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MULTIPLIERS ON SOME WEIGHTED L”-SPACES
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ABSTRACT. Let G be alocally compact abelian group with Haar measure dx, and let w be a
symmetric Beurling weight function on G (Reiter, 1968). In this paper, using the relations
between p; and q;, where 1 < p;, q; < o, p; # q; (i = 1,2), we show that the space of
multipliers from Lﬁ, (G) to the space S(qi , qé, w™1), the space of multipliers from L&‘ (G)n
LE? (G) to LE,(G) and the space of multipliers i) (G) nLE? (G) to S(q},a5,w™1).
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1. Introduction. Let G be a locally compact abelian group with Haar measure dx.
In this paper, Co(G) denotes the space of all continuous complex-valued functions on
G with compact support. Let )y € G. Then the translation operator T, is defined by

Ty f = f(). (1.1)

For a Beurling weight function on G (see Reiter [6]), i.e., a continuous function w
satisfying w(x) =1 and w(x+y) < w(x)w(y) for all x,y € G.

We set, for 1 < p < o, LE,(G) = {f | fw € LP(G)}. This is a Banach space under the
norm

1/p
1f 1y = (L |f<x)w(x>|”dx) . (1.2)

Ll (G) is a Banach algebra with respect to convolution under the norm || - |I1,,. It is
callled Beurling algebra. If (1/p) + (1/p’) = 1, then the conjugate space of L%, (G) is
L' . (G).

Let 1 < p; <o (i=1,2) and let S(p1,p2,w) be the set of all complex-valued func-
tions g which can be written as

g=0g1+g> with (g1,92) € Lh (G)xLE: (G). (1.3)
We define a norm on S(p1,p2,w) by
”glls =inf(”gl||p1,w+”gZ”pz,w)a (14)

where the infimum is taken over all such decompositions of g. S(p1,p2,w) is a Banach
space under this norm (see Liu and Wang [4]).

Similarly, if D(p1, p2,w) denotes the set of all complex-valued functions defined on
G which are in L} (G) nLE? (G), we introduce a norm by

£, =max (L 1y, 1Lf 11p,0)- (1.5)
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Then, D(p1,p2,w) is also a Banach space with the norm || - |Ip,,.

It is not hard to see that D(p1,p2,w) is a Banach L} (G) module. It is known that
D(p1,p2,w) and S(p1,p2,w) are reflexive Banach spaces and the following duality
relations hold:

D(Pl,PZ;w)* = S(pi’pé,wfl),
(1.6)
D(pi,psw™')" = S(p1,p2,w),

where (1/p;)+(1/p;) =1, i = 1,2 (see Murthy-Unni [5] and Liu and Wang [4]).

Let fe LY (G)NLE(G) with1 < g1 < g» < . Then, f € LL(G) forall g1 < g < q»
and

1 llao < IFIS @l FILS, (1.7)

where 1/q = («/q1) + (1 —x)/q2, 0 < x < 1 (see Brezis [1]).
Now, we define the space K(p,q,q1,q2,w) to be set of all functions h which can be
written in the form

=S fran 18
i-1
where fi € Cc(G) C Ly (G) and g € D(q1,42,w) with S || fill p.w |l gillp < 0. We define
anorm on K(p,q,q1,42,w) by

lh|| = inf (Z ||fi||p,w||gi|Dq) ; (1.9)
i=1
where the infimum is taken over all such representations of h. Then K (p, q,41,42, w)
is a Banach space in this norm. Since

1£*gllrw < 1fllpwllgllaw = 1f1lpwlglp, (1.10)

for f € C.(G) c L, g € LE(G) nLE (G), where (1/p)+(1/q) = 1, (1/v) = (1/p) +
(1/g) -1, and condition (1.7) holds, it follows that K(p,q,q1,q2,w) C L}, (G) and that
the topology on K (p, q,41,92, w) is not weaker than the topology induced from L}, (G).

We say that T is a multiplier from L%, (G) to $(4q},q5,w™1) if T is a bounded linear
operator on L}, (G) which commutes with translation. The space of all multipliers from
L (G) to S(q},q5,w™") is denoted by M[L% (G),S(q},q5, w11

2. Multipliers from L%, (G) to S(q1,a5, w™1). We have the following.

THEOREM 2.1. Let G be a locally compact abelian group and let v be a symmetric
Beurling weight function. If condition (1.7) is satisfied and (1/p) +(1/q) =1, (1/p) +
(1/@) -1 = 1/r, then the space of multipliers M[L%, (G),S(q}, a5, w=")] is isometrically
isomorphic to the dual K (p,q,q1,q2,w)* of K(p,q,q1,q2,w).

PROOF. For any T € M[L},(G),S(q},q5, w™1)], define

t(h) = > TfFgi(0) (2.1)

i=1
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forh =%, f*9:iinK(p,q,q1,492,w). First, we show that t is well defined. To this end,
it is sufficient to show that if h = Z°° 2 ffgi=01in K(p,q,q1,92, w) and =2, 1| fill p,e
lgillp, < o, then %2, T f;* gi(0) =

Itis known that L}, (G) has approx1mate identities bounded in L} (G) with compactly
supported (see Murthy-Unni [5]). Let (¢p«)xer be an approximate identity for LY (G)
with [|¢p«ll1 =1 and [|¢pxll1,0 < K (K > 0). Then, for each f e LY (G), we have

Hml$psf = fllpw = 0. (2.2)

Therefore, using (2.2) and the fact that T is a multiplier for all g € L& (G) nLE (G),
we obtain

| T(d3fi) 9i(0) =T f7g:(0) | < ITNIbLSi~ fillpwolgilo, — 0, (2.3)
so that
WmT (b5 fi)"9:(0) = T gi(0). (2.4)
Also, for each ¢ € Cc(G) and f; € C.(G), we have
T(pafi) = Tufi. (2.5)

(see Larsen [2]).
Since u = =, f*gi = 0 and the series X7, f;*g; converges uniformly and using
equality (2.5), we get

i (pifi) 9i0) = ZJ (Tho)(-x)(fifgi)(y)dy

o (2.6)
= J (Tho)( Z (ffgi)(y)dy =0.
We show that =2, T (¥ fi) *g:(0) converges uniformly with respect to «.
Z dLfi) gi(0)| < Z IT(pxfi)llsllgillp,
i=1 i=1
<|TIl Z s fillpwlgilp, (2.7)
i=1
=TIl Z Ifillp.wllgillp, < .
i=1
The convergence of 27° | T (% f;)*g:(0) is uniform with respect to «. Hence,
(o4
lim >’ T(byfi)" i(0) = S T - (2.8)

i=1 i=1

using (2.4) and (2.6). Thus, t is well defined.
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It is obvious that the mapping T — t is linear. Now we show that it is an isometry.
In fact,

< ST Flslgillng < ITH S 1fillpwlgillp, 2.9)

i=1 i=1

> Tfgi(0)

i=1

[t | =

implies that
[tu) | < Tl lull. (2.10)
Hence, |[t|| < ||T]|. On the other hand,
1T =sup {| Tf*g(0)| : Il fllpw <1, lIgllp, <1}
=sup {|£(f*9) | :I1fllpw <1 Igllp, <1} < I,

Therefore, ||t|| = || T]l.
Finally, we show that the mapping T — t is onto. Suppose that t € K(p,q,41,492, w)*
and that f € C.(G) C L% (G). Define, for all g € L& (G) N L& (G),

(2.11)

g—t(f*a). (2.12)
Then,
[t a) | <Nt f*glll < Il fllpwllglip, (2.13)

implies that this mapping gives a bounded linear functional on LY (G) N L& (G). Hence,
there exists a unique element, denoted by T f, in S(q7,q5,w™") such that

Tf*g(0) =t(f*g) (2.14)
forall g e LY (G)NLE (G), and
I Tf*g )] <Nt fllpwlglp,. (2.15)
Therefore,
ITfls < NElfllpw < oo (2.16)

Hence, T is a bounded operator from C.(G) into S(q},q5,w™'). Clearly, T is linear.
Since C,(G) is dense L%, (G). It can be extended uniquely as a bounded linear operator
on L% (G). We have to prove that this extended T is a multiplier. Let ¥ € G and f €
C.(G) cLh(G).If g e LE (G)nLE (G), then

T, Tf*g(0) = Tf*1,g(0) = t(f*1,9) =t(1,f*g) =TT, f*g(0) (2.17)
holds for all functions g in L& (G) nL¥ (G). Hence,
T, Tf =TT, f. (2.18)

Thus, T belongs to M[L&(G),S(q{,qé, w~1)] and our assertion is proved. O
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3. Multipliers from L5} nLE? (G) to LY (G). Let f € LB (G)nLE}(G), with 1 < p; <
p2 < o, then f € L}, (G) for all p; < p < p» and

1 lpo < IF1S, @l F155%, 3.1)

where 1/p = (a/p1)+(1-x)/p2, 0= x < 1.
Now, we define the space K (p1,p2,p,4q,w) to be set of all functions h which can be
written in the form

h: zfi*-giv (32)
i=1

where f; € C.(G) c LY} nLE} (G) and g; € LZ;,I (G) with 232, || fillp, |gill g7 w1 < 0. We
define a norm on K (p1,p2,p,q,w) by

IlAlll = inf (Z ”fi”Dp”gi”q’,wl); (3.3)
i=1
where the infimum is taken over all such representations of h. Then K (p1,p2,p,q, w)
is a Banach space in this norm. Since

1f* gl w1 < 1fllpwlglly w1 < 1fllp, Igllg w1 < o (3.4)

for f € C.(G) Cc LN (G)NLE?(G) and g € LZ;,l (G), where condition (3.1) holds and
1<p=<q<e,1/r=(1/p)~(1/q), it follows that K (p1,p2,p,q,w) C L}, ; (G).

THEOREM 3.1. Let G be a locally compact abelian group and let w be a symmetric
Beurling weight function under condition (3.1)and1 <p <q <o, 1/r =(1/p)-(1/q),
then the space of multipliers M[LE (G) NLE (G), LE (G)] is isometrically isomorphic to
the dual K (p1,p2,p,q4,w)* of K(p1,p2,p,4,w).

PROOF. Using the same method in the proof of Theorem 2.1, we can show our
assertion. O

4. Multipliers from LI} (G) nLE? (G) to the space S(q},q5,w"'). Suppose that
(1/pi) + (1/qi) = 1,1 < pi, gi < o and (1/p;) +(1/qi) —1 = 1/v; (i = 1,2). Let
L™ (G) denote the set of all complex-valued functions defined on G which are in

w(G)NLy (G). We introduce a norm by

||f||1(311/2 :maX(||fH71,w| ”f”rz,w)- (41)

Then Ly'"?(G) is also a Banach space with norm | - |2 (see Liu and Wang [3]).

To obtain the space of multipliers from L% (G) N LE (G) to S(q}, g5, w™') as a dual
space, we define the space K(p1,p2,41,92,w) to be the set of all functions h which
can be written in the form

=3 fran 42)

i=1

where f; € C.(G) C L& (G)NLy (G) and g; € LY (G)NLE (G) with =2 [| fillp, | gillp, <
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0. It is not hard to see that C.(G) is dense in LE} (G) N LF? (G). Define anorm h — ||| k|||
by

Ikl = inf (Z Il fillp, ”giHDq) , 4.3)
i=1
where the infimum is taken over all such representations of h. It is easy to verify that
[l - || defines a norm on K(p1,p2,q1,92,w) and that the latter is a Banach space.
Now, let f € C.(G) C LY} (G)NLE? (G) and g € LE (G) nLE (G). It follows that f*g
T
w (G),

1f*gllr,w = 1flpwldlla,o < 1flp,l1glp, (4.4)
and f*g € Li; (G),
1f* gl < 1 lpswllgllayw < I1f b, 191D, (4.5)
so that
I£*glles™ < 1.f1lp, 191, (4.6)

1,12
w

From this, it is clear that K(p1,p2,q1,92,w) C L (G) and that the topology on
K(p1,p2,41,492,w) is not weaker than the topology induced by L (G).

THEOREM 4.1. Let G be a locally compact abelian group and let w be a symmetric
Beurling weight function. If (1/p;) +(1/qi) = 1, (1/p;) +(1/q:)) -1 = (1/ry),i=1,2,
then the space of multipliers ML (G) N LR? (G),S(q1,q5,w)] is isometrically isomor-
phic to K(p1,p2,41,q2,w)*, the dual space of K(p1,p2,4q1,q2,w).

PROOF. Use the same method employed in the proof of Theorem 2.1. O
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