
IJMMS 25:6 (2001) 417–420
PII. S0161171201001181
http://ijmms.hindawi.com
© Hindawi Publishing Corp.

ON PERIODIC RINGS

XIANKUN DU and QI YI

(Received 23 April 1997 and in revised form 31 October 1997)

Abstract. It is proved that a ring is periodic if and only if, for any elements x and y ,
there exist positive integers k,l,m, and n with either k �=m or l �=n, depending on x and
y , for which xkyl = xmyn. Necessary and sufficient conditions are established for a ring
to be a direct sum of a nil ring and a J-ring.
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1. Introduction. Throughout, R is a ring. This paper is concerned with the rings
satisfying the following condition.

For any x, y ∈ R, there exist distinct 2-tuples (k,l) and (m,n) of
positive integers depending on x and y such that xkyl = xmyn. (1.1)

Such rings with l = m = 1 and k = n > 1 were handled in Yaqub [8] and Luh [7].
Recently, with the goal of generalizing the work of Yaqub [8] and Luh [7], Guo [5]
studied such rings for l =m = 1, k > 1, and n > 1, under an additional assumption
on periodicity. Our aim is to prove that a ring with (1.1) is periodic. This enables us
to remove the hypothesis on periodicity from the results of Guo [5]. We also establish
necessary and sufficient conditions for a ring to be a direct sum of a nil ring and a
J-ring, which improves the results of Guo [5]. Of course, they also extend the results
of Yaqub [8] and Luh [7].
Recall that a semigroup S is periodic if, for any x ∈ S, there exist distinct positive

integers m = m(x) and n = n(x) such that xm = xn. A ring R is called periodic
if its multiplicative semigroup is periodic. An element x of R is said to be potent
if xn = x for some integer n = n(x) > 1. Let P denote the set of potent elements
of R, and let N be the set of nilpotent elements of R. If R =N+P , R is called weakly
periodic, according to Grosen et al. [4]. By Bell [1], a periodic ring is weakly periodic,
but the converse is open. If R = P , R is called a J-ring. It is well known that J-rings are
commutative.
For a ring R, (R,◦) is a semigroup with identity 0, under the operation a ◦ b =

a+b−ab for a,b ∈ R. This semigroup is called the adjoint semigroup of R. Also,
(R,◦) is a group if and only if R is a (Jacobson) radical ring. For a ∈ R and a positive
integer k, a[k] denotes the kth power of a in (R,◦). Making use of formal identity 1,
we get a[k] = 1− (1−a)k = af(a) for some f(t) ∈ Z[t], where Z[t] is the set of
polynomials with integer coefficients.

2. Main results. The following Theorem 2.1 is needed in the proof of our main
theorem, and it is of independent interest as well.
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Theorem 2.1. (R,◦) is a periodic semigroup if and only if R is a periodic torsion ring.

Proof. If R is periodic and torsion, then for any a∈ R, the subring [a] generated
by a is finite, and so {a,a[2],a[3], . . .} is finite. It follows that (R,◦) is periodic.
Conversely, suppose that (R,◦) is periodic. We first assume that R is a torsion ring.

For each a∈ R, we have positive integersm and n withm<n such that a[m] = a[n],
whence a meets a monic polynomial of degree n of Z[t] and [a] is a finite subring.
It follows that R is periodic. Next, we have to prove that R is a torsion ring. To do
this, it suffices to assume that R is torsion-free and then, show that R = 0 because
R/T is a torsion-free ring and (R/T ,◦) is a periodic semigroup, where T is the torsion
ideal of R. For any a ∈ R, it is easy to see that a[k] is an idempotent of R for some
positive integer k. Let e = a[k]and letm and n be distinct positive integers such that
(3e)[m] = (3e)[n]. Then we have

(
(−2)m−(−2)n)e= (e−3e)m−(e−3e)n = (3e)[n]−(3e)[m] = 0, (2.1)

forcing e = 0. Consequently, (R,◦) is actually a periodic group. Clearly, ([a],◦) is a
subgroup of (R,◦). This shows that [a] is a finitely generated commutative radical
ring, which implies that [a] is nilpotent. By Eldridge [3], a is contained in the torsion
ideal of R and, hence, a= 0 as required.

Lemma 2.2. If R satisfies (1.1), then for each a∈ R, either
(1) a[r]−a is nilpotent for some integer r = r(a) > 1 or
(2) ar = ar+1f(a) for some positive integer r = r(a) and some f(t)∈ Z[t].

Proof. Let (k,l) and (m,n) be distinct 2-tuples of positive integers such that

ak
(
a−a2)l = am(a−a2)n. (2.2)

Hence, we have

ak+l(1−a)l = am+n(1−a)n. (2.3)

Without loss of generality, we suppose that k+l≤m+n. If k+l <m+n, then by (2.3),
a simple calculation yields ak+l = ak+l+1f(a) for some f(t)∈ Z[t], which proves (2).
If k+l=m+n, then l �=n and l < n, say. From (2.3), we have

ak+l(1−a)l(1−(1−a)n−l)= 0. (2.4)

Since

a[n−l] = 1−(1−a)n−l = af(a), for some f(t)∈ Z[t], (2.5)

we have

ak+l+1(1−a)lf (a)= 0, and so
(
a(1−a)f(a))k+l+1 = 0. (2.6)

Noting that

a[n−l+1]−a= (1−a)a[n−l] = a(1−a)f(a), (2.7)

one sees that a[n−l+1]−a is nilpotent, which proves (1).

Lemma 2.3. If R satisfies (1.1) and R contains no nonzero idempotents, then R is nil.
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Proof. Since condition (1.1) is inherited by subrings, it suffices to prove Lemma 2.3
for the subring [a] for any a∈ R. Thus, for notational convenience, we assume that R
is commutative. In this case, N is an ideal of R. Since condition (1.1) is also inherited
by R/N , and idempotents lift modulo N , we may suppose that R does not contain any
nonzero nilpotent elements and have to prove that R = 0. For a∈ R, if ar = ar+1f(a)
is as in Lemma 2.2(2), then (af(a))r is an idempotent. Thus, (af(a))r = 0, from
which ar = ar (af(a))r = 0. This implies that a = 0. By Lemma 2.2, it follows that,
for any a ∈ R, we have a[r] = a for some integer r = r(a) > 1. By Theorem 2.1, R is
periodic. Since R contains nonzero idempotents, R is nil, and so R = 0.

We are now in a position to prove our main theorem.

Theorem 2.4. A ring is periodic if and only if it satisfies (1.1).

Proof. It is clear that a periodic ring satisfies (1.1). Conversely, let R satisfy (1.1).
If R is nil, we are done. Otherwise, Lemma 2.3 implies that R contains a nonzero
idempotent e. By (1.1), we have (2e)i(3e)j = (2e)p(3e)q for distinct 2-tuples (i,j) and
(p,q) of positive integers, whence (2i3j −2p3q)e = 0. It follows that e is contained
in the torsion ideal T of R. Since R/T is torsion-free and satisfies (1.1), R/T contains
no nonzero idempotents. By Lemma 2.3, R/T is nil, which implies that, for any a∈ R,
there exist positive integers m and n such that man = 0. Set b = an. If b[r]−b is
nilpotent as in Lemma 2.2, then b fulfils a monic polynomial with integer coefficients.
Hence, the subring [b] generated by b is finite, which yields bk = bl for some positive
integers k and l with k < l. Thus, ank = anl = ank+1f(a), where f(t) = tnl−nk−1. It
follows, from Lemma 2.2 and Chacron [2], that R is periodic.

In what follows, we consider conditions for a ring to be a direct sum of a J-ring and
a nil ring.

Lemma 2.5. For a ring R, the following statements are equivalent.
(1) For any x,y ∈ R, there exist positive integers m > 1, p, and q depending on x

and y such that xmyp = xyq.
(2) R =N+P and NP = 0.

Proof. (1)⇒(2). By Theorem 2.1, R is periodic and so R = N + P . Suppose that
NP �= 0. Then au �= 0 for some a∈N and u∈ P . Let uk =u, an+1u= 0, and anu �= 0
for some integers k > 1 and n ≥ 1. Since uk−1 is an idempotent, by (1), we have
anuk−1 = (an)muk−1 = 0 for some integerm> 1, whenceanu= anuk = anuk−1u= 0,
a contradiction.
(2)⇒(1). For a,b ∈ N and u,v ∈ P , there exist an integer m> 1 such that um = u

and am = bm = 0. From this and NP = 0, we get

(a+u)m(b+v)m = (a+u)(b+v)m. (2.8)

Hence, R satisfies (1).

Remark 2.6. We cannot expect PN = 0 in Lemma 2.5(2). A simple counterexample
due to Bell [1] is the ring on the Klein 4-group {0,a,b,c} with multiplication such that
0x = cx = 0 and ax = bx = x for all x ∈ R. The ring satisfies the identity xy = x2y
and PN �= 0.
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Theorem 2.7. For a ring R, the following statements are equivalent.
(1) R is a direct sum of a nil ring and a J-ring.
(2) For any x,y ∈ R, there exists an integer n=n(x,y) > 1 such that xny = xyn.
(3) For any x,y ∈ R, there exist integersm=m(x,y) > 1 and n=n(x,y) > 1 such

that xmy = xyn.
(4) For any x,y ∈ R, there exist positive integers k,l,m,n,p, and q with k > 1 and

p > 1 depending on x and y such that xkyl = xym and xnyp = xqy .

Proof. (4)⇒(1) follows from Lemma 2.5 and Hirano et al. [6, Theorem 1]. The rest
is trivial.

Remark 2.8. The equivalence between (1) and (2) was pointed out in Bell [1]. The
equivalence between (1) and (3) was also presented in Guo [5] under an additional
hypothesis. Theorem 2.7 extends and sharpens the results of Guo [5].
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