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RESULTS ON COMMON FIXED POINTS
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ABSTRACT. We establish common fixed point theorems related with families of self-
mappings on metric spaces. Our results extend, improve, and unify the results due to
Fisher (1977, 1978, 1979, 1981, 1984), Jungck (1988), and Ohta and Nikaido (1994).
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1. Introduction. Let w and N denote the sets of nonnegative integers and positive
integers, respectively. For t € [0,), [t] denotes the largest integer not exceeding t.
Let f and g be mappings from a metric space (X,d) into itself and Cy = {h:h: X —
X and hf = fh}. For x,y € X and A € X, define O¢(x) = {f"x:new}, Of(x,y) =
Or(x)UOr(y), Ofpg(x) = {fig/x :i,j € w}, Opqg(x,¥) = Of4(x)UOs4(y), and
0(A) =sup{d(x,y):x,y € A}. Let ix denote the identity mapping on X. It is easy to
see that {f":new} cCr.Let® = {@:@:[0,0) — [0,c0) is upper semicontinuous
and nondecreasing and @ (t) <t for t > 0}. The following definition and lemmas were
introduced by Fisher [8], Singh and Meade [13], and Jungck [10], respectively.

DEFINITION 1.1 (see [8]). Let A € X and A, < X for all n € N. The sequence {A, } nen
is said to converge to A if
(i) each point a € A is the limit of some convergent sequence {a,},ecn, Where
an, € A, foralln e N;
(ii) for arbitrary € > 0, there exists an integer k such that A,, < A, for n > k, where
Ag is the union of all open spheres with centers in A and radius e.

LEMMA 1.2 (see [13]). Let @ € ®, then (a) limy, .., " (t) =0 forallt >0 and(b)t =0
provided that t < @(t) for somet > 0.

LEMMA 1.3 (see [10]). Let f and g be commuting self-mappings of a compact metric
space (X,d) such that gf is continuous. If A = (,en (9 )X, then
(i) hAcAforallh e Cyy;
(i) A=fA=gA=+de;
(iii) A is compact.

In recent years, a number of generalizations of a well-known contraction mapping
principles due to Banach have appeared in the literature (cf. [1, 2, 3,4, 5,6, 7, 8, 9, 10,
11,12, 13)).
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First we list the following general conditions.
(1) There exists @ € ® and p,q,m,n € w with p +q,m+n € N such that

d(f”g”‘x,fmg"y)sw(é( U hOg,f(x,y))) (1.1)

heCguCy

for all x,y € X.
(2) There exist p,q,m,n € w with p +q,m +n € N such that

afrgix, fmgty) < 5( U hng(x,y)) (1.2)
hngf
for all x,y € X with fPgix = fmghy.

In the literature of fixed point theory there exist conditions which are special cases
of (1) or (2). Now we list below some of the contractive mappings for which various
fixed point theorems have been established.

(3) (See [6].) There exists ¥ € [0,1) and p,q,m,n € w with p + q,m +n € N such that

afraix, fmg"y)
<r-max{d(f"g" x,f*g9" y),
d(f g" x,f1g" x),d(f 9" x.flg"y):
O<7,t<p,0<v',t'<q,0<s,i<m,0<s’,i <n}

(1.3)

for all x,y € X.
(4) (See [6].) There exist p,q,m,n € w with p +q,m +n € N such that

a(fraix,fma"y)
<max{d(f g" x,fg° ¥),
d(frg” x,f'g"x),d(fg" x,f'g" v):

O<r,t<p,0<7v',t'<q,0<s,i<m,0<s',i <n}

(1.4)

for all x,y € X for which the right-hand side of the inequality is positive.
(5) (See [11].) There exist k € N and » € [0,1) such that

d(fx, ffy) <rs(0s(x,y)) (1.5)

for all x,y € X.
(6)(See[10].) Forallx,y € X,d(fx,gy) <o(ht:t € {x,y}, h € Cyyp) with fx + gy.
In this note, we prove common fixed point theorems for Cr N C, and Cyr in bounded
complete metric spaces and compact metric spaces. Our results extend, improve and
unify the corresponding results in [1, 2, 3, 4, 5,6, 7, 9, 10, 11].

2. Common fixed point theorems. Our main results are as follows.

THEOREM 2.1. Let f and g be commuting mappings from a bounded complete metric
space (X,d) into itself. If f and g are continuous and satisfy (1), then
(i) f and g have a unique common fixed point u € X which is also a unique com-
mon fixed point of Cy N Cy;
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() d(fitagi+bx,u) < @¥(5(X)) for all a,b € {0,1} and i € N, where k =
max{p,q,m,n};

(iii) lim;_. fi*2gi*tx =u foralla,b € {0,1};

(iv) {figiX}icn converges to {u}.

PROOF. Foranyie w and x,y € X, it follows from (1) that

d(fi+kgi+k f1+k i+k )

<@ (5< U I’LOf,g (fi+k—pgi+k—qx,fi+k—mgi+k—ny)))
heCynCy
<@ (6( U hOsy (figix,f"giy)))
I’LGCfﬁCJ
(2.1)
ol )
heCrnCy
ol o)
heCynCy
®(5(f'9'X))
which implies that
5(fi+kgi+kX) — sude(f”kg”kx,f”kg”ky) (6(figiX)) (2.2)
X,y€

for all i € w. We can write i = jk+t uniquely for some j,k € w with t < k. Thus
S(f19'X) = @(8(fUVKHGUDR X)) < @ (5(f'9' X)) < @7 (8(X)). (2.3)
It follows from the boundedness of X, Lemma 1.2 and (2.3) that

lim§(figix) = hmcpl(é(X)) (2.4)

1—

Since d(figix, fittgitix) < §(figiX) for all i,t € w and x € X, {figix}icn is a
Cauchy sequence and converges to some u € X by completeness of X. Forany i,c € w,
a,b € {0,1} and x € X, by (2.3) and (2.4) we have

d(ff+egthx, fregtex) < 5(f1g'X) < M(5(X)). (2.5)
Letting ¢ tend to infinity, we get
d(firegittx u) < plM(5(X)) (2.6)
for x € X. The continuity of f and g, and (2.4) and (2.6) ensure that
u=lim fig'x = lim f*g° fig'x = f*g"u 2.7)

for all a,b € {0,1} and x € X. That is, fu =gu =u.
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Suppose that f and g have another common fixed point v € X. It follows from

(2.4) that
du,v) <8(fig'X) < plM(§(X)) — 0 asi— . (2.8)

Thatis, u = v. Therefore f and g have a unique common fixed point. Note that fhu =
hfu =hu =hgu = ghu for all h € CynCy. By the uniqueness of common fixed point
of f and g, we have hu = u for all h € CynCy. Since f,g € CynCy, it follows that u
is a unique common fixed point of C¢ N Cj.

Let € > 0. In view of (2.4), there exists ¢ € N such that

5(fig'x) <l (5(X)) < %e. (2.9
for all i > c. Note that u € figiX for all i € w. Thus, for any i > ¢ we have
fig'X cB(u,) = {x e X:d(u,x) < &}. (2.10)
Therefore {fig'X};cn converges to {u}. This completes the proof. O
REMARK 2.2. [6, Theorem 2] is a special case of Theorem 2.1.

As an immediate consequence of Theorem 2.1, we have the following corollary.

COROLLARY 2.3. Let f and g be commuting mappings from a bounded complete
metric space (X,d) into itself. If f and g are continuous and satisfy the inequality

d(f”gqx,fmg"y)src?( U hOf,g(X,y)) (2.11)
heCrnCy

forallx,y € X, wherep,qmnew,p+q,m+n N andr € [0,1). Then (i), (iii), and
(iv) of Theorem 2.1 and the following (v) hold:
) d(fitagitbx u) < vlkl§(X) for all a,b € {0,1} and i € N, where k =
max{p,q,m,n}.

REMARK 2.4. In case p = m, g = iy, Corollary 2.3 reduces to a result which gener-
alizes [11, Theorem 3].

THEOREM 2.5. Let f and g be commuting mappings from a compact metric space
(X,d) into itself such that gf is continuous. If (2) is satisfied, then f and g have a
unique common fixed point u € X. Moreover, u = hu for all h € Cyy.

PROOF. Let A =(),en(gf)"X. It follows from Lemma 1.3 that A = fA =gA + &
and that A is compact. We claim that A = {u} for some u € X. Otherwise 6(A) > 0. By the
compactness of A there exists distinct u, v € A such that 6 (A) =d (u,v). Clearly, we can
find x,y € A such that f?gix =u and f™g"y = v. Using (2) and Lemma 1.3 we have

S5(A) =d(fPgix, fmg"y) <5( U hng(x,y)) sé( U hA) <8(4A) (2.12)

hGCgf hGCgf

which is a contradiction. Thus A = {u} for some u € X. Lemma 1.3 ensures that
u = hu for all h € Cyy. In particular, u = fu = gu. If f and g have another common
fixed point ¢ € X. Then ¢ = (g f)"c for all n € N. That is, ¢ € A = {u}. Hence u is the
only common fixed point of f and g. This completes the proof. O
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REMARK 2.6. Theorem 2.5 includes [6, Theorem 5] as a special case.
As an immediate consequence of Theorem 2.5, we have the following corollary.

COROLLARY 2.7. Let f and g be commuting mappings from a compact metric space
(X,d) into itself. If g f is continuous and there exists p,m € N such that

d(f”x,gmy)<5< U hng(x,y)) (2.13)
hECgf

for all x,y € X with f¥x + g"y. Then the conclusion of Theorem 2.5 holds.

COROLLARY 2.8. Let f be a continuous mapping from a compact metric space (X,d)
into itself. Assume that there exists p,m € N such that

a(frx, fmy) <5< U hof(x,y)) (2.14)

hECf

for all x,y € X with fPx + f™y. Then f has a unique fixed point u € X and hu =u
forall h € Cy.

REMARK 2.9. Corollary 2.7 extends, improve and unifies [10, Theorem 4.2], [9, Theo-
rem 2], and [7, Theorem 5].

REMARK 2.10. [1, Theorem 4], [2, Theorem 4], [4, Theorem 9], [3, Theorem 2], and
[5, Theorem 4] are special cases of Corollary 2.8.

REMARK 2.11. The following examples reveal that the condition that f and g are
continuous is necessary in Theorems 2.1, 2.5, and Corollaries 2.7, 2.8.

EXAMPLE 2.12. Let X = [0, 1] with the usual metric d. Define f,g: X — X by g = iy,
fO0=1/4and fx = (1/3)x forall X € (0,1]. Takep=m=2,q=n=1,rv =1/2,
@(t) = (1/2)t for all t = 0. Then (X,d) is a bounded metric space, g is continuous,
and f is discontinuous.

For x,y € (0,1], we have

1
a(frgix,fmg"y) = glx-l

<

5(Of,g(x1y))

scp(é( U hOf,g(x,y))).
hECfﬁCg

For x =0,y € (0,1] or x € (0,1], v =0, we have

[x-yl=<

N | —
N | —

(2.15)

1 1 1 1 1
P A4 m n P I -
afrgix, fM™g y)smax«{.—l2 9yH—12 9X’}<8

. (2.16)
=26(Of,g(0))sqo<6( U hOf,g(x,y))).

heCrnCy
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For x = y = 0, we have

a(frgix,f"g"y) =0< é = %5(Of,g(0,0)) < cp(é( U hOf,g(X,y))). (2.17)
heCynCy

That is, f and g satisfy (1) and (2.11). But f and g have no common fixed point in X.

EXAMPLE 2.13. Let (X,d),f,g,p,q,m, and n be as in Example 2.12. It is easy to
check that the conditions of Theorem 2.5 and Corollary 2.8 are satisfied except for
the continuity assumption. However f has no fixed point in X.
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