discrete’s Wirtinger inequality, we get
) T+1
4sin (m>2|(u1—uz>(k>| < 30180 ) (k- D = (316)

which implies that (37, |(u1 — u2) (K)[)"/? = 0. It follows that u; = us. 0
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4. Some Extensions
4.1. Extension 1

In this section, we show that the existence result obtained for (1.1) can be extended to more
general discrete boundary value problem of the form

~Alatk =1, Au(k = 1))) + [u(k)|"™2uk) = f(k), keZ[1,T]
u(0) = Au(T) =0,

(4.1)

where T > 2 is a positive integer, and we assume that
(He) q:Z[1,T] — (1, +00).

By a weak solution of problem (4.1), we understand a function u € W such that, for any
veW,

T+1

Za(k 1, Au(k - 1)) Av(k - 1)+Z|u(k)|’7(k) 2u(k)o(k) = Zf(k v(k). (4.2)

We have the following result.
Theorem 4.1. Under assumptions (H1)—(Hs), there exists a unique weak solution of problem (4.1).

Proof . Forue W,

T+1

Jw) =S A(k -1, Au(k - 1))+Z )|u (k)[1® - Zf(k)u(k) (4.3)

k=1

is such that J € C!(W;R) and is weakly lower semicontinuous, and we have

T+1

(J'(w),v) = > a(k -1, Au(k - 1)) Av(k - 1)
= (4.4)

- ilu(km‘k”u(k)v(k) - ET]f(k)v(k),
k=1 k=1

forallu,v e W.

This implies that the weak solutions of problem (4.1) coincide with the critical points
of J. We then have to prove that J is bounded below and coercive in order to complete the
proof.

As

T 1 ©
Zq—k lu(k)[1® >0, (4.5)
k=1
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then

T+1 T

Jw) > Y Ak -1, Au(k - 1)) = > f(k)v(k). (4.6)
k=1 k

=1

Using Proposition 3.5, we deduce that ] is bounded below and coercive.
Let 11 and u, be two weak solutions of problem (4.1), then we have

T+1 T
Saltk =1, Ay (k = 1) A(ur = up) (k = 1) + X [ur (k)71 (k) (s (k) = wa (k)
k=1 k=1

T
= 1 f (k) (w1 - u2) (k),
k=1

(4.7)
T+1 T
Salk =1, Auy(k = 1)) A = ua) (k = 1) + 3 [ua (k)79 2us (k) (1 (k) = 12(K))
k=1 k=1
T
= > f(R) (w1 = 1) (k).
k=1
Adding these two equalities, we obtain
T+1
>latk =1, Au(k - 1)) —a(k -1, Aua(k = 1)) ] A1 — up) (k - 1)
= ) 4.8)
+ 3 (I (O 201 () = 2 (k)"0 2 (k) ) a1 () = 12 (k) = 0.
k=1
We deduce that
T
> (1 ()10 1y () = |2 (k)"0 Pz (K) ) (1 (k) = (k) =0, (49)
k=1
which implies that
ui(k) —up(k)=0 Vk=1,...,T, (4.10)

and we get u; = uy. O
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4.2, Extension 2

In this section, we show that the existence result obtained for (1.1) can be extended to more
general discrete boundary value problem of the form

~Ala(k =1, Au(k = 1)) + Mu(k) [P 2u(k) = f(k,u(k)), keZ[1,T], W)
u(0) = Au(T) =0, '

where T > 2 is a positive integer, A € R*, and f : Z[1,T] x R — R is a continuous function
with respect to the second variable for all (k, z) € Z[1,T] x R.

For every k € Z[1,T] and every t € R, we put F(k,t) = fé f(k,7)dr.

By a weak solution of problem (4.11), we understand a function u € W such that

%a(k -1, Au(k - 1))Av(k - 1) + Ai|u(k)|ﬂ+'2u(k)v(k)
k=1 k=1

) (4.12)
= > f(k,u(k))v(k), foranyve W.
k=1

We assume the following.

(Hy) f(k,-) : R — Ris continuous for all k € Z[1,T].

(Hs) There exists a positive constant Cs3 such that |f(k,t)] < C5(1 + |t|ﬂ(k)_1), for all k €
Z[1,T]and t € R.

(Hy) 1<p <p.

Remark 4.2. The hypothesis (Hg) implies that there exists one constant C' > 0 such that
[F(k,£)] < C'(1+ |H79).
We have the following result.

Theorem 4.3. Under assumptions (Hy)—(Hs) and (Hy7)—(Hy), there exists A* > 0 such that, for
A € [X*,+o0), the problem (4.11) has at least one weak solution.

Proof. Let g(u) = X}, F(k,u(k)), then ¢’ : W — W is completely continuous, and, thus, g
is weakly lower semicontinuous.
Therefore, forue W,

T+1 T T
Jw) =Y A(k -1, Au(k - 1)) + %Zm(knﬂ* — > F(k,u(k)) (4.13)
k=1 k=1 k=1
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is such that J € C!(W;R) and is weakly lower semicontinuous, and we have
T+1
(J'(w),v) = Dla(k -1, Au(k - 1))Av(k - 1) + AZ|u(k)|ﬂ u(k)o(k)
k=1 k=1
(4.14)
T
= > flkuk))ok),
k=1

forallu,v e W.

This implies that the weak solutions of problem (4.11) coincide with the critical points
of J. We then have to prove that J is bounded below and coercive in order to complete the
proof.

Then, for u € W such that |Ju|| > 1,

2 X i (5 Yl + ﬁ+;|u<k>|”* Cz—ZHk u(k))
. 2+p s’ <2(2:r+1))” "+ Z'”(k”ﬂ Cz_clkzio””(k)'ﬂ(k))
> O siny 7<2(2T+1))|| ull”” + <——C'>Zlu(k>|ﬂ* C~C'T - C'llul”
S (2(2T+1) lulP- = C2~C'T ~C'lull”,

where we put * = C'f* with C' a positive constant.
Furthermore, by the fact that 1 < = < p7, it turns out that

J(u) > ;%||u||”‘ —Co—CT-Culff — +oo as|ul| — +oo. (4.16)
Therefore, | is coercive. O
4.3. Extension 3
We consider the problem
-A(a(k -1, Au(k -1))) = f(k,u(k)), keN[1,T]
(4.17)

u(0) = Au(T) =

where T > 2.
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We suppose the following.

(Hjo) There exist two positive constants Cs and Cg such that f*(k,t) < Cs + C6|t|ﬁ -1 for
all (k,t) € Z[1,T] xR, where 1 < f<p~.

Definition 4.4. A weak solution of problem (4.17) is a function u € W such that

Tia(k -1, Au(k - 1))Av(k - 1) = if(k,u(k))v(k), Yo eW. (4.18)
k=1 k=1

We have the following result.

Theorem 4.5. Under the hypothesis (Hy)—(Hs) and (Ho), problem (4.3) admits at least one weak
solution.

Proof. We consider

J(u) = TfA(k ~1,Au(k - 1)) - i]—”(k,u(k)), Vu € H. (4.19)
k=1 k=1

J is such that | € C*(W,R) and

T+1 T

(J'(w),0)y = D.alk -1, Au(k - 1)) Av(k - 1) = D' f(k,u(k))v(k), (4.20)
k=1 k

=1

forallu,v e W.
As f = f*— f~,then F (k,t) = fOTf’“(k,T)dT.
By (Hap), there exists C > 0 such that

IF*(k,t)] < C(1+[tF). (4.21)

For all u € W such that ||u|| > 1, we have

T+1 T

J@w) = D A(k -1, Au(k - 1)) = > F(k,u(k))
k=1 k:

=1

T+1 T T

= > A(k—1,Au(k - 1)) = > F*(k,u(k)) + > F (k,u(k)) (4.22)
k=1 k=1 k=1
T+1 T

> DAk -1, Au(k - 1)) = D F*(k, u(k)).
k=1 k

=1

Therefore, similar to the proof of Theorem 4.3, Theorem 4.5 follows immediately. O
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5. Example

We consider the following problem:

-8 (|AuO)PAu()) + u(DPu(1) = @),

-8 (jAuPA)) + u@)Pu@) = 2@ @), G

u(0) =0, u2)=u(3).

Then, T = 2, p(0) = 4, p(1) =5, (1) =3, fQ2) =4, p~ =4, p* =5, =3, " = 4,f(1,t) =
(1/5)2, and f(2,t) = (1/5)£. Thus,

F(1,t) = lt3, F(2,t) = Ly

52
15 20 (:2)

After computation, we can take C' = 1/15 and we deduce that \* = 4/15.
Therefore, by Theorem 4.3, for any A > 4/15, Problem (5.1) admits at least one weak
solution.
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