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ABSTRACT. The purpose of this paper is to discuss the existence of common fixed points for
mappings in general quasi-metric spaces. As applications, some common fixed point theorems for
mappings in probabilistic quasi-metric spaces are given. The results presented in this paper generalize
some recent results.
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1. INTRODUCTION

In this paper, we show the existence of common fixed points for commuting mappings in general
quasi-metric spaces. As applications, we give some fixed point theorems for commuting mappings in
probabilistic quasi-metric spaces. Our main results generalize and improve some recent results in [1], [4],
[5] and [6].

Let (G, <, <) be a partial order set satisfying the following conditions:

(G-1) 0is the minimal elementin G, i.e.,0 < uforallu € G,

(G-2) for any u, v € G, sup{u, v} exists and belongs to G,

(G-3) foranyu € G, u £ u,

(G-4) forany u,v,w € G,u < wand v < w = sup{u,v} < w,andu < v, v<w=>u < w.

DEFINITION 1.1 Let X be a nonempty set. (X,r) is called a general quasi-metric space if
r: X xX - G=(G, <, <) satisfies the following conditions:

(QM-1) r(z,y) = Oif and only ifz =y,

(QM-2) r(z,y) = r(y,2).

It follows from the definition that every general quasi-metric space includes a metric space as its
special case.
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DEFINITION 1.2 Let X be a nonempty set and let T be a self-mapping of X. A point z € X is
called a periodic point of T if there exists a positive integer k such that Tz = z. The least positive
integer satisfying this condition is called the periodic index of z.

DEFINITION 1.3 A mapping F : (— 00,00) — [0,00) is called a distribution function if it is
nondecreasing and left-continuous with inf F'(¢) = 0 and sup F'(¢) = 1.

In what follows we always denote by F(T) the set of all fixed points of T, P(T) the set of
all periodic points of T and D the set of all distribution functions, respectively, and let
D*={Fe€D:F(t)=0forallt < 0}.

DEFINITION 1.4 (X, F) is called a probabilistic quasi-metric space if X is a nonempty set, F is
a mapping from X x X into D" (we shall denote the distribution function F(z,y) by F;,(t) which
represent the value of F; , at t € ( — 0o, 00)) satisfying the following conditions:

(PQM-1) F;,(0) =0,

(PQM-2) F, (t) =1forallt > Oifand onlyif z =y,

(PQM-3) F, (t) = F,.(t)forallt € ( — 00, 00).

DEFINITION 1.5 (X, F) is called a probabilistic metric space if (X, F) is a probabilistic quasi-
metric space and the following condition is satisfied:

(PQM4) if F; (t;) = 1and Fy,(t2) = 1, then F; ,(t; +t) = 1.

For more details on probabilistic metric spaces, refer to [3] and [7].

2. COMMON FIXED POINT THEOREMS

Now, we give our main theorems.

THEOREM 2.1 Let (X,r) be a general quasi-metric space and let S and T be two commuting
self-mappings of X. If for any z € X and any two positive integers n, ¢ > 2 with

Tz# Tz, 0<i<j<n-1,

M " 2.1
S'z£8z, 0<i<ji<qg-1, @n
r(T"S'z, ST"z)
< max{ sup r(Tz, §7'z), sup r(T’z,z), sup (S’ z, :z:)} 22)
1<j<nl1<ji<q l1sj<n 1<j<gq

fori=1,2,..,n—1and j=1,2,...,¢ — 1, then S and T have a common fixed point in X if and only if
there exist integers m, n, p, g, m >n >0, p > g > 0, and a point z € X such that
T"z=S"z2=T"z= 5% (23)

and either F(S) # 0 or F(T) # 0. If this condition is satisfied, then either T"z or Sz is a common
fixed point of S and T'.

PROOF. Let z* € X be a common fixed point of T, i.e., z* = Sz = Tz*. Then (2.3) is true in
casem=p=1landn=¢g=0.

Conversely, suppose that there exist a point z € X and four integers m, n, p, ¢, m > n >0,
P> g > 0, such that (2.3) is satisfied. Without loss of generality, we can assume that z € F(S) and m
is the minimal integer satisfying T%z = T"z, k > n. Putting y =T"z and p; =m —n, we have
TPy = y and p, is the minimal integer satisfying T*y =y, k > 1.

By (2.2), it follows that

r(T"z,T'z) < max{ sup  {r(T’z,z)}, sup {r(T’z, :c},O},
1<j<n 1<j<n

r(T"z,T'z) < sup {r(T'z,z)}. 24)
1<j<n
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Next, we prove that y is a common fixed point of S and T Suppose the contrary. Then y is not a fixed
point of T. Also, p > 2 and

Ty#Ty, 0<i<j<p —1.

By (2.4), it follows that, fori =1,2,...,p; — 1,

@y, Ty) =r(T?y,Ty) < sup {r(Tyy)}<  sup  {r(Tiyy)}.
1<j<p 1<j<p-1
It follows from (G-4) that
sup  {r(» Ty} < sup  {r(T’y9)},
1<j<p-1 1<j<p-1

which is a contradiction. Therefore, y = T"z is a fixed point of T. Further, since S and T are
commuting, we have

y=T"z=T"Sz=ST"z =Sy,

i.e, y=T"z is a common fixed point of S and T In this case, when z € F(T), we have, by
interchanging the role of S and T, that y = 5%z is a common fixed point of S and T. This completes the
proof.

On the other hand, by using Theorem 3 of [6], we have the following:

THEOREM 2.2 Let (X,r) be a general quasi-metric space and let S and T be two commuting
self-mappings of X. Assume that for any z, y € X, = # y, there exists a positive integer p(z,y) such
that

r((STY* ¥z, (ST)X*¥)y) < sup{r(z,y), r(z, (ST)"*Vz), r(y, (ST)"=Vy),
r(z, (ST)"*¥y), r(y, (ST)*V'1)} .

Then S and T have a common fixed point in X if and only if there exists a periodic point z € X of ST
with periodic index k such that for any u,v € A = {z,STxz,...,(ST)* 'z}, u # v, there exist
7,y € A, 2 # y/, satisfying the following conditions:

(ST)P(I’-!/)z' =u, (ST)P(z’J/)yI =

and either F((S) N P(ST) # 0 or F(T) N P(St) # 0. If these conditions are satisfied, then the point =
is the unique common fixed point of S and T'.

PROOF. The necessity condition is obvious.

The sufficiency condition follows from Theorem 3 of [6] as follows: In Theorem 3 of [6], if we
replace T by ST, we can conclude that ST has a unique fixed point z in X. Since S and T are
commuting,

Sz = S(STz) = ST(Sz)

and so Sz is also a fixed point of ST. Uniqueness gives Sz = z. Similarly, Tz = z. This completes the
proof.

The following is a special case of Theorem 2.2 by setting p(z,y) = p(z):

COROLLARY 2.3 Let (X,r) be a general quasi-metric space and let S and T be two commuting
self-mappings of X. Assume that for any z € X, there exists a positive integer p(z) such that every
veX, z#y,

r((ST)™®z, (ST)"y) < sup{r(z,y), r(z, (ST)"z), r(y, (ST)"®z), r(y, (ST)"*y),
r(z, (ST)"y), r(y, (ST)*"z)} .
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Then S and T has a common fixed point in X if and only if there exists a periodic point z € X of ST
with periodic index k such that for any u,v€ A = {z,STxz,..., (ST)k_I:C}, u # v, there exist
',y € A, ' # /, satisfying the following conditions:

STz’ =u, (ST®y =v
(ST) ( Y

and either F/(S) N P(ST) # 0 or F(T) N P(ST) # 0. If these conditions are satisfied, then the point =
is the unique common fixed point of S and T'.

The following is obtained from Corollary 2.3 by setting p(z) = p:

COROLLARY 2.4 Let (X, ) be a general quasi-metric space and let S and T be two commuting
self-mappings of X. Assume that there exists a positive integer p such that forany z, y € X, z # v,

r((ST)’z, (ST)y) < sup{r(z,y),7(z, (ST)’z),7(y, (ST)"y),r(x, (ST)"y), (v, (ST)")} .

Then S and T have a common fixed point in X if and only if there exists a periodic point z € X of ST
and either F(S) N P(ST) # @ or F(T)NP(ST) # 0. If this condition is satisfied, then the point z is
the unique common fixed point of S and T.

By setting p = 1 in Corollary 2.4, we have the following:

.COROLLARY 2.5 Let (X,) be a general quasi-metric space and let S and T be two commuting
self-mappings of X. Assume that foranyz, y € X, z # y,

r(STz, STy) < sup{r(z,y),r(z, STx),r(y, STy), r(z, STy), r(y, STz)} .

Then S and T have a common fixed point in X if and only if there exists a periodic point z € X of ST
and either F(S)NP(ST) # 0 or F(T)NP(ST) # 0. If this condition is satisfied, then the point z is
the unique common fixed point of S and T.

By using Theorem 5 of [6], we have the following:

THEOREM 2.6 Let (X,r) be a general quasi-metric space and let S and T be two commuting
self-mappings of X. Assume that there exist positive integers p, g such that forany z, y, € X,z # y,

r((STYz,(ST)%y) < sup{r(z,y), (=, (ST)’z),7(y, (ST)"y), r(z, (ST)*y), (v, (ST)’2)} -

Then S and T have a fixed point in X if and only if there exists a periodic point £ € X of ST with
periodic index k which satisfies the following condition:

k#2lp - @l

where p=pk+p, =gk +¢,0<m, g <k and p,, q, are non-negative integers and either
F(S)NP(ST)#0 or F(T)N P(ST) # 0. If this condition is satisfied, then the point z is the unique
common fixed point of S and T'.

PROOF. The necessity condition is obvious.

To prove converse, if we use Theorem 5 of [6] by replacing T' with ST, then ST has a unique
fixed point z in X. Therefore, employing the same argument as in the proof of Theorem 2.2, it follows
that the point z is the unique fixed point of S and T. This completes the proof.

REMARK. Theorems 2.1 ~ 2.6 generalize some main results in [1], [2] and [4].

3. APPLICATIONS TO PROBABILISTIC QUASI-METRIC SPACES
First of all, we define partial orders " < " and " <" on D" as follows, respectively: For any F;,
F, eD andt >0,

F < FK =R >R,
Fi < F, = Fi(t) > F(t).

In the sequel, we denote G = (D", <, < ). Itis obvious that G satisfies the following conditions:
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(G-1) there exists a minimal element 0% H € G, where

) t 01
H(t)={1 >
0, t<O0,

(G-2) forany Fy, F; € G,
sup{ F1, F2}(t) & min{F(t), R (2)},

(G-3) forany FEG, F £ F,
(G-4) forany Fy, F,, F3 € G,

<K, FKE<F=su{h R} <F,
FI<F FK<F=>F<F;.

THEOREM 3.1 (Embedding Theorem) Let (X, F) be a probabilistic quasi-metric space. Then
(X, F) is a general quasi-metric space, where G = (D%, <, <) is the partial order set induced by the
way as above.

PROOF. Letr(z,y) = F;, forall z, y € X. It is easy to see that r satisfies the conditions (QM-
2) and (QM-2) of Definition 1.1.

The following results are obtained from Theorems 2.1 ~ 2.6 and Theorem 3.1 immediately:

THEOREM 3.2 Let (X,F) be a probabilistic quasi-metric space and let S and T be two
commuting self-mappings of X. If for any z € X and positive integer n, g > 2 with

T'z#Tz, 0<i<j<n-1,
S'z#8z, 0<i<j<qg-1,

F. T) > min min F. ' (t), . min_F; t), min F._(t
resre(T) {15jsn,1sj'gq rs'z®r ) T Frea() 1<j<gq 57zl )}

fori=1,2,..,n—1and j=1,2,...,g — 1, then S and T have a common fixed point in X if and only if
there exist integers m, p, g, m >n >0, p, ¢ > 0, and a point z € X such that
Tz =8z =T"z= S

and either F(S) # 0 or F(T) # 0. If this condition is satisfied, then either T"x or S%r is a common
fixed point of S and T.

THEOREM 3.3 Let (X,F) be a probabilistic quasi-metric space and let S and T be two
commuting self-mappings of X. If there exist positive integers p, ¢ such-that forany z, y € X, r # v,
and forallt > 0,

FisryzsTyy(t) > min{ Fry(t), Fr s1y(t), Fy syt (8), Fo sy (t), Fysty=()}

then S and T have a common fixed point in X if and only if there exists a periodic point z € X of ST
with periodic index k which satisfies the condition (2.5) in Theorem 2.6 and either F(S) N P(ST) # @
or F(T)N P(ST) # 0. If this condition is satisfied, then the point z is the unique common fixed point
of Sand T

The following is a special case of Theorem 3.3 obtained by setting p = ¢ = 1:

COROLLARY 3.4 Let (X,F) be a probabilistic quasi-metric space and let S and T be two
commuting self-mappings of X. Ifforanyz, y€ X,z # y,andt > 0,

Fs1z,57y(t) > min{ Fz (), Fz,s57:(t), Fy 573(t), Fr 514 (), Fyo572(1)}
then S and T have a common fixed point in X if and only if there exists a periodic point z € X of ST

and either F(S)NP(ST) # 0 or F(T)NP(ST) # 0. If this condition is satisfied, then the point z is
the unique common fixed point of S and T'.
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THEOREM 3.5 Let (X,F) be a probabilistic quasi-metric space and let S and T be two
commuting self-mappings of X. If for any z € X, z # y, there exists a positive integer p(z, y) such that
forallt > 0,

QST)Kz.v);,(ST)P(:.u)y (t) > min{Fx,y (t) ) Fz'(ST)Kz,y)z (t) , Fy.(ST)’(‘-V)y (t) ,
Fz,(ST)’("V)y (t) ’ Fy.(ST)"("")z (t) } ,

then S and T have a common fixed point in X if and only if there exists a periodic point x € X of ST
with periodic index k such that for any u,v € A = {z,(ST)z,...,(ST)*"'}, u # v, there exist Z/,
¥ € A, & # yf, satisfying the following conditions:

SV =u, (ST =v

and either F(S) N P(ST) # 0 or F(T) N P(ST) # 0. If these conditions are satisfied, then the point =
is the unique common fixed point of S and 7.

By setting p(z,y) = p(z) in Theorem 3.5, we have the following:

COROLLARY 3.6 Let (X,F) be a probabilistic quasi-metric space and let S and T be two
commuting self-mappings of X. If there exists a positive integer p(z) such that for everyy € X, z # y,
and forall £ > 0,

‘F(ST)’(’)z,(ST)’(’)y(t) > min{F,'y (t) N Fz,(ST)’(‘)z (t) y Fy.(ST)’(‘)y (t) y
F, 2,(STY Dy (t), F w(ST"9z (t) } ,

then S and T have a common fixed point in X if and only if there exists a periodic point z € X of ST
with periodic index k such that for any u, v € A = {z, (ST)z, ..., (ST)* 'z}, u # v, there exist z/,
¥ € A, ¥ # y/, satisfying the following conditions:

(ST =u, (STYy =v

and either F(S) N P(ST) # 0 or F(T) N P(ST) # 0. If these conditions are satisfied, then the point =
is the unique common fixed point of T'.

REMARK. Theorems 3.3 ~ 3.6 include Theorems 1 ~ 5 in [4] and Theorems 3.3 ~ 3.6 in [5] as
special cases.
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