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ABSTRACT. A generalized Fock space is introduced as it was developed by Schmeelk [1-5],
also Schmeelk and Takaéi [6-8]. The wavelet transform is then extended to this generalized
Fock space. Since each component of a generalized Fock functional is a generalized function,
the wavelet transform acts upon the individual entry much the same as was developed by
Mikusinski and Mott [9] based upon earlier work of Mikusinski and Taylor [10]). It is then
shown that the generalized wavelet transform applied to a member of our generalized Fock
space produces a more appropriate functional for certain applications.
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1. INTRODUCTION

Wavelet transform techniques are rapidly becoming a primary mathematical theory
being implemented in many applications. The current development by the Federal Bureau of
Investigation (FBI) in establishing a proper wavelet transform to store its 30 million criminal
fingerprints now stored in filing cabinets illustrates the wavelet applicational importance.
The advantage will not only be to compress the data files but to develop a faster and superior
method to facilitate the matching process. These techniques are developed and discussed in a
work of Strange [11].

Wavelets are also shown to be of significant importance in the music industry. A
linear combination of three wavelets are shown to be an excellent model for the sound of the
crash of cymbals in an orchestra shown by Von Baeyer [12]. The application of wavelets to
seismic data developed by Grossmann and Morlet in reference [13] also illustrates the
marvelous analysis of what the authors of this paper will term, “rough data”. Perhaps in some
situations the removal of the “overshoot” known as the Gibbs phenomenon in Fourier analysis
gives wavelet analysis a key advantage in approximating our so called “rough” data discussed
by Walter [14].
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A natural question to ask is how can we apply wavelets to distributions? In particular
how to apply them to singular distributions or non-regular distributions such as the Dirac
delta functional which again in the authors opinion is a very “rough” object. Several research
papers regarding the implementation of wavelets to distributions can be found in the research
done by Walter [14-20] and Mikusinski and Mott [9]. We will extend several of these results.

The application of wavelets to image processing has been developed as a convolution
operator in the work of Mallat [21-24] and further developed in a mathematical milieu in the
work of Mikusinski and Mott [9].

We will first give a general overview of wavelet transforms considered as convolution
operators for real valued functions belonging to the space, LZ(R), ¢ > 2. We will not repeat
here the marvelous multiresolution analysis conducted in the space, L2(‘.R>2), by Mallat [21-
24] and Meyer [25] and generalized to the space, L%(®9), ¢ > 2 in the work of Daubechies [26].
We are also interested in the space L%(®.2) since an immediate application can then be made
to image processing. The real valued functions in this application take on integer values
ranging from 0 to 255 depending on the shade of gray contained in a black and white image
and its argument is a member of R designating the location within the image developed in
Lim [27].

Moreover many signals in signal processing are bounded real valued functions on RJ
and are also members of the space, Ll(%"). Thus we are naturally lead to study the space,
LlB(‘:'R;q), namely the space of bounded functions which are also members of L%(®R9). Moreover
it is well known that the convolution of two functions belonging to L!(®R9) exists almost
everywhere.

We then move on and consider the wavelet transform applied to classical distributional
spaces. This then culminates by applying generalized wavelet transforms to our so-called
generalized Fock spaces. The generalized Fock spaces are developed by Schmeelk [1-5] and
Takagi [6-8]. A rapid review of the key features for these spaces are included in section 3.
The three representations of our generalized Fock functionals will enable us to consider a form
of classical Fock spaces as well as generalized Fock spaces. These so-called generalized Fock
functionals contain functionals oftentimes non-linear which may consist of an infinite array of
translated Dirac delta functionals. This statement will become clear as the paper develops the
surrounding mathematical considerations. It is the wavelet transform generalizations to these
spaces which will provide us with the authors so-called “somewhat smooth” or “very smooth”
representations for the “very rough” functionals.

2. SOME NOTIONS AND NOTATIONS

We recall some properties for our sequences of real numbers, p:(m,,)qe Ny and
sequences of functions, .AL:(M p(~))p€ Ny The sequences of real numbers, p=(mq)q( Ny
satisfy the Komatsu conditions [28], namely
M.1) m%qu_l-mq_H, geN;

(M.2) there exist real numbers, A and H, such that mg 1< A-HI. mg, geNg;

(M.3) z —W < 00.
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These conditions are commonly called logarithmic convexity, stability under ultra differential
operators and strong non-quasi analyticity respectively. It is convenient to select mg=1.
Oge easily verifies, for instance, the sequence,
mg=q¢",s>1,

satisfies the three conditions.

We next select a sequence of continuous functions, Ab =(M o -))pc Ny OB R g>1.
We require the traditional conditions. (P),(M) and (N) hold (see Gelfand and Shilov [29] or
Pilipovic and Takagi [30] ) as well as the inequalities,

12 My (t)ntg) S-S Mp(ty,..ntg) <o (2.1)

Then an infinitely differentiable function, @(¢,,...,ty), is in the test space, 3%(Ab), if and only
if for each peN the following norms are finite;

16l p = sup { 199790 (48 | M (1 ty)

LR ji<p 15i<q] (22)
where
. et
(J1r--rdg) o ‘
gIvddy =@ gt
7 aJltl...aJvtq g
and t = (t],...,t,) € 7.
The family of norms, (| - || p) peNy defines a locally convex topology on the vector space,

9%(AM) which in view of condition (P) turns it into a Fréchet space. The classical test
functions, PRY), consisting of infinitely differentiable functions having compact support
equipped with its usual topology is then dense in %(Ab). This implies that the space of linear
continuous functionals referred to as generalized functions on the test space, %(b), and
denoted %6'(Ab) is in fact a countably normed space equipped with norms,

lall-p=sup{I (@) : 18], S 1, 6 ¢ HM), pe N}, (23)
Moreover we observe that
lellg2 =l 22 =], 2

for any z € %'(b). During our sequel we will occasionally use the functions, M = (M P)pc Ny
to be defined as

14
My (ot =[1+8) ... (1 + )] (2.4)
whereby the test space, 3%(Ab) then becomes the test space of rapid descent, $(R?) and
9%'(Mb) becomes the Schwartz space of tempered distributions, ¥/(R9).

3. GENERALIZED FOCK SPACES
Let z € %'(Ab) and consider
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ag: H'(M) X x K (M) — C (3.1)

a multilinear continuous functional on g-copies of %'(b) to C. By definition we take ay € C.
We define

lagllp=sup{lagz, ..., all : z € E(M), || z]|_,<pEN}. (3.2)

Then the infinite column vector,

e (3.3)

is in the space, I*"#%® 5 1 if and only if the norm

(p) .
mel” = sup Loallz e (34)
Sy [y q€ NO sq
is finite for every p € N
Clearly the canonical inclusion,
I‘sy [‘,.AL — I‘s,vﬂr-M’ (3.5)

is continuous provided s’ > s> 1.
DEFINITION 3.6. A generalized Fock space, T'* "'ﬂ’, is the inductive limit of the spaces,
I"”"'A, which is denoted as

r#v"ﬂ’ =}1}g° I‘srﬂi-"b .

It was shown by Schmeelk [2] that each functional, & « I'¥ "'ﬂ’, has a kernel representation.
This representation was shown to be

%o
#1(t)
[ : 3.7

oty tg)

where ¢y =ag€C and ¢,(t;,...tg), ¢=>1 are symmetric rapid descent test functions
whenever the functions, M = (Jlap( . ))p €N, 3re defined as in expression (2.4). Moreover our
functional representation given in expression (3.7) will then satisfy the norm conditions,

® 161l - m
le” = sup Malle ™ (3.8)
s M geNy s

for every p € Ny where | ¢, ]| , is the norm defined in expression (2.2). The representations
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(3.3) or (3.7) enjoy a generalized square summable property as seen in the following theorem
oftentimes postulated for classical Fock functionals.

THEOREM 3.9. Givena ®eI*¥ "A’, s> 1 then its kernel representation given in expression
(3.7) satisfies

O
18] 2 |6l + 21 J |bg(ty.- . wtg)? dity....dtg < oo.
9=1 Qe

PROOF: See Schmeelk [6], Theorem 3.1.

/
The dual space, (I‘" "'ﬂ’) , was developed in reference [38-40] and each member,
U
F e (l"“"’ﬂ’) , was shown to have the representation,
FolFy, F,...,Fq,..], (3.10)

where Fiy € C and each F, ¢ > 1 belongs to the generalized function space, %'(Ab), and they
all have an order < p. Moreover it was shown that each F satisfies the condition,

(r)
9
£ IFlpiglel <o (311)

for some fixed order, p.

!
The duality between ¢ € oA and F € (I‘” "'ﬂ’) is then defined by

(o]
«FI'Q» = 20 (qu ¢q>q- (3.12)
q =
The notation in expression (3.12) given as (F, ¢q)q denotes the duality between the test
space, %(b), and its corresponding generalized function space, %'(Ab).
!

We now observe that our dual space, (l"””'ﬂ’) , can be equipped with the norms,

A X $9
& IR lpa (319)

-p)
o4l
s M 20

where p > order of all {F,‘l};’o=1 in the representation given in expression (3.10). Moreover

whenever the series in (3.13) converges, our generalized Fock functional is a member of
U

(o).
4. WAVELET TRANSFORMS
For this section and hereafter we consider the following space inclusions,

PRI C AR C L}_,,(&‘c") C LYR9) C $'(RY) C V(RY). (4.2)
Here again LlB(R‘I) is the space of bounded functions on ®9, ¢ > 1 which are also members of
LYR9). The tempered distributions, ¥(R9) and distributions, V'(R) are acting on rapid
descent and compact support test functions respectively having independent variables
belonging to 9. Moreover we want to preserve the mathematical analysis surrounding the

Fourier analysis developed in ¥/(R9). A principle result oftentimes termed the exchange
principle is that the Fourier transform of a convolution is the product of the Fourier
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transforms. This is very important in applications since many software packages contain
algorithms for Fast Fourier transforms, but do not support wavelet transform techniques.
After we establish the wavelet transform to be a form of convolution, then these software
packages via the exchange principle can be extended to do wavelet transforms.

The wavelet analysis surrounding this section to include the mother wavelet, the
admissibility condition and multiresolution analysis can be found in Akansu [31], Benedetto
and Frazier (32], Beylkin et al [33], Holschneider [34], Kaiser [35], Koornwinder [36], Ruskai
[37] and Schumaker and Webb [38]. Also the inversion of the wavelet transform stemming
from the admissibility condition can also be found within these references. We will begin our
analysis by considering the wavelet transform as a special type of convolution as in Mallat
[21-24] and Milusinski and Mott [9]. To this end we will adopt the following notation

conventions.

If a function, #(t) € L2(8éq), together with two g-tuples of real numbers, a = (ai)'.7 s

= 1
a; #0,(1 <i < gand7=(1) . are given, then the dilation and '
translation of ¢(t) is =
-1 t,—T
#*7(t) = lq lq L qaq ! ) . (42)
fl o

Moreover we denote by ¢4(t) the function defined as

t
balt) = =k ¢(.“,,...,.-a’;). (4.3)
;;.nlai
1=

Throughout our sequel we will always require the dilation sequence, a = (ai)?=1 satisfy the
requirements, a; #0, (1<i<gq).
LEMMA 44 Given a function, ¢(t) € L%(RY)
then || 4(t) || AR = e®7() || (R~ Il éa(®) I L}(R9)° where || - || L(R9)
is the standard norm on the equivalence classes contained in Lz(ﬂq)‘ . :
ey
i )

PROOF. Follows directly from the change of variables, T; = T ! and T; = : ';, s
(1 <1< g) respectively. This lemma shows us that the energy in a real valued signal remains
unchanged under the constructions, ¢ 7(t) and ¢,(t).

We now s«ilect a mother wavelet, ¥() € L};(??q), and define the wavelet transform of a
function, f(t) € L' (R9), to be

o 00
Wian e [ [ fo ym(at (45)
-0 -2
)
t, - t,—7,
= I J f(tlv )tq) i ¢< lal‘rl y 3y qaq 0) dtl"'dtq
-0 - \/H a;
i=1
o oo
~t T,—1,
= J l f(tlv ytq) z d’(rl.al 1 ) 9 ".Tq) dtl"'dtq
-00 -00 n ai
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= [f(t) * Ya(O)(T),
where * denotes the convolution product of the functions, f(t) and v4(t) as defined by
Zemanian [39].

As an example of a mother wavelet we consider a form of the Meyer wavelet presented
by Saitoh [40],

q N
-1/4 1 q
B, tg) = [2%5—] (1-8)...(1-t)e 2 . (4.6)
which satisfies the admissibility condition,
o0 o0
J j Yty tq) dty ... dtg = 0 (4.7)
-00 =00
and moreover
(o] o0 2
[ [ 1oty 17 dtydty = 1.
~00 =00

The mother wavelet given in expression (4.6) is a rapid descent test function giving us a clear
connection between wavelet analysis and tempered distributions. By applying the Schwartz
inequality in the space, L~ (R®7), we immediately have for our mother wavelet (4.6) and any
ft) € L(R9) the following inequality.

IWf(ayT)|= ’(f(t)’ 'I’a’f(t))LZ(aq) (48)

S “ f(t) " LZ(aq) ‘ " ¢a, T(t) " Lz(*q)
= 1@ 12ge) -

This inequality will remain valid for any mother wavelet, ¥* 7(t), which has been normalized
in the L2(§R'1) norm.

5. WAVELET TRANSFORMS OF GENERALIZED FUNCTIONS

We briefly recall the definition of the convolution product for two generalized functions
developed by Vladimirov [41] and Zemanian [39].
DEFINITION 5.1. Given two generalized functions, F, G, then their convolution product is

(F*G,¢) = (F(tl,...,tq), (G(T1s-Tg) , Bty + Thoeo by + ‘rq))> = (5.2)
(o o) [e0)
j J F(tp ot G(T1,sTg) (8 + Thoeontq + 7o) dty,..dtg dry,.. . d7,
-0 -00
provided the above equality (5.2) is well defined for all test functions, ¢(t) € DRY). The
integral representation given in (5.2) is valid only for regular generalized functions.
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Inherent in definition 5.1 is the problem with the construction ¢ (t + 7) which destroys
the compact support and polynomial growth condition when the test function, ¢(t), belongs to
DRY) or (RY) respectively. To overcome this difficulty it is shown by Vladimirov [41] and
Zemanian [39] that if F and G both have compact support, or both have bounded supports on
the left or the right, then the convolution product is well defined. Moreover it is shown by
Vladimirov [41] that the convolution product remains well defined for F € /(R?) and G a
generalized function having compact support.

~ Since the convolution of the translated generalized derivative of the Dirac functional,
15("1""’]")(7l —Th..uTg—19), and a distributio(lil, F, is important to our sequel, we compute it
implementing the notation convention, |j| = E Jir

i=1

This gives us
<F wgUvedd (p ) ¢> = (53)

<F(tl""’tq), <6(11.---y14) (11— T?,..‘,Tq— 1'2), é(t) + Tty + ‘rq)>>

<F (bt (V77 (1), ¢(t1+71+7'(1)w-~1tq+"q+72)>>

<F<t1,‘..,tq>, (8715 rqhs (~1) 171 gl030) <t1+f1+r?.--.,tq+fq+f2)>>

<F(tl,...,tq), (-1l ¢(j"""j°) (t1+r‘1’,..-,tq+73))>
= <F(J|y,1q) (tl - T[l)" . -atq_ 1'2), ¢>> .

Since this holds for all test functions, ¢ € B(RY), we have

F« S(j"""j") (r - T?,...,Tq - 1'2) = F(j"""j") t -—‘r(l’,...,tq*‘rg). (5.4)

We now consider a mother wavelet, ¥(t) € L%(R9) or $(RY) such as the one in
expression (4.6). We consider a distribution, F(t), where the support of F(t) intersects the
support of ¥,(t) and ¢(t+7) in a bounded set, let us say 0 C R29. We then select a test
function, A(t,7) € D(R%) that is equal to one over some neighborhood of 9 and zero in a
larger region as shown in Zemanian (39]. For such a distribution, F(t), satisfying what we
term the dounded intersection support property with the functions, ¥,4(t) and ¢(t + 7), we then
define the following wavelet transform for F(t).

DEFINITION 5.5. The wavelet transform of a distribution, F(t) satisfying the bounded
intersection support property with ¥,(t) and ¢(t + 7) is given by

(W¢F) (a) & F(tp,...tg) * ha(Ty,-7g)

where
<F(t1,..., t)) * Ya(Tye - Tg)s ¢>

= <F(t1,..., ty) (1/;0('“,. Ty MEgee oty Ty uTg)B(t + 715 -t + Tq)>>.
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As in Zemanian [39], this convolution product is well defined making our wavelet transform
well defined.

We compute the wavelet transform of §(t) —b,,....tg—bg) with a mother wavelet,
¥(7y,-.,Tg) Which satisfies the bounded intersection support property with ¥4(7) and é(t +7)
whenever ¢(t) € D(RY). To this end we have

<6<t —bys wa(t>'¢> -

o0 o] T
<6(t -b), J J' u,(TTI‘ Y 'zr";) M)t + 715 - tg +7g) dtl...dtq>
-00

A

7 o oo
= <6(t_b), , Il q; J J Y515+ - Sg) A(t, — as)d(t) — asy, et — aqsq) dsl...dsq>
=1 3

-
—
ot
»

]
Il :ve
nﬁ

I
8‘—"8
§—8

[o o]
I Y(Sp- - 8¢) A(B, — as)d(by —aysy, ...b g — GgSq) dS1...dsg
-0

5 g} )A(b b= 1)4(t,...tq) dty...dt,

(%(t—bw(t))ﬁm.,).

Since this holds for all test functions, ¢(t) € DRY), we have (W 46(t —b))(a) = Yq(t —b).
Clearly the “rough” delta functional is transformed to a “rather smooth” or “smooth” regular
distribution, 14(t —b) depending on the smoothness of the mother wavelet 3(t) selected for
the application.

We now extend our wavelet transform to a tempered distribution, F ¢ ¥/(R%) and a
mother wavelet, (7) ¢ $(R9), following the convolution construction Zemanian [39].
DEFINITION 5.6. Given F ¢ ¥'(R%), a mother wavelet, ¥(7) ¢ #R?) and a test function
¢ € H(RY). We then define the wavelet transform of F to be

(W,,,F) (6) & F(t),....tg) * $g(Tps..Tg)

where
<F(tl,..., tg) * Ya(T1..Tg), B(tyh- ., tq)> 4
<F(t1...., tg) X (15 - aTg)y (T, Tg) YalTy —tl,...,Tq—tq)>

where A(7y,...,7¢) € DR?) and equals one over a neighborhood of the support of
é(ty, --tg) € R?) and zero in a larger region.
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6. WAVELET TRANSFORMS OF GENERALIZED FOCK SPACES

The technique of extending the wavelet transform to our generalized Fock spaces is in
the spirit of extending the Fourier and Hankel transforms to generalized Fock spaces as
conducted by Schmeelk [4.5] respectively.

For this section we consider the functions, M = (M (- ))ps Ny to be

My(t,, ...t = [(1 +#)...(1 +t§)]p.

We now define the wavelet transform on functional, ® , having the representative,

%o
#1(ty)
[ R : , (6.1)
Bgltys- - tg)
and satisfying the norm conditions,

(p) | 6gll p-m

— p 9
e (62)

for all peN.
DEFINITION 6.3 Given a normalized mother wavelet ¥(t) e L%(R9), ¢ > 1, the wavelet
transform of ® denoted W g(a,7) is

WQ(Q, T): . —

[$1(t1) * ¥a,(81))(T1)
: (6.4)

[Bgltys- -ty * ¢al'._.,aq(t1,. ot (T Tg)

LEMMA 6.5. The wavelet transform of ®, Wy(a,7), is well defined for every M
having the representation given in expression (6.1) together with a normalized mother

wavelet.
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PROOF: Let & c I ™ for some s > 1. We consider

by + §1 [Bg(t1r- - atg) * Yaltye at))(T1h .0 Tg)
q =

[~.5] * ¢ 71—t Tq—1t,
< lgol+| X i JJ’ ¢q(t1,‘..,tq)¢v(ﬁl—l ”_aq")dtl,...dtq
¢=1 , II a; " -%
i=1

e T 7 (TP SEL S
|6l + qu [ dattiennt g a,
=1l -0 -
0o oo
|¢0| z [ J I I¢q(tly q)lzdtl, . dtJ
¢g=1|-20 -2
0o oo . 2
JJ |¢(01v ﬂq,le...,Tq)(tlw"tq)‘ dtl, ...dtq
-0 -2
o [® o
=gl + Y {J’I |¢q(tl,...,tq)|2dt1,...dtq]
¢4=1[-30 -2

[
s
+
™8
—
g—8
g—38

2
J M2(ty,- o tg) | Bq(tye -t aty . dt
: 8
& Mt,...t)

q
SRV SR PR LR
- hig
0 ¢=1 1 P ;ﬁ:n?
1ogll -mq)
¢ -m
= |¢gl + f:( : a : ‘”qiq
g=1 s my

x g2
<|¢o|+C Ews <|¢o|+C E

where s; = 7s2. In view of Lemma 3.1 found in Schmeelk and Takagi [6], page 268, the last
sum is finite.

We now consider the space, (I'** "ﬂ’)l defined in expression (3.10) and recall that an Fe
(I‘"""’)’ has representation,

F&|Fq,...F,..] (6.5)

where F ¢ C and Fg e %'(AMb), ¢>1 and all have order < p. Moreover the F' then satisfies
the norm condition

q=

As an example of such a generalized Fock functional, we consider



668

where it is clear that 1 + 2 [16¢¢, ~by) x.

We then define the wavelet tra.nsform of our generalized Fock functional to be

(W¢F)(a) &

J. SCHMEELK AND A. TAKACI

6(t—b) &

1
§(t1—by)

6(t1 —bl) X ...X(s(tq—bq)

Fy
W (F1)ay)

W¢(Fq)(a1,. -wag)

- X 8(tg—bg) |l pﬁr<ooforeveryp

(6.6)

6.7)

We compute the wavelet transform of the generalized Fock functional given in expression
(6.6) with a normalized mother wavelet and obtain

—

¢al,a2,. ..,dq(tl - bl’ cen tq - bq)

Fy
'l’al(tl _bl)

-

(6.8)

We observe that each entry in expression (6.3) for ¢>1 satisfies the following norm

condition.

a0, ag{t1 = b1 - -otg =) I|_

-4

I

sup {
llellp<1

sup
el <1

o0 -00

IA

t-b,
L

[ <] 00 _ t‘b
[ t_ldl:_qu: dt,.. dt,
-0 -d0

t

2

-b
%rq") é(t,--tg) dty...dtg
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{T...T|¢(tl,...,tq)|2 dtl...dtq}’ <.

669

-00

Thus we immediately have that our wavelet transform of our generalized Fock
functional given in example (6.8) satisfies the norm condition,

& s7 2 sl
1+ El “'/’al,az,...,aq (tl —bl,...,tq - bq) ” -p m—q <1+ m, < oo (6'10)
q =

We conclude with considering the general case given in expression (6.7). We require that our
generalized Fock functional has each entry, Fy, ¢>1, and normalized mother wavelet
satisfying the bounded support intersection property. For this situation we then have

(-»)
wyExalll, , —2 IW y(Fo)ay,....a) I,

= |Fyl2+ il IW Fay,.a) | (6.11)
q:

Now for each ¢ > 1 in expression (6.11) we have
W FoXay,.a) I,

= {(F(tl, . q) X'/)G(Tl, .Tq) ’\(tl' q’Tl’ qu) ¢(t1+1'1, t + Tq))l ”¢p ” < l}

[><]

(oo}
T
= “(F(tl,. ,tq),I J w(‘ﬁl;, ,T) /\(tl, tq,fl, ,Tq)¢(tl+1'l, t + Tq)
-00 -00

o0 o0 Tx—t‘ t
= {1 (Fltpeate) [ [ W Tt =52 ) Mtpetyy Ty —tay o Tqmty)
-00 -00

$(T - o TdTy,...dT) | : |1y <1}

() P % (T _¢ T
1Pyt ||J...I ‘4( e N )A(tl, o Ti-t oy
’ Y -w

(»)

s,p,m

Hligpll <1

Ty—tg) ¢(Ty,...Tg)dTy,....dT, ||

for all ||¢|| , <1. Since our mother wavelet is normalized and our test functions, 4, satisfy
Il#1l <1 we immediately have our sum in expression (6.11) to be finite.
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