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We prove that if f(z) is a continuous real-valued function on R with the properties f(0)=
f(1) = 0 and that ‖f‖z = infx,t |(f (x+ t)−2f(x)+f(x− t))/t| is finite for all x,t ∈ R,
which is called Zygmund function on R, then maxx∈[0,1] |f(x)| ≤ (11/32)‖f‖z . As an
application, we obtain a better estimate for Skedwed Zygmund bound in Zygmund class.
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1. Introduction and the main results. A continuous real-valued function f(x) on

R is said to belong to the class Λ∗(R) if there exists a constant C such that

∣∣f(x+t)−2f(x)+f(x−t)∣∣≤ C|t|, (1.1)

for all x,t ∈ R. This class introduced by Zygmund [8] is called Zygmund class, and

we denote the infimum of the values C in (1.1) by ‖f‖z. Gardiner and Sullivan [6]

proved that by applying the Beurling-Ahlfors extension formula [1] to the function

f(x)∈Λ∗(R), then the Beurling-Ahlfors extension FBA =U(x,y)+iV(x,y), where

U(x,y)= 1
2y

∫ x+y
x−y

f(t)dt,

V(x,y)= 1
y

(∫ x+y
x

f(t)dt−
∫ x
x−y

f(t)dt
)
,

(1.2)

has bounded ∂̄-derivative in the upper half plane H = {(x,y) | y > 0}, where ∂̄ =
∂x + i∂y . On the other hand, from Ahlfors and Bers [2], for any L∞ complex-valued

function µ(z) defined for z in C there is a curve of quasi-conformal homeomorphisms

f tµ of Ĉ defined for |t| < ‖µ‖−1∞ such that f tµ is holomorphic as a function of t and

its derivative in t is given by the following formula:

f tµ = z+tF(z)+O(t2), (1.3)

where the constant in O(t2) is uniform for z in compact sets. If f tµ is normalized to

fix 0, 1, and∞, then F(x) is in the function space Λ∗(R). The necessary and sufficient

condition for a real-valued function f(x) on R to have an extension F(z) on H with

bounded ∂̄-derivative is f(x)∈Λ∗(R), which is proved by Gardiner and Sullivan in [6]

also by Reich and Chen in [7]. It is hoped that the knowledge of the special properties

of such functions may be applied to the study of quasi-conformal theory.

In order to prove that the Beurling-Ahlfors extension FBA has bounded ∂̄-derivative,

Gardiner and Sullivan [6] applied these Zygmund function properties by solving the es-
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timate of max{|f(x)| : 0≤ x ≤ 1} when f ∈Λ∗(R) is normalized by f(0)= f(1)= 0,

in fact, they proved the following theorem.

Theorem 1.1. Suppose f(x)∈Λ∗(R), and f(0)= f(1)= 0. Then,

M =max
{∣∣f(x)∣∣ : 0≤ x ≤ 1

}≤ 1
2
‖f‖z. (1.4)

In 1995, Chen and Wei [4] said that the above result could be improved and they

showed the following theorem.

Theorem 1.2. Suppose f(x)∈Λ∗(R), and f(0)= f(1)= 0. Then,

M =max
{∣∣f(x)∣∣ : 0≤ x ≤ 1

}≤ 1
3
‖f‖z. (1.5)

More recently, in their joint paper, Baladi et al. [3] also used the Skewed Zygmund

bound property to estimate the upper and lower bound for some transfer operators.

They introduced the Zygmund space Z on I, where I denotes a compact interval as

the complex vector space of continuous functions ϕ : I → C such that

Z(ϕ)= sup
x∈I

t>0:x±t∈I

∣∣Z(ϕ,x,t)∣∣<∞, (1.6)

where Z(ϕ,x,t) = (ϕ(x+ t)+ϕ(x− t)−2ϕ(x))/t. And they proved the following

useful result.

Theorem 1.3 (Skewed Zygmund bound). For all ϕ ∈ Z , x,y ∈ I, where I denotes a

compact interval, 0< t < 1,

∣∣(1−t)ϕ(x)+tϕ(y)−ϕ((1−t)x+ty)∣∣≤ 1
2
Z(ϕ)|x−y|. (1.7)

In this paper, first we will point out that the proof of the theorem has error, so that

Theorem 1.2 is not proved. And then we will prove the following theorem.

Theorem 1.4. Suppose f(x)∈Λ∗(R), and f(0)= f(1)= 0. Then,

M =max
{∣∣f(x)∣∣ : 0≤ x ≤ 1

}≤ 11
13
‖f‖z. (1.8)

As an application, we will use our result to obtain a better estimate for the above

Skewed Zygmund bound in Section 3.

2. Preliminary results and the proof of Theorem 1.4. We assume f ∈Λ∗(R) and

f(0)= f(1)= 0, and we need the following results due to Chen and Wei [4].

Lemma 2.1. Let f ∈Λ∗(R), and max{|f(a)|,|f(b)|} ≤A. Then,∣∣∣∣∣f
(
a+b

2

)∣∣∣∣∣≤A+ b−a4
‖f‖z,

∣∣∣∣∣f
(

3a+b
4

)∣∣∣∣∣≤A+ b−a4
‖f‖z,

(2.1)

max
x∈[a,b]

∣∣f(x)∣∣≤A+ b−a
2

‖f‖z. (2.2)
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First, we will point out that there is an error in the proof of Theorem 1.2. Chen and

Wei set in [4] that

[
a0,b0

]= [0,1], [
a1,b1

]=
[

3a0+b0

4
,
a0+b0

2

]
, (2.3)

and, by deduction, they set

[
an,bn

]=
[

3an−1+bn−1

4
,
an−1+bn−1

2

]
. (2.4)

As Chen and Wei used in [4], they denoted by Λn the Zygmund class on the interval

[an,bn],n= 0,1, . . . with max{|f(an)|,|f(bn)|} ≤An and ‖f‖z ≤ B, then they derived

that

sup
x∈[a0,b0],f∈Λ0

∣∣f(x)∣∣≤ sup
x∈[a1,b1],f∈Λ1

∣∣f(x)∣∣≤ sup
x∈[a2,b2],f∈Λ2

∣∣f(x)∣∣. (2.5)

Contradicting to Chen and Wei [4], we say that the method used to obtain (2.5) does

not generally hold, and the formulas of (2.5) can only be true in the following

sup
x∈[an,bn],f∈Λn−1

∣∣f(x)∣∣≤ sup
x∈[an,bn],f∈Λn

∣∣f(x)∣∣. (2.6)

For if were true, by the same method used by Chen and Wei [4], we set that

[
a1,b1

]= [0,
1
8

]
, (2.7)

let Λ1 be the Zygmund class on the interval [a1,b1] with max{|f(a1)|,|f(b1)|} ≤A1

and ‖f‖z ≤ B, then

sup
x∈[a0,b0],f∈Λ0

∣∣f(x)∣∣≤ sup
x∈[a1,b1],f∈Λ1

∣∣f(x)∣∣. (2.8)

On the other hand, by the definition of (1.1), if we set x = t = 1/8, then |f(1/8)| ≤
3B/16, we have max{|f(a1)|,|f(b1)|} ≤ 3B/16, and ‖f‖z ≤ B, by (2.2), then

max
x∈[0,1/8]

∣∣f(x)∣∣≤ 3B
16
+ B

16
= B

4
. (2.9)

Hence by (2.8), we can derive that

sup
x∈[0,1],f∈Λ0

∣∣f(x)∣∣≤ sup
x∈[0,1/8],f∈Λ1

∣∣f(x)∣∣≤ max
x∈[0,1/8]

∣∣f(x)∣∣≤ B
4
. (2.10)

The following example is used in [4].

Example 2.2. A piecewise linear function f∗(x)∈Λ∗(R) with ‖f∗‖ = 1 is defined

as follows (also see [4]).
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We choose that f(x) equals zero when x < 0 and x > 1, the dividing points in [0,1]
and the values of f∗ at the dividing points are listed as follows:

f∗(x)=




0, x = 0,1,
1
4
, x = 1

4
,
1
2
,
3
4

5
16
, x = 3

8
,
5
8
.

(2.11)

By the above example and (2.10), we have

max
x∈[0,1],f∈Λ0

∣∣f(x)∣∣≤ 1
4

∥∥f∗∥∥= 1
4
, (2.12)

but, f(3/8)= 5/16> 1/4, which is a contradiction.

Thus the inequalities in (2.5) do not hold in general.

Proof of Theorem 1.4. Suppose f ∈ Λ∗(R), and f(0) = f(1) = 0, from Lemma

2.1, for any B ≥ ‖f‖z, we see that if we choose x = t = 1/2, then, by (1.1), |f(1/2)| ≤
B/4, and if x = t = 1/4, then |f(1/2)−2f(1/4)| ≤ B/4, and |f(1/4)| ≤ B/4, also if we

choose x = t = 1/8, we have |f(1/4)−2f(1/8)| ≤ B/8, and |f(1/8)| ≤ 3B/16.

By (2.2), we obtain the estimate in the interval of [0,1/8]

max
x∈[0,1/8]

∣∣f(x)∣∣≤ 3B
16
+ B

16
= B

4
; (2.13)

while in the interval of [1/8,1/4], because of max{|f(1/8)|,|f(1/4)|} ≤ B/4, the same

way can be used to get that

max
x∈[1/8,1/4]

∣∣f(x)∣∣≤ B
4
+ B

16
= 5B

16
. (2.14)

Again, if we choose x = 3/8 and t = 1/8, by (1.1), then

∣∣∣∣f
(

1
2

)
−2f

(
3
8

)
+f

(
1
4

)∣∣∣∣≤ B8 ,
∣∣∣∣f
(

3
8

)∣∣∣∣≤ 5B
16
, (2.15)

and if we choose x = 1/4, t = 1/2, from (1.1), we obtain

∣∣∣∣f
(

3
8

)
−2f

(
5

16

)
+f

(
1
4

)∣∣∣∣≤ B
16
,
∣∣∣∣f
(

5
16

)∣∣∣∣≤ 5B
16
. (2.16)

Thus, max{|f(1/4)|,|f(5/16)|} ≤ 5B/16, we can derive by (2.2) in Lemma 2.1 that

max
x∈[1/4,5/16]

∣∣f(x)∣∣≤ 5B
16
+ B

32
= 11B

32
. (2.17)
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For the interval of [5/16,3/8], we also get, by (2.2), that

max
x∈[5/16,3/8]

∣∣f(x)∣∣≤ 11B
32

. (2.18)

Let x = 7/16, and t = 1/16, by (1.1), we derive that

∣∣∣∣f
(

1
2

)
−2f

(
7

16

)
+f

(
3
8

)∣∣∣∣≤ B
16
,
∣∣∣∣f
(

7
16

)∣∣∣∣≤ 5B
16
‖f‖z. (2.19)

Thus, in the interval of [3/8,7/16], we obtain from max{|f(3/8)|,|f(7/16)|} ≤ 5B/16,

and by (2.2), that

max
x∈[3/8,7/16]

∣∣f(x)∣∣≤ 11B
32

. (2.20)

Also since we have |f(7/16)| ≤ 5B/16 and |f(1/2)| ≤ B/4, so we have the estimate in

the interval of [7/16,1/2], that is

max
x∈[7/16,1/2]

∣∣f(x)∣∣≤ 11B
32

. (2.21)

Combining with the above estimates from (2.13), (2.14), (2.17), (2.18), (2.20), and (2.21),

we obtain that

max
x∈[0,1/2]

∣∣f(x)∣∣≤ 11B
32

. (2.22)

By the fact that if f(x)∈Λ∗(R), then f∗(x)= (1/a)f(ax+b)+cx+d∈Λ∗(R), and

‖f∗‖z = ‖f‖z for any real constants a≠ 0, b, c and d, which is called linear-invariant

property, if f ∈Λ0, let F(x)=−f(1−x)∈Λ0, by (2.22), then we obtain that

max
x∈[0,1/2]

∣∣F(x)∣∣= max
x∈[1/2,1]

∣∣f(x)∣∣≤ 11B
32

. (2.23)

The results we obtain hold for any B ≥ ‖f‖z, hence we have proved that

max
x∈[0,1]

∣∣f(x)∣∣≤ 11
32
‖f‖z. (2.24)

The proof of Theorem 1.4 is finished.

3. Application to estimate Skewed Zygmund bound. We will use our Theorem 1.4

to improve Skewed Zygmund bound due to Baladi et al. [3]. Suppose I is a compact

interval and the Zygmund space Z on I as the complex vector space of continuous

functions ϕ : I → C such that

Z(ϕ)= sup
x∈I

t>0:x±t∈I

∣∣Z(ϕ,x,t)∣∣<∞, (3.1)

where Z(ϕ,x,t)= (ϕ(x+t)+ϕ(x−t)−2ϕ(x))/t.
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The vector space Z becomes a Banach space when it is endowed with the norm

‖ϕ‖ = max(supI |ϕ|,Z(ϕ)), and it has close relation with the Banach space Λα of

α-Hölder functions, that is, functions ϕ : I → C satisfying

|ϕ|α = sup
x≠y∈I

∣∣ϕ(x)−ϕ(y)∣∣
|x−y|α <∞, 0<α≤ 1, (3.2)

with the norm ‖ϕ‖α =max(supI |ϕ|,|ϕ|α). We know that Z � Λα for 0 < α < 1 and

Λ1 � Z . (See [3, 5].) Our next result will be stated in the following theorem.

Theorem 3.1 (Skewed Zygmund bound). For all ϕ ∈ Z , x,y ∈ I, where I denotes a

compact interval, 0< t < 1,

∣∣(1−t)ϕ(x)+tϕ(y)−ϕ((1−t)x+ty)∣∣≤ 11
32
Z(ϕ)|x−y|. (3.3)

Proof of Theorem 3.1. Suppose a given functionϕ(x) satisfying the conditions

in Theorem 3.1, for any x,y ∈ I we define a function in [0,1] as follows:

F(t)= 1
y−xϕ

(
t(y−x)+x)+ϕ(x)−ϕ(y)

y−x t−ϕ(x)
y−x , (3.4)

then we have a continuous function F(t) in [0,1] satisfying

F(0)= 1
y−xϕ(x)−

1
y−xϕ(x)= 0,

F(1)= ϕ(y)
y−x +

ϕ(x)−ϕ(y)
y−x −ϕ(x)

y−x = 0.
(3.5)

By the linear-invariant property, we obtain that F(t)∈Λ0, and

Z(F)= Z(ϕ). (3.6)

By Theorem 1.4, we have

max
t∈[0,1]

∣∣F(t)∣∣≤ 11
32
Z(ϕ). (3.7)

However, we see that

∣∣F(t)∣∣=
∣∣∣∣∣ϕ

(
t(y−x)+x)
y−x + tϕ(x)−tϕ(y)−ϕ(x)

y−x

∣∣∣∣∣
=
∣∣∣∣∣ϕ

(
(1−t)x+ty)+(t−1)ϕ(x)−tϕ(y)

y−x

∣∣∣∣∣
=
∣∣∣∣∣
(
(1−t)ϕ(x)+tϕ(y))−ϕ((1−t)x+ty)

y−x

∣∣∣∣∣
≤ 11

32
Z(ϕ).

(3.8)
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Hence, we have by (3.7) that

∣∣ϕ((1−t)x+ty)−((1−t)ϕ(x)+tϕ(y))∣∣≤ 11
32
Z(ϕ)|x−y|. (3.9)

The proof of Theorem 3.1 is finished.

Remark 3.2. There are also some useful applications of Theorems 1.4 and 3.1, for

example, they can be used for the estimate of the upper and lower bound for some

transfer operators introduced in [4], we omit it here.
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