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ON THE PROJECTIONS OF LAPLACIANS
UNDER RIEMANNIAN SUBMERSIONS
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ABSTRACT. We give a condition on Riemannian submersions from a Riemannian manifold
M to a Riemannian manifold N which will ensure that it induces a differential operator
on N from the Laplace-Beltrami operator on M. Equivalently, this condition ensures that a
Riemannian submersion maps Brownian motion to a diffusion.
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1. Introduction. Suppose that M, N are, respectively, m- and n-dimensional Rie-
mannian manifolds and that m > n. Both M and N will then carry Laplace-Beltrami
operators Ay and Ay, respectively, determined by the Riemannian metrics.

Let the mapping m : M — N such that 1 (0,,) = 0, be a Riemannian submersion.
Normally, the Laplace-Beltrami operator Ay will not induce a differential operator
on N under the submersion 1T because Ay may depend not only on 1w (0y,) but also
on o,,. Equivalently, a Brownian motion on M will not normally be mapped by 1
to a diffusion on N because it may happen that our prediction of o, (t + 1) (u > 0)
will be improved if we know where o, (t) lies in ! (0, (t)), and we can expect to
get information about o, (t) from the past history {o,(t —v): 0 < v < t} of the
submersed process. However, once we know that there is a differential operator & on
N that satisfies the relation

(Ep)omm = Ap(PpoT), (1.1)

we can find several equivalent expressions for & in terms of the volume, the second
fundamental form, and the mean curvature of the fibres, respectively, which will be
listed here.

(a) If the fibres are compact, let v(o0,) be the (m — n)-dimensional volume of the
fibre m~1(03,) and V the vector field grad(logv). Carne’s formula (cf. [3]) then tells
us that

Lp=~ANP+V=AND+(V, grad). 1.2)

(b) Recall that A); can be written in terms of any given orthonormal vector fields
Xi,...,Xmon M as

m
An =D {XiXi— Vx, Xi}, (1.3)
i-1

the operator V here being the Levi-Civita connection. Therefore, we choose Yi,...,Y,
to be orthonormal vector fields in a neighborhood of o, € N, X;,...,X,, the unique
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horizontal lifts of Yi,...,Y, to a neighborhood of ¢, € ™1 (0y) (so that Xi,..., X,
are orthonormal vector fields on the 7r-related horizontal subspace of J(M)) and
then supplement the latter by m — n orthonormal vertical vector fields X;11,...,Xm
in the same neighborhood. Ay at 0y, can thus be written as

n m
An =D 1XiXi—Vx Xit+ D> {XiXi— Vy, Xi}. (1.4)
i=1 i=n+1

However, for any smooth function ¢ : N — R, the composed function ¢pow: M — R
will be constant along each fibre m~1(o,), and hence

Xi(cl)orr):<|(()Yi¢)OTr’ 1<ix<mn, (1.5)

s n+l<i<m.

And, on the other hand, Vi, X; is equal to the sum of the horizontal lift of Vy,Y; and
Vi, 1 <i<mn, where each V; is the vertical component of Vyx, X;. Thus

AM(CbO'IT) = (ANCb) oTT

m 1.6
- Z {the mr-related horizontal component of Vx,X;}(¢p o). (1.6)
i=n+1
The Hessian of a function ¢ is the symmetric (0,2) tensor field defined by
Hess($)(X,Y) = XY — (VyY), (1.7)

and the so-called shape tensor (or “second fundamental form” tensor) of each fi-
bre w1 (0,) is the bilinear symmetric mapping IT from ¥ (1t 1 (0,)) XX (1t 1 (03,)) o0
(1 (0,))*, where Z(1m~1(0,,)) denotes the set of all smooth vertical vector fields
of M defined on 1w~ !(0y,), such that IT(X;,X>) is the component of Vx, Xo in I (M)
normal to the fibre =1 (0,). It turns out that

Hess(¢ o 'IT) (Xi,Xi) = _inXi(d) o 'IT)

= —(II(X;,X;), grad(¢pom)), n+l<i<m, (1.8)
and so an equivalent expression for & is
(Ep)om = (And)om+ > Hess(pom)(Xi,X;)
l:m’l" (1.9)
- (AN¢)on—< > (X, Xi), grad(¢o-rr)>_
i=n+1

(c) Moreover, for any (7 —n)-dimensional submanifold M, of M, the mean curvature
vector field Hy, of My at p € M is given by

-
3

HMo(p) =

> T(E;,E), (1.10)
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where Ey.1,...,En is any orthonormal basis for the tangent space J,(My). It is easy
to check that if x4 1,...,X is an adapted coordinate system for My, then

1 < i f 0 0
_ L]
Hy, = “n ijEanMH(axi’axj), (1.11)

and that if 6/0x1,...,0/0x, are normal to M, then

n(2, 2 ) oS L, nel<ijem (1.12)
axi'axj P M”axy' =1 J=m. .

It follows from (1.9) that
(LP)omm=(ANp)omm—(m—n)(Hp-1, grad(p o)), (1.13)

which gives another expression for £ when it exists.

So a problem rises here: what is the condition for such a differential operator £ to
exist, thatis, when does the submersion 7T map a Brownian motion on M to a diffusion
on N?

The above discussion shows that Ay (¢ o) = (£¢b) o 11 for some operator £ on N
if and only if the traces of the second fundamental form for each fibre w1 (o) are
m-related on that fibre; or equivalently, if and only if the mean curvature vector fields
H,-1 of each fibre t=1(0y,) are 1r-related on that fibre, for evidently either of these is
the necessary and sufficient condition that Ay depends only on 1 (0;,), and not on
o itself.

We now discuss another condition in terms of the volume element of M for the
existence of &.

2. Some lemmas

LEMMA 2.1. Let Gy and Gy be the matrices of the local components of the metric
tensor fields on M and N with respect to local coordinates x : o, — (X1,...,Xm) on M
and y : oy — (V1,...,Yn) on N, respectively, then

Gylom =JGytTY, (2.1)

where J is the Jacobian matrix of the coordinate representation y o 1o x~! of Tt with
the (i, j)th entry
0(yiom) 0(yiomox!)

0x; - 0x; ° X (2.2)

and Jt is its transpose.

For any given local coordinate y on N at 0y, there exists a local coordinate x on M
at o, € w1 (0,) such that

Yormrox ti(X1,.e0sXm) = (V1yees Yy Z1see s Zmen) — (V1yeees V). (2.3)

This implies that 7t is locally a fibration, that is, there exist a neighborhood U,, of
o €N, aneighborhood U,, of 0, € T~ (0,), and amanifold F such that =2 (U,) U
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is diffeomorphic to U, x F and the diffeomorphism maps 7! (o) Un to F, and
that the mr-related vertical subspace of J,, (M) for gy, € mw~!(0y) is spanned by
0/0Xn+1,...,0/0Xm. In general, however, 0/0x1,...,0/0x, will not be horizontal to
the mr-related vertical subspace of I, (M).

1T is called integrable if the horizontal distribution, which is the orthogonal com-
plement of Ker(drr) in J (M), is integrable.

LEMMA 2.2. 11 is integrable, if and only if there exist local coordinates x and 7y
satisfying the condition (2.3) for M and N such that the Tt-related horizontal subspace
of T4, (M) is spanned by 0/0x1,...,0/0x.

PROOF. If rr-related horizontal subspace of J,, (M) is spanned by 0/0x1,...,0/0xn,
then the horizontal distribution, by definition, is integrable.

If 1T is integrable, let X1,..., X, be the horizontal lifts of 6/0y1,...,0/0y,. Then the
system of n differential equations in m variables

Xif=0, 1<ix<m, (2.4)

is complete. It follows that there are m — n independent solutions Xxy+1,...,Xm of
(2.4), such that general solution of (2.4) is an arbitrary function of x;,+1,...,Xn (cf. [4]).
Define x; = y;om, for 1 <i < n. Thus x = (x1,...,X») is the coordinate we are looking
for. In fact, for any given coordinate y in N we can always find a coordinate X in M
such that (2.3) holds. Each X; can then be formulated as

0o " 0
AR &9
where
(atij) = E7'F, (2.6)
if the metric form of M with respect to X is
-1
Gu = (El”cf" g) : 2.7)

Thus, the metric form of M with respect to x, by the fact that X;x; =0, for 1 <i <
n < j <m, will be

-1
E O
Gm = (0 H) ) (2.8)
for some positive definite symmetric matrix H. O

3. Main result
PROPOSITION 3.1. If 1t is integrable, then there is an operator £ on N with
() ot = Apy(PpoTT), (3.1

if and only if the volume element duy of M can be expressed as a product of two
independent forms: one is a composed n-form on N with the submersion 1t defined by

{eV2?qun}om, (3.2)
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and the other is an (m —n)-form on the fibres 1= (0,), the local expression of which
is denoted by

Y*dxXp1 - - dXm, (3.3)

with the property that the latter will be independent of o, in a neighborhood of o,.
And when this condition is satisfied,

1
§B=AN+Egrad¢. (3.4)
PROOF. The local form of the Laplace-Beltrami operator, in terms of any given

coordinate x on M, is

m

(detGy) ™ ? Z

( (detGy )”zai). (3.5)
= J

Thus for the coordinates x and y as Lemma 2.2, we are able to obtain that, for any
smooth function ¢ : N — R,

Butdom = 5 gl =2 230 2100 (og (detGy))
M P Maxiaxj ij 6xi 2 MaXJ' M

i,j=1

aii }(d)on')

I
M3

ij i a()’koﬂ)a(leTF)( % orr)
. ox; 0x; 0YKoy

y3 Elnem) (00 1y, 005§ obnem) (06 )

+ —_
9u S oxidx; \oyk oxj & 0xi Yk
LT S M(aqb )

+ZgMaxj(log(detGM))g1 oxi \ay o™

n 2
=2 gkl{ 2 +%ai(10g(detGN))§jj} ™

+1§1{; Haij(log<dieé§fn>)éa(3g;ﬂ) (%on)
£ ) 3]

= (An)om— k%?j;:ﬁ}w

+i’j§1{;gﬂaij(log(dieégfn))éa(%zn) (%on)
-3 2 (2 (3|

. I det Gy ))(M )
—(AN¢)°7T+2 ngN Onaxj (IOg(detGNon EiJ/kOTT '

(3.6)
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Note that here 0/0x1,...,0/0x, are the horizontal lifts of 8/0y1,...,0/0yy,. We know
from the assumption that

om — tr-related horizontal subspace of J,, (M) 3.7)

is a distribution, and

Zgﬁforr% 1<i<mn, (3.8)

forms a basis for it. Following the same discussion as in the proof of Lemma 2.2, we
know that any solution of the system of differential equations

n P
Zg”a—fz , l<is<mn, (3.9)

is a function of xy+1,...,Xm. On the other hand, we have by (1.2) that existence of £
on N if and only if there is a function ® on N such that

2 detG 2 0
110 M ij .
g T J<log<7detGNoTr)) {2 9N 3 J} m, l<i<n. (3.10)

Therefore, the existence of & is equivalent to that there is a function ¥ of x;,.1,...,Xm
such that

det Gy = e®° ™Y CnetXm) det Gy o 1. (3.11)

e®detGy is clearly a function on N. If we define a function ¥* on a neighborhood
of o € T 1(0y), as the restriction of the function e/2¥ on m1(0,), then ¥* is
independent on fibres in a neighborhood of ¢, € T~ 1(0y,), and detGy; is a product
of a composed function on N with 7t and a function on the fibres of 1.

The above discussion shows that the volume element duy; on M is here expressed as

dpy (o) =+/detGy (om)dxy - - - dxXm (Om)

( 172 \/m>0ﬂ(0'm)dy1 < dyn(1r(om))

XY* (O )dxns1 - dxXm (Om) (3.12)

( (1/2) m>(0'n)dy1 s 'dyn(o—n)

XY*(om)dXpi1 - - AXm (Om).

Because 11 is a submersion, M is locally diffeomorphic to N x F for a (m —n)-
dimensional manifold F, and so the above condition is equivalent to that the volume
element duy can locally be expressed as a product of a composed n-form on N with
the submersion t and an (m —n)-formon F. O



ON THE PROJECTIONS OF LAPLACIANS ... 39

4. Remarks. (a) We know from the proof of Proposition 3.1 that, for any general
coordinates such that (2.3) holds,

Ay (o)

n m kj
3 18 ({20 ) S (20
= (Anp)om+ 2{22‘%5& 108 GetGrom +'§ axJ 59, °)
4.1)

Compared with (1.6), we know that the kth (1 < k < n) component of the vector

m
> {the mr-related horizontal component of Vy, X;} 4.2)

i=n+l

is

;i ( ( det Gy ))_ i ogki “43)
2 9 ox; detGyom//) 4% 0x; :

And compared with (1 ( 2), we find that there is a differential operator ¥ on N with
(L)oot = Ay (¢porr)if and only if, for any 1 < k < n, (4.3) is a function of 77 (04, ), and

1 <& 4 0 ( detGy o agy xjologv
130470 (1og( 46 ), S
2%“1 M 3x; detGyotr J,:%H ox; Z IN 5y,
Therefore, for 1 < k < n,
_ l detGy
{grady (logv)} om = 5 {gradMlog detCo }k + Wy, (4.5)
where )
m aglrc'{
Wi= 2, == (4.6)
_ Xj
Jj=n+1

that is, the first n components of grad,{(1/2)log(volume element of the fibre
1 (0y))} do not form a proper gradient of a function on N, which usually depend
not only on 77 (0, ) but also on oy,.
When
We=0, 1<k=<n. 4.7)

Equation (4.4) can be rewritten as

g ai{ (ﬁ%)}=0, 1<k=<mn, (4.8)

that is equivalent to

L detGy
<d"k'2a{ (daguyor ) J00) 0 1sk=n 69
that is,

detGy )} _
<dxk,d{1og (—(deetGN) — > —0, 1<k=<n, (4.10)
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so that d{ o detGyy
e ) @

v2detGy)oT
is orthogonal with all dxy for 1 <k <mn in T*(M).
(b) When the condition in Proposition 3.1 holds, the volume element of the fibre
w1 (0oy) is clearly

eWOmy* (x, 1 xe ) X - - - dXms (4.12)

and so if 1T is also a fibration with compact fibre F, the (m —n)-dimensional volume
v (0y,) of the fibre -1 (0,) will then be equal to

v(oy) = e(”Z)‘I’("")J V* (Xpityeen, Xm)AX a1 -+ AXom = ke 1/2200) (4.13)
F

for some constant «, which coincides with (1.2).
(c) The condition of integrability of 1 in Proposition 3.1 should be able to be weak-
ened. We study the following two cases.
(i) For the submersion mm with minimal fibres, in particular with totally geo-
desic fibres, it is known that ¥ = Ay, which follows immediately from the fact that

the term
m

Z {the 1t -related horizontal component of Vy,X;} (4.14)
i=n+1
in (1.6) vanishes by the definition of minimal submanifold.
On the other hand, when M is complete and 1 with totally geodesic fibres, we
can also obtain from the fact that (M,N,r) is a fibre bundle with the Lie group of
isometries of the fibre as structure group (cf. [5] and below) that

dUM = d[lNOTTX\Ij*an+1 e de, (4.15)

for a suitable coordinate (x;41,...,Xm) on fibres.

In the case that 7t is with minimal fibres, it follows from the fact that the structure
group of the bundle (which is a priori the group of diffeomorphisms of the fibre F)
reduces to the group of volume preserving diffeomorphisms of F (cf. [1]) that the
volume element of M is of the expression (4.15).

(i) The case that the submersion 17 is a quotient mapping with respect to a Lie
group G of isometries acting properly and freely on M.

The fibre 71! (0,,) here inherits a Riemannian structure from that of M, and the cor-
responding volume element d i, -1, of the fibre m=1(0,) is invariant under G by the
transitive action of G of isometries on the fibres. Under the identification = (0,) = G,
the volume elements dp;-1(s,, and dg, the unique left-invariant volume element up
to constants of G, must, by the uniqueness, be proportional (cf. [2]). Hence there exists
a function e/2® on N such that

Alr-1 (g, = VP gg, (4.16)

and so
duy = dgleV?*duy}om, 4.17)

which gives a form for the volume element on M coincident with our claim if we notice
that here M is locally diffeomorphic to N X G.
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