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We study a mixed problem with purely integral conditions for a class of
two-dimensional second-order hyperbolic equations. We prove the existence,
uniqueness, and the continuous dependence upon the data of a genera-
lized solution. We use a functional analysis method based on a priori es-
timate and on the density of the range of the operator generated by the
considered problem.

1. Introduction

The present paper is devoted to the proof of existence and uniqueness of
a generalized solution for a mixed problem with only integral conditions
related to a certain class of second-order hyperbolic equations in a two-
dimensional structure. That is, we consider the problem of searching a func-
tion u=u(x,t), solution of the problem

Lu=uy—a(t)Au=7f(x,t), x=(x1,x2) €Q, t€(0,T), (1.1)

where Q = (0,a) x (0,b;) and b;, T, i =1,2, are known constants and a(t) is
a given function satisfying the conditions

co <alt) <cy, a’(t) <ea, (1.2)

where ¢, 1=0,1,2, are positive constants.
To (1.1), we associate the initial conditions

£1u:u(xv0) :(P(X), ezu:ut(XaO)ZB(X)v XEQ) (1'3)
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and the integral conditions

by
J xFu(x,t)dx; =0, i=1,2; k=0,1, (1.4)
0

where f, @, and B are given functions such that f € C(Q) and ¢, € C'(Q).
The given data satisfy the consistency conditions

bi bi
J x’.fcpdxizj x¥Bdxi =0, i=1,2;k=0,1. (1.5)
0 0

The results concerning problems with integral conditions related to one-
dimensional parabolic equations are due to Batten [1], Cannon [7, 8], Cannon
and van der Hoek [10, 11], Cannon et al. [9], Kamynin [13], Ionkin [12],
Yurchuk [17], Benouar and Yurchuk [2], Muravey-Philinovskii [14], Shi [16],
Bouziani [3, 4], and Bouziani and Benouar [6]. For problems related to one-
dimensional hyperbolic equations we have the result of Bouziani [5], in
which a Neumann and an integral condition are combined.

The present paper can be considered as an extension of Bouziani [5] in
the way that the conditions are purely integral and the considered equation
is a two-dimensional one. We first write the posed problem in its operational
form Lu = JF, where the operator L is considered from the Banach space E
into the Hilbert space F, which are conveniently chosen, then we establish
an energy inequality for the operator L, and extend the obtained estimate
to the closure L, of the operator L. Finally, we prove the density of the range
R(L) of the operator L in the space F.

2. Energy inequality and its consequences

Problem (1.1), (1.3), and (1.4) can be considered as the resolution of the
operator equation

Lu=7, (2.1)

where L = (£,£7,£,), F = (f,¢,B) and L is an operator defined on E into F,
where E is the Banach space of functions J,,,,u € L?(Q), having the finite
norm

“y (JX]xZut(~,-T))2)dx1 dx;

[uz= sup j (Feruley 1)+ (Feaul-, 1)
° (2.2)

0<T<0

with Jy,u= [ w(&,x2,t)dE, Jx,x,u=[3" [3° u(E,n,t)dEdn, and F is the
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Hilbert space equipped with the scalar product
((LU,E] U»EZU);(f» P, B))F

:J' Txyx, (L) -JX1X2fdxdt—|—J T, liw-TJy, @dx
Q o)

(2.3)
+J JXZ&uJXZ(pdx—&-J Txrxz f2u- Ty, x, Bdx,
Q Q
and the associated norm
~ 2
[ Lw|? :J (Txyx, (L)) dxdt
? (2.4)

+J (O, 1) + (T, 1) + (T, o Law) ) dx.
Q

The domain of definition D(L) of the operator L is the set of functions
Ty x,t € L2(Q) such that Ty, e, Tay o Unyxy Ixrxa Waxs, € L2(Q), and
the conditions (1.4) are fulfilled.

Theorem 2.1. If a(t) satisfies conditions (1.2), then for all functions
u e D(L) we have the a priori estimate

[ulle < cl[Lulls, (2.5)
where c is a positive constant independent of the solution .

Proof. We consider the scalar product in L%(Q7) of (1.1) and the integro-
differential operator

x1 px2 &1 pé2
Mu:ji,XZLLt:J J J J u(n1,n2,t)dnadny déadé;,  (2.6)
o Jo Jo Jo

where Q" =Q x (0,7) and T € (0,T), we obtain
J utt-jimzut dxdt
QT

—J a(t)uX]X1~7i]qutdxdt—JQ a(t)uxlxlﬂ,quzutdxdt

X1X2

:J .32 ugdxdt.
QT



110  Mixed problem with integral conditions

We separately consider the integrals of the equality (2.7). Integrating by
parts and taking into account conditions (1.3) and (1.4), we get

J Uit - 32 Ut dxdt
QT

X1X2
1 ] (2.8)
P TR TG e Py AN R
7,[ a(t)uX1x,-3i1qutdxdt
QT
1
:EJ a(T)(JXZu(x1,£2,T))2dX (2.9)
Q
71‘[ a(O)(JXz(p)deflJ a’(t)(JXZu)zdxdt,
2)a 2 )g-
—J a(t)uXZXz-3i1xzutdxdt
QT
:%J a(7) (Fx, (&1, x2,7)) 2 dx (2.10)
Q
—1J a(O)(jx,(p)zdx—lj a’(t)(jx,u)zdxdt,
2o 2)oe
J f-ﬁilxzutdxdtzj Trna f Ty o e dxdt. (2.11)
Q- Q-
Substitution of (2.8), (2.9), (2.10), and (2.11) into (2.7) yields
J (jX1X2ut(E’1)£2)T))2dX+J a(T)(szu(X1)£2)T>)2dX
Q Q
+J a(t) Gy (&1, %2,7)) 2dx
Q
:zJ Jx]fo-JxmzutdxdtJrJ a(0) (3, ) dx (2.12)
Q- Q

+J a(O)(7Xz(p)2dx—|—J (Turea B) dx
Q Q

—I-J a’(t)(Jy, u)zdx dt—I—J' a’(t) (Jqu)zdx dt.
QT QT

Using the Cauchy inequality and taking into account conditions (1.2), it
follows that
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[T, (&1,%2,7) HiZ(Q)+HjX2u(X1 £2,7) H[Z_Z(Q)JFHJXIqu"t(E'1 1£2,7) HiZ(Q)
- 2 - 2 - 2 - 2
<¢c3 (HJX]XZfHLZ(Q) + HJXI (pHLZ(Q] + HJXZ@HLZ(Q) + HJxlxzﬁHLZ(Q))

T
+cC4 L (Hj’ﬂu”iz(a) + HjXZuHiZ(Q) + ||jXIXZutHi2(Q]>dt)
(2.13)

where

€3 = max (1'C1), c4 = max (1’62).
Co Co

Applying the Gronwall’'s lemma [4] to inequality (2.13), we get

(2.14)

Hjxlu(EJ »XZvT) HIZ_Z(_Q)+HJXZLL(X1 aaZ)T> “[Z_Z(Q)+”3Xlxzut (EJ a‘iZ)T) HIZ_Z(_Q)

T 2 ~ 2 ~ 2 ~ 2
<cze® (HjxlXszLZ(Q)JFHJM(pHLZ(Q)HJM(DHLZ(Q)H‘JMXZBHLZ(Q))'
(2.15)
Since the right-hand side of (2.15) does not depend on T, then by taking
the supremum with respect to T over the interval [0, T], we obtain the de-

sired inequality (2.5), with ¢ = c3/2exp(c4T/2). This completes the proof of
Theorem 2.1. O

Proposition 2.2. The operator L:E — F is closable.
Proof. The proof of this proposition is analogous to Proposition 3.1 in [4].

O
Let L be the closure of the operator L, and D(L) its domain of definition.

Definition 2.3. The solution of the equation
[lu=9 (2.16)

is called strong solution of problem (1.1), (1.3), and (1.4).
We extend inequality (2.5) to the set of solutions u € D(L) by passing to
the limit and thus establish uniqueness of a strong solution and closedness

of the range R(L) of the operator L in the space F.

3. Solvability of the problem

Theorem 3.1. If conditions (1.2) are satisfied, then for all F = (f,@,p) €

F, there exists a unique strong solution w=L"1F = L-1F of problem
(1.1), (1.3), and (1.4).
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Proof. To prove that problem (1.1), (1.3), and (1.4) has a unique strong
solution for all F € F, it suffices to prove that R(L) is dense in F. For this we
need the following proposition.

Proposition 3.2. If conditions (1.2) are satisfied, and if for Jy,x,w €
L*(Q),

J Tyx, (Lu) - Ty, x, wdxdt =0, (3.1)
Q

for all the functions u € Do(L) = {u/u € D(L), &;u = {Lu = 0}, then
Jxix, w =0 almost everywhere in Q.

Using the fact that relation (3.1) is given for all u € Dy(L), we can express
it in a particular form.
Let u be defined as

0, 0<t<s,
u=q t (3.2)
J (t—Turrdt, s<t<T
S
and let v be the solution of the equation
T
a(t) Ty, x, Ut :J' Txix, wdT. (3.3)
t
We now have
Tyyx, W = —(a(t)ﬁxlxlutt)t. (3.4)

To continue the proof of the proposition, we need the following lemma.
Lemma 3.3. If conditions (1.2) are satisfied, then the function u defined
by relations (3.2) and (3.3) possesses derivatives with respect to t up to
the third order belonging to L?(Q).

The proof of this lemma is analogous to that of [3, Lemma 4.1].

We now prove the proposition. Replacing Jy, «, w in (3.1) by its represen-
tation (3.4), we have

_J ijZutt(a(t)jxlmutt)tdxdt
Q
—&—J Tnerxa gy (@() Ty, et ) dx dt (3.5)
Q

+J TnrxaUaxs (@(t) Ty, XZutt)tdxdt =0.
Q
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We write the terms of (3.5) in the form

_J jx]qutt(a(t)j)ﬂXZutt)thdt

Q 1 2 2 (3'6)

- EJ' a(s)(jmxzutt(x’s)) dX*J' Cl/(t) (jmxzutt) dx dt,
Q Qs

J Tz Uy xy (A1) Ty et )  dx dt
Q

1 1

2 / ~ 2
:EJQ a(T) (Tx, ue(x, T)) dX_ZJQS a’(t)(Te,ue) "dxdt  (3.7)

—J a’(t)Tx, uTy, ugy dx dt,
Qs

J Tz Unaxs (A() Ty, e )  dx dt
Q

1

~ 2 1 / 2
= zJ'Q a(T) (T, ue(x,T)) "dx— 5 JQS a’(t)(Tx, ue) "dxdt  (3.8)

—J a’(t) Ty, Uy, Wy dxdt.
QS

Combining conditions (3.5), (3.6), (3.7), and (3.8) and using conditions
(1.2), we obtain the inequality

[Tt (%822 ) 1T e 6 T2 ) [Tt T2
SCS{HjxlxzuttHLz(Qs)+Hjx1utHL2(Qs) (3-9)
~ 2 - 2 2
+||szutHL2(Qs)"’HJMuHLZ(QS)‘I'HszuHLZ(QS)}’

where

2
Cofc2, €3,
=max— | —+-2,1). A
Cs maxz(z—i—z,) (3.10)
Using now the Friedrichs inequality [15], to express the norms of J,,u and
Jx,u, in terms of the norms of J,,u, and Jy,u., respectively, then it follows
from (3.9) that

~ 2

H‘JMquﬂ(X’S)HLZ +||3X1ut x,T) HLZ +||3X2ut x,T) HLZ Q)
(3.11)

S CG{HjchzuttHLZ(QS) + HjX]utHLz(Qs) +HszutHL2(Qs)}'

To continue, we introduce the new function 0 defined by

-
0(x,1t) :J Ure dT, (3.12)

t
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then
u(x,t) =0(x,s)—0(x,1t), u(x,T) =0(x,s). (3.13)

Hence
(1—2¢6(T— (HJX1 X,S HLZ +H3X26 X, S ||LZ )
+H3X1X2utt(xas)HLZ(Q) (3'14)

2 ~ 2 2
gZcG{HJ‘x,muttHLZ(QS)+HJXIGHLZ(QS)+HJ‘XZGHL2(QS)}.
Consequently, if so > 0 satisfies
(1—2¢c6(T—53)) =, (3.15)
then (3.14) implies

7t (6,8 |12 00y + 130 806, 8) 72 0+ [ 006, 8) |12 o)
(3.16)

< 2e6{|[3xmatut 12 g, 170 0llEx (g, + 118l 2 g1

for all s € [T—sp,Tl.
If we denote the sum of terms involving norms on the right-hand side of
(3.16) by y(s), we obtain

~dy(s)
ds

Integrating (3.17) over (s, T) and taking into account that y(T) =0, we get

<4cgy(s). (3.17)

y(s)etess <. (3.18)

It follows then from (3.18) that Jx,x, w = 0 almost everywhere in Qt_g,.
Proceeding in this way step by step, we prove that J,,x,w =01in Q.

To conclude, we prove Theorem 3.1. We should prove the validity of the
equality R(L) =F.

Since F is a Hilbert space, R(L) = F holds, if

(Lu,W)F:J Txyx, (L) - X”Qu)dxdt—l—J' T, biu-Ty, wodx

Q Q

+J sz€1u~jX2w0dX+J jX]XZEZu,jX]XZw]dX (3.19)
Q o}

:0)

it follows that w =0, wo =0, and w; = 0, almost everywhere in Q, where
W = (w,wo,wq) € R(L)*.
Putting u € Do (L) into (3.19), we obtain
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J Tyx, (LU) - Ty, x, wdxdt =0. (3.20)
Q
Hence, Proposition 3.2 implies that w = 0. Thus (3.19) takes the form

J JX1€1u-3x,wodx+J T, biw- Ty, wo dx
° o (3.21)
+J j)ﬂngzu'j)ﬂxzw] dX:O) quDO(L).
Q

Since the sets {;u and £,u are independent and the ranges of the trace oper-
ators {; and {, are everywhere dense in the Hilbert spaces having the norms
(J o (Fx, w0)? 4 (T, wo)?)dx) /% and ([ (Tx,x, w1)?dx)!/2, respectively,
then wy =0, w; =0, almost everywhere in Q. This completes the proof of
Theorem 3.1. O

Remark 3.4. The above used method can be easily applied to solve the
following differential problem of higher order

Lu=up+ (—1)™a(t)A?™u = f(x,t),

Gu=u(x,0) =(x), Lu=u(x0)=p(x), xe€Q,
b, (3.22)
J xFu(xq,x2,t)dx1dx2 =0, k=0,...,2m—1;1=1,2,

0

XZ(X],Xz)EQZ(O,b])X(O,bz)CRZ, te (0,T).
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