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PRICING MULTI-ASSET FINANCIAL DERIVATIVES
WITH TIME-DEPENDENT PARAMETERS—LIE
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We present a Lie algebraic technique for the valuation of multi-asset financial derivatives
with time-dependent parameters. Exploiting the dynamical symmetry of the pricing partial
differential equations of the financial derivatives, the new method enables us to derive
analytical closed-form pricing formulae very straightforwardly. We believe that this new
approach will provide an efficient and easy-to-use method for the valuation of financial
derivatives.
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1. Introduction. The Lie algebraic method is introduced by Lo and Hui [8] to the
field of finance for the pricing of single-asset financial derivatives with time-dependent
model parameters. This new method is based upon the Wei-Norman theorem (Wei and
Norman [12]) and has never been used in the field of finance. It is very simple and
has been successfully applied to tackle time-dependent Schrodinger equation associ-
ated with generalized quantum time-dependent oscillators (Lo [2, 3], Ng and Lo [10],
and Lo and Wong [9]) as well as the Fokker-Planck equation (Lo [4, 5, 6, 7]). Exploit-
ing the well-defined algebraic structures of the pricing partial differential equations,
analytical closed-form pricing formulae can be derived for financial derivatives with
time-dependent parameters. For demonstration, we have applied the Lie algebraic ap-
proach to value European options for the constant elasticity of variance (CEV) process
and corporate discount bonds with default risk. In this paper, we will extend the Lie
algebraic approach to the valuation of financial derivatives involving multi-assets and
stochastic interest rate, for example, multi-asset options with and without stochas-
tic short-term interest rate. In the valuation of these financial derivatives, the value
of each of the underlying assets is assumed to follow the usual lognormal diffusion
process

d .
% =y (Hdt+o;(t)dZ;, 1<i<N, (1.1)
1
where p;(t) and o;(t) are the drift and volatility of the value of asset i, respectively.
The dynamics of the short-term interest rate v is drawn from the term structure model
(Vasicek [11])

dr = k(t)[0(t) —r]dt + o (t)dZy, (1.2)
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where the short-term interest rate is mean-reverting to long-term mean 9(t) at speed
k(t) and o (t) is the volatility of . The Wiener processes dZ, and dZ; are correlated
with

dzidZ, = piy (t)dt, dZide = pij(t)dt, (1.3)

where p;, () and p;;(t) are the correlation coefficients, and we must necessarily have
Prr(t) = pii(t) = 1, =1 < py(t) = pyri(t) <1, and —1 < p;;(t) = pji(t) <1 for 1 <
i,j < N. It has been pointed out that such a pricing problem is rather formidable and
defies the conventional approach for the single-asset Black-Scholes model with time-
dependent parameters (Bos and Ware [1]). Nevertheless, within the framework of the
Lie algebraic approach, the generalization is very simple and straightforward.

This paper is organized as follows. Section 2 outlines the Wei-Norman theorem
and its applications. Section 3 applies the Lie algebraic technique to the valuation
problem of multi-asset options in which the short-term interest rate is not treated as a
stochastic variable. Section 4 studies the pricing of multi-asset options with stochastic
short-term interest rate using the new valuation approach. Finally, Section 5 briefly
summaries and concludes the paper.

2. Wei-Norman theorem. Consider the linear operator differential equation of the
first order

du(t)

T =H(@®)U(t); U0 =1, (2.1)

where H and U are both time-dependent linear operators in a Banach space or a finite-
dimensional space. According to the Wei-Norman theorem (Wei and Norman [12]), if
the operator H can be expressed as

N
H(t)= Y an(t)Ly, (2.2)
n=1
where a,,’s are scalar functions of time and L,, are the generators of an N-dimensional
solvable Lie algebra or the real split 3-dimensional simple Lie algebra, then the oper-
ator U can be expressed as

N
Ut) =[] exp[gn(t)Ln]. (2.3)
n=1
Here the g,’s are time-dependent scalar functions to be determined. To find the g,,’s,
we simply substitute (2.2) and (2.3) into (2.1) and compare the two sides term by term
to obtain a set of coupled nonlinear differential equations

N

Anll) _ S (D), ga(0) =0, (2.4)
m=1

dat

where 1y, are nonlinear functions of g,’s. Thus, we have reduced the linear operator
differential equation (2.1) to a set of coupled nonlinear differential equations of scalar
functions (2.4).
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For illustration, we consider the special case that the generators L,’s form the
Heisenberg-Weyl Lie algebra defined by the commutation relations

[Li,L2] =L3,  [L1,L3] =[L2,L3]=0. (2.5)
Then, H is given by
H(t)=a,(t)L;+ax(t)L>+as(t)Ls. (2.6)
According to the Wei-Norman theorem, U (t) can be expressed as
U(t) =exp[g1(t)L1]-exp[gz(t)L2]-exp[gs(t)Ls]. (2.7)

By differentiation, we obtain

au(t d t dg» (t
d( ) g;t( )L1+ g;t( )eXp[gl(t)Ll]Lzexp[_gl(t)Ll]
dgs(t
+ g;t( )eXp[gl(t)Ll]eXp[QZ(t)LZ]L3eXD[—g2(t)L2]exp[—gl(t)Ll]
_dg(t) ,  dga(t) dgs(t) dga(t)
== Ly+ it L2+[ i +91(1) it ]L3_

(2.8)

Comparing (2.6) and (2.8) yields a set of three coupled nonlinear differential equations

dg (t) —ai(b), dgo(t) —
dat dt (2.9)
dg3(t) (t)dgz(t) as(t) ’
dt At

It is not difficult to show that the set of differential equations can be easily solved by
quadrature

g1(t) = Ldeal(T):
g2(t) = EdTaz(T), (2.10)
g3(t) = Lth[aa(T) —ax(1)g1(7)].

As a result, the operator U(t) is thus determined.

3. Multi-asset European options. The fair price P(S1,So,...,S,,t) of a multi-asset
European option with time-dependent parameters can be determined by solving the
multi-asset generalization of the Black-Scholes equation

oP 1 n

— == z 0i()o; (D) pij (1) SiSj o as BS +> [r(t)—d; (t)]Sla

—r(®P, 3.1
ot~ 2,4 < 3Si
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where t is the time to maturity. Introducing the new variables x; = In(S;), the pricing
equation is simplified to

oP 1 & d2p
i EZ: (D0 (0)py (D) 5= iox,
o;(t)2] oP (3.2)
+i_zl[r(t)—di(t)— > ]axi—r(t)p

=[H(t)-r(t)]P.

It is obvious that the operator H(t) can be rewritten as follows:

n n
H(t)= > Ay(t)Lij+ > Bi(t)Dy, (3.3)
i,j=1 i=1
where
. 02 L2
Lij = 3. A Di = )
0 ia i 0 i
X X] X (3-4)

1 gl.z
Agj(t) = EUi(t)(Ti(t)Pij(t), Bi(t) =7 (t)-di(t) - o

The operators L;j and D; form a solvable algebra; in fact, they all commute. We may
now define the evolution operator U (t,0) such that

t
P(x1,X2,...,Xn,t) = exp [—J T(t’)dt’] -U(t,0)P(x1,x2,...,Xn,0). (3.5)
0
Inserting (3.5) into (3.2) yields the evolution equation

&U(t,O) =H(t)U(t,0), U(0,0)=1. (3.6)

Since the operators L;; and D; all commute with each other, the Wei-Norman theo-
rem states that the evolution operator U (t,0) can be expressed in the form (Wei and
Norman [12])

U(t,0) = [ [exp[bi(t)D;]- [] explaij(t)Li], (3.7)
i-1 ij=1

where the coefficients a;;(t) and b;(t) are simply given by
1 t
aij0) =5 | @t)o;W)pyEar,

(3.8)
t (+7)2
bi(t) = jo [Y(t’) _di(t) - %]dt'.

Hence, we have found an exact form of the time evolution operator U(t,0).
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We define a(t) as the nxn matrix whose elements are given by a;;(t), and al(t)
as its inverse. Then, it is not difficult to show that

P(Xl.Xz,---,Xn,t)=L dylji dy,z-"L AdynP(¥1,¥2,..,n,0)

(3.9)
XK(XI,XZy---;xn;t;yI;yZy---:ynaO),
where
K(x1,X2, .., Xn, 5; 71, %254, ¥n, 0)
1 t
=——————exp| - r(t’)dt’}
J@mn det(a) p[ Jo (3.10)

1 « _
Xexp{—z > (xi—yi+bi)(a l)ij(xj—yﬁbj)}

ij=1
is the propagator of the pricing equation in (3.2). With n = 1, we will recover the
well-known result of single-asset option pricing.

4. Multi-asset European options with stochastic interest rate. In the presence of
stochastic short-term interest rate, the price P(S1,S2,...,5,,7,t) of a multi-asset Eu-
ropean option obeys the partial differential equation

oP 1 & o2p
T Eijz:lai(t)o'j(t)pij(t)sisjm
1 ,0°P < %P
+ = Ur(t) 312 +l la_l(t)o—r(t)plr(t)slasla
n oP oP
+§[v d(t)]51§+x(t)[9(t)— ]ﬁ—rp
- 4.1)
1 & 22p
=5 2.0 i ()0 (£)pij (1) 55—
ij=1 Xi0X;j
1 20°P < %P
+20_r(t) 52t oi(t)or (£) pir (T )axiar

i=1
n

# 3 [r-dit) - Joue? |5 s kw00 -r15E P,

where x; =In(S;) and t is the time to maturity. To solve this partial differential equa-
tion, we first define the evolution operator U (t,0) = Uy(t,0)U;(t,0) such that

P(x1,X2,...,Xn,7,t) =U(t,0)P(x1,X2,...,Xn,7,0)

(4.2)
= Uo(t,0)U;(t,0)P(x1,X2,...,Xn,7,0).
Inserting (4.2) into (4.1) vields the evolution equations
Ho(t)Uo(t,0) = iUO(t 0), Up(0,0) =1, (4.3)

Hi(t)U(t,0) = iUl(t 0), U;(0,0) =1, (4.4)
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where
1 < 0° 1 , 0°
Hy(t) = Eijz_lm(t)oj(t)plj(t)m +50r (1755
52 5 (4.5)
+Zm 0o () pir (D) 5= +Zra —Kk(t)r
i=1 Xi Xi

and H; = Uy (t,0) 1 [H(t) —Ho(t)1Ug(t,0). It is not difficult to show that the operator
Hy(t) can be rewritten in the following form:

n n n
Ho(t) = > Ayj(t)Lij+ > Ei(t)Di+ > F;(t)M;+Bij1 +BaJ2, (4.6)
ij=1 i-1 i-1
where
- 02 - 0 N 02
Lij= 0x;0x;’ Di= Ta_xi’ Mi = ox;07r’
. 02 - 0
Jz=ﬁ, J1=Ta—r, 4.7)

Ay (t) :%Ui(t)gj(t)Pij(t), By (t) = —k(t), By(t) = —O'r(t)Z
Ei(t) =1,  Fi(t) = 0i(t)oy () pir (t).

The operators L;;, D;, M;, and j; form a solvable Lie algebra

[Lij,Li] = [Lij,Di] = [Lij,M] = [Lij, J1] = [Lij, J2] = [Mi,J2] =0
[Di,M;] = -Lyj, [Di,J1] = Dy, [Di,J>] = —2M;, (4.8)
[Mi!jl]:Mi! [jl,fz] :72j21

where i,j,k,l =1,2,3,...,n. According to the Wei-Norman theorem (Wei and Norman
[12]), the evolution operator Uy (t,0) can be expressed in the form

Uo(t,0) :eXpl:Zbi(t)lji:| EXP[ > aij(t)]:ij:l exp[c2(t)J2]
i1 ij=1

4.9)

X exp [ > fi t)Ml] exp[ci1(t)1],

where the coefficients a;;(t), ci(t), bi(t), and fi(t) are to be determined. Then, by
direct differentiation with respect to t, we obtain

oUy(t,0)

—5 Uo(t,07" = Zgu<t)L”+Zhl(t>Dl

i,j=1 i=1 (4-10)

+> piOMi+a1 () J1+a2(t)J>

i=1



PRICING MULTI-ASSET FINANCIAL DERIVATIVES ... 407

with
daii . of; 2 2
gij(t) = t” b; a{ bb,§+b(2c2b ~f)5; Cl
ob, . @
hi(t):a—tl—bi%, 4.11)
2 2 2
pit) = %o, %2 (czbl IDES
a
a(t) = ﬁ, Q> (t) = +2 e actl (4.12)

Substituting (4.7), (4.10), and (4.11) into (4.3), and comparing the two sides, we, after
simplification, find

t
= [ ars),
0
t
ca(t) =exp[—2ci(t)] Jo dt'Bx(t")exp[2ci(t))],
t
bi(t) =exp[c1(1)] jo dt'E;(t")exp[—c1(t")], (4.13)
t
filh) =expl-er(®)] || dt' {Fi(e)+ 2B ()it fexpler (2],
t
ai(t) = jo At (A (t) + [Fi(t) + By () by (t) b (1)}
Once the coefficients a;;(t), ci(t), bi(t), and fi(t) are known, the operator Uy (¢,0) is
uniquely determined.

Next, using the above explicit form of the operator Uy (t,0), we can obtain the exact
form of the operator H;(t)

Hi(t) = {ﬂ(t) + k(1O by (L) - [di(w + %mmz]}ai.

i=1 (4.14)
+{K(£)O(t) +2c2(t) } exp [Cl(t)]i —rexp[-c(D)].

It is easy to see that the operator U;(t,0) can be expressed in the form
U (t, 0)—exp[2‘§l(t) ]Ou(t 0), (4.15)
where
g0 = [ ar{ ) vcwrowne)-[aer s Jowr ]} @

and AU(t,0) satisfies the evolution equation

w

FH(o)u(t,0) Z (t)e;u(t,0) = Eou(t 0), w(0,0)=1 (4.17)
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with
m(t) = [k(D)O(t) +2c2(t)|exp[e1 ()],

nZ(t)zfeXp[fcl(t)]a ’73(t)201 (418)
A
el—ar, e =7, ez = 1.

The operators é; form the Heisenberg-Weyl Lie algebra
[é1,62] = é3, [é1,63] = [é2,63] = 0. 4.19)
Following a similar procedure as shown above, the operator aL(t,0) is found to be
AU(t,0) = exp [p2(t)éx]exp [pi(t)é ] exp [uz(t)és] (4.20)
with
t t t
i (1) = L armt), (b = jo At'na(t),  ps(b) = jo At (t)m (1), (4.21)

As a result, we have obtained the exact form of the desired time evolution opera-
tor U(t,0) of the pricing equation in (4.1). It is then straightforward to show that
P(x1,x2,...,Xn,7,t) is given by

P(x1,X2,...,Xn,7,t) :J dylj dys-- J AynP (¥1,¥2,-..,¥n,7,0)

XK(xlyXZ;---,xn;t;yl,yZ;---:yn;O;T);

(4.22)

where

K(X1,X2,. 0, Xn, 6501, Y2500y Y0, 057)

= m@(p {us(8) +co () p2(t)? exp [2¢1 (8) ]+ p2 () exp [e1 () |7}

XeXp{i i (xi—yi+vi)(@™l);(xj-y; +Vj)}

ij=1
(4.23)

is the propagator of the pricing equation in (4.1) and
Vi(t) = bi()r + & (t) + 2 (1) fi(t) exp [c1 (1) ]. (4.24)

The matrix a(t) is the n x n matrix whose elements are given by a;;(t), and a-(t) is
its inverse. Furthermore, in terms of the riskless bond function Q (v, t) of the Vasicek
model with explicitly time-dependent parameters, we can easily rewrite the propagator
K(x1,x2,...,Xn, 6571, V2,...,Vn,0;7) and v;(t) as follows:

K(X1,X2, ..o, Xn, 501,725+, V0, 057)

! LS : (4.25)
Z%wp{_i 2. (xi=yitui)(a l)ij(xj—yj“’j)}

i,j=1
and vi(t) = —In[Q(r,t)] —a;(t) —fédt’di(t/).
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For illustration, we consider the evaluation of a European call option on the maxi-
mum of two assets S; and S, with a strike price of K. The payoff at expiry for such an
option is max(max(S1,S2) —K,0). Then the option price P(S1,S2,7,t) is given by

P(S1,82,7,t) =L+ L +I3—KQ(r,1), (4.26)

where

)exp(—fédt'dmt'))
— [t dy (t’
IZ=82N2(92!¢2,p2)exp( \/JliizZ( )),
+X2

I3 = KQ(¥,t)N2(03,¢3,p3),

Iy :SINZ(Qla(Pl,Pl

PO Tl - I
' Jdet(a) Jdet@) ’
X1 X2 ar?

p1= ) p2 = =, p3= ——,
V1+xi J1+x3 Jariazn

_ (1-p{) (a1 —2ar2+as) KQ e ’
6’1_\/ 2-det(a) ' hl( S >—a11+J0dt di(t)

_m<ﬂ) Jt,,r/,
P1 = 2. det(a) In S, +ap —2an+ax Odt a(t)+ Odtdg(t) ,

92:\/(1 pz)(au 2alz+a22)_{ln<KSZQ)a22+J0dt’d2(t,)},

2 -det(a)

b2 = > det(a) In s, +an —2a+a 0dtd2(t)+ Odtdl(t) ,

_In(KQ/S1) +aii + fydt'di (t)

%= V2ai ’
by = In(KQ/S2) +az + fdt'da (t')
’ \/26122 '

(4.27)

Here, N» (0, ¢, p) stands for the bivariate camulative normal density function. It should
be noted that, by setting oy (t) = p1,(t) = p2,(t) = k(t) = 0 in the above price func-
tion, we will obtain the option price P(S1,S>2,t) for the special case with nonstochastic
short-term interest rate. Furthermore, as far as we know, the results in (4.26) and
(4.27) are completely new.
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5. Conclusion. In this paper, we apply the Lie algebraic approach to valuation of
multi-asset financial derivatives with time-dependent parameters. Based upon the dy-
namical symmetry of the pricing partial differential equations of the financial deriva-
tives, the method is able to derive analytical closed-form pricing formulae very straight
forwardly. We believe that the new approach will provide an efficient and easy-to-use
method for the valuation of financial derivatives. Furthermore, this simple Lie alge-
braic approach can be easily extended to other financial derivatives with well-defined
algebraic structures.
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