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The multivariate Kummer-Beta and multivariate Kummer-Gamma families of
distributions have been proposed and studied recently by Ng and Kotz. These
distributions are extensions of Kummer-Beta and Kummer-Gamma distribu-
tions. In this article we propose and study matrix variate generalizations
of multivariate Kummer-Beta and multivariate Kummer-Gamma families of
distributions.

1. Introduction

The Kummer-Beta and Kummer-Gamma families of distributions are defined
by the density functions

I“r((z)le(f[SS)) (iR (oot BN} exp(—Awju™ ' (1-w)P~1, 0<u<T,
(1.1)
{P()W(o,a—y+T;6)} " exp(—Ev)v™ (14v)7Y, v>0,  (1.2)

respectively, where o >0, >0, £ > 0, —00 < v,A < o0, 1Fy, and ¥ are
confluent hypergeometric functions. These distributions are extensions of
Gamma and Beta distributions, and for o < 1 (and certain values of A and
7v) yield bimodal distributions on finite and infinite ranges, respectively.
These distributions are used (i) in the Bayesian analysis of queueing system
where posterior distribution of certain basic parameters in M/M/co queue-
ing system is Kummer-Gamma and (ii) in common value auctions where the
posterior distribution of “value of a single good” is Kummer-Beta. For prop-
erties and applications of these distributions the reader is referred to Ng and
Kotz [7], Armero and Bayarri [1], and Gordy [2].
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As the corresponding multivariate generalization of these distributions,
we have the following n-dimensional densities:

-1
NI, «tp) VIR S -
H{; F(oci)F([S) {1F1 (; ‘Xh; ocﬁ—[S,—?x)} exp <—)\i_Z]ul)

n n p—1 n
xHuf“1<1—Zui> , 0<ui<1,Zui<1,
i=1 i=1

i=1

(1.3)
where o; >0,i=1,...,n, B >0, —00 <A < 00, and
n n n -1 n
{F(Zoq)‘i’(Zoq,Z oci—y—|—1;£> } exp (—&Zvi>
i=1 i=1 i=1 i=1
(1.4)
n n Y
vaf‘i_1 <1+Zvi> , vi>0,
i=1 i=1

where oy > 0,1i=1,...,n, £ >0, —00 <y < o0, respectively. These dis-
tributions have been considered by Ng and Kotz [7] who refer to (1.3) and
(1.4) as multivariate Kummer-Beta and multivariate Kummer-Gamma distri-
butions, respectively. For A =0, (1.1) and (1.3) reduce to Beta and Dirichlet
distributions with probability density functions

M a—1 o B—1

r((x)r([?))u (1—u) , O<u<l,
F(Z?:1 “i+ﬁ) n w1 n p—1 n
mg% (1_;ui) , O<ui<1,;ui<1,

(1.5)
respectively. Since (1.3) is an extension of Dirichlet distribution and a multi-
variate generalization of Kummer-Beta distribution, an appropriate nomen-
clature for this distribution would be Kummer-Dirichlet distribution. In the
same vein, we may call (1.4) a Kummer-Dirichlet distribution. Further, in or-
der to distinguish between these two distributions ((1.3) and (1.4)), we call
them Kummer-Dirichlet type I and Kummer-Dirichlet type II distributions.

In this article we propose and study matrix variate generalizations of (1.3)
and (1.4), respectively.

2. Matrix variate Kummer-Dirichlet distributions

We begin with a brief review of some definitions and notations. We adhere to
standard notations (cf. Gupta and Nagar [3]). Let A = (ai;) be a p x p matrix.
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Then, A’ denotes the transpose of A; tr(A) = a1 +--- + app; etr(A) =
exp(tr(A)); det(A) = determinant of A; A > 0 means that A is symmetric
positive definite and A'/? denotes the unique symmetric positive definite
square root of A > 0. The multivariate gamma function I, (m) is defined as

ho]

Ip(m) =mP P ‘”Hr( 1_1) Re(m) > _1, (2.1)
where Re(-) denotes the real part of (-). It is straightforward to show that

rp(m):L (det(R)™ ~(+1)/2 gts(_R)dR, Re(m)> P (2.2)

2 )

where the integral has been evaluated over the space of the p x p symme-
tric positive definite matrices. The integral representation of the confluent
hypergeometric function ; F; is given by

Iy (b)

1F1(a;b;X) = (), (b—a)

xJ det(R)*~(P+1)/2 det (I,—R) "~ "1 % etr(XR)dR,
0<R<I,
(2.3)

where Re(a) > (p—1)/2 and Re(b—a) > (p—1)/2. The confluent hypergeo-
metric function ¥ of a p x p symmetric matrix X is defined by

Y(a,cX) = )
P

xj etr(—XR) det(R)*~ (P*1)/2 det (I,+R)< ¢~ P12 qR,
R>0
(2.4)

where Re(X) >0 and Re(a) > (p—1)/2.
Now we define the corresponding matrix variate generalizations of (1.3)
and (1.4) as follows.

Definition 2.1. The pxp symmetric positive definite random matrices Uy, ...,
U, are said to have the matrix variate Kummer-Dirichlet type I distri-
bution with parameters oq,...,an, p and A, denoted by (Uq,...,U,) ~
KD]ID(oq,...,ocn,[S,/\), if their joint probability density function (pdf) is
given by
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Ky (o1 .oy 0, ByA) etr( /\Zu>
n B—(p+1)/2
x [ T det (uy) " dt<1 —Zu> . (25)
i=1

0<ui<1p,0<Zui<1p,

i=1

where oy > (p—1)/2,i=1,...,n, B > (p—1)/2, Alp xp) is symmetric and
Ki(e,...,on,B,/A) is the normalizing constant.

Definition 2.2. The pxp symmetric positive definite random matrices Vj,...,
V,, are said to have the matrix variate Kummer-Dirichlet type II distribution
with parameters o,...,0n, v and Z, denoted by (V1,..., Vi) ~KDf(«1, ...,
on,7v,=), if their joint pdf is given by

n
Ka(a1,...,0m,y,Z) etr (—EZvi>
i=1

o (2.6)

x [T det (vi)* "1 det(Ip+ZVi> . Vi>0,
i=1 i=1

where o; > (p—1)/2, 1 =1,...,n, —c0o <y < 00, Z(p xp) > 0, and
Ka(et,...,on,Y,=) is the normalizing constant.

The normalizing constants in (2.5) and (2.6) are given as
-1
{K] ((X],...,(Xn,ﬁ,/\)}

- [ en<_A§ui>

o<y ' Ui<I,

u;>0
n n B—(p+1)/2 4
x [T det ()™ """ e t( Zui> I7Taw
i=1 i=1 i=1
_ e o (o) J etr(—AU) det(U)Z =1 &~ (pH1)/2
r ( i= 10‘1) o<u<I,

x det (1, —U) "~ P12y
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I Mo (o) S o
- 1oc1+f3 (Z I,Z i+ By — )

(2.7)

{Ka(or,oo o v,2)}

JJ ( =3 v)

n n Y n
deet( —pr/ det (ID+ZV1> H d\/1
i=1 i=1 i=1

(2.8)

respectively, where 1F; and ¥ are confluent hypergeometric functions of
matrix argument.

For A =0, the matrix variate Kummer-Dirichlet type I distribution col-
lapses to an ordinary matrix variate Dirichlet type I distribution with
pdf

B—(p+1)/
rp(z?ﬂ “H_B) - d —(p+1)/
t (U d t I — U, ,
[T, rp((xi)r‘p(ﬁ)g et (U™ Z

n
0<Ui<Iy, 0<) Ui<ly,
i=1
(2.9)
where o; > (p—1)/2,i=1,...,n, and B > (p—1)/2. A common nota-
tion to designate that (Uy,...,U,) has this density is (Uy,...,U,) ~
DTIJ( X1,...,0n;PB). For v = 0, the matrix variate Kummer-Dirichlet type II
density simplifies to the product of n matrix variate Gamma densities.

For p =1, the densities in (2.5) and (2.6) simplify to Kummer-Dirichlet
type I (multivariate Kummer-Beta) and Kummer-Dirichlet type II (multivari-
ate Kummer-Gamma) densities, respectively. For n = 1, the matrix vari-
ate Kummer-Dirichlet type I and matrix variate Kummer-Dirichlet type II
distributions reduce to the matrix variate Kummer-Beta and matrix vari-
ate Kummer-Gamma distributions, respectively. These two distributions have
been studied by Nagar and Gupta [6] and Nagar and Cardeiio [5]. Substituting



122  Matrix variate Kummer-Dirichlet distributions

n=11n (2.5) and (2.6), the matrix variate Kummer-Beta and matrix variate
Kummer-Gamma densities are obtained as

K (o, B, A) etr(—AU) det(U)* (P+1)/2
Xdet(lp_u)B*(P+1)/2, O<uU<lIy, (2.10)

Ko (o, y,Z) etr(—ZV) det(V)* P/ 2 det (I, +V) ¥, V>0,

respectively, where o > (p—1)/2, 3 > (p—1)/2, —c0o <y < oo, A=A’, and
Z(p xp) > 0. These two distributions are designated by U ~ KB, (e, 3,A) and
V ~KGp(«,v,Z). It may be noted that the matrix variate Kummer-Dirichlet
distributions are special cases of the matrix variate Liouville distribution.

Using certain transformations, generalized matrix variate Kummer-Dirich-
let distributions are generated as given in the next two theorems.

Theorem 2.3. Let (Uy,...,Un) ~ KD} (a1,...,%n,B,A) and ¥y,...,¥,,Q
be symmetric matrices such that Q>0 and Q—) 1", ¥; > 0. Define

n 1/2 n 1/2
Z1:<Q—Z‘{/i> ui<Q—Zwi> +¥;, i=1,...n (2.11)
i=1 i=1

Then (Z4,...,Z) have the generalized matrix variate Kummer-Dirichlet
type I distribution with pdf

K (ou,...,ocn,[s,/\)
det (Q—Z’;ﬁ \yi)Z§:1 i +B—(p+1)/2

1—[11:1 det (Ziiwi)“i*(lﬂr])/zdet (Q—Zn )I’f'*(PJrU/Z
etr{(Q-Y 1, ) PAQ-Zi ) Pz}

n
Vi<Zi<Q,i=1..n ) Zi<Q.

(2.12)

Proof. Making the transformation U; = (Q—3 ", W) "/23(Z; —¥;)(Q—
YY) '2, i =1,...,n, with Jacobian J(Uy,.. U — Z1,....7n) =
det(Q—3 1, ¥;) "PH1)/2 in (2.5), we get (2.12). O

If (Z4,...,Z,) has the pdf (2.12), then we write (Z4,...,Z1)~ GKDI( o,
0, B A QW .., W,). Note that GKD]Ig(oq,...,ocn,B A 130, .. O) =
KDy (x1,..., 00, B, A).
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Theorem 2.4. Let (V1,...,Vn) ~KD (o, ..., 00n,v,Z) and ¥y,..., W0, Q be
symmetric matrices such that Q >0 and Q+) ' ;¥; > 0. Define

n 1/2 n 1/2
Yi—<Q-|-Z‘{’i> vi<Q+Z\yi> +¥;, i=1,....n.  (2.13)
i=1 i=1

Then, (Y1,...,Yn) have the generalized matrix variate Kummer-Dirichlet
type II distribution with pdf

KZ(“]»- --,OCn,Y,E)
det (Q4 31, W)=Y

1—[{1:1 det (Yi_‘yi)oci_(p+1 )/2 det (Q_I_ZIL:] Y-'L)_Y
etr{(Q+Y 1, ) PRl w) A (i)Y

Y > V¥, iz],...,n.
(2.14)

Proof. Making the transformation V; = (Q+ Y ", W)~ "/2(YVi —¥i)(Q +
S, w2 i=1,...,n, with the Jacobian J(Vi,...,Vy = Y1,...,Yn) =
det(Q+3 ", ¥;) P*+1)/2 in (2.6), we get (2.14). O

If (Y,...,Yn) has pdf (2.14), then we write (Y;,...,Yn) ~ GKD'(«,
o &Y, S5 W, W), In this case GKD oy, ..., an,v;1550,...,0) =
KD (e, ..., &3 v, 2).

3. Properties

In this section, we study certain properties of matrix variate Kummer-
Dirichlet type I and II distributions. It may be noted that for A = AI,,
= =¢&l, densities (2.5) and (2.6) are orthogonally invariant. That is, for any
fixed orthogonal matrix I'(p x p), the distribution of (F'U;T”,...,TU,T’) is
the same as the distribution of (U;,...,U,,), and similarly the distribution of
(TV4T/,...,TV,TI") is the same as that of (V7,...,V,). Our next two results
give marginal and conditional distributions.

Theorem 3.1. If (Uy,...,Un) ~ KD} («1,...,&n, B,A), then the joint mar-
ginal pdf of Uy,...,U;,, m<mn, is given by
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n m
K4 <oc1,...,ocm, Z oq+[5,/\> etr(/\zui>
i=1

i=m+1

)Z?vn+1 xit+p—(p+1)/2

xﬁdet(u A dt(I —Zu
i=1

><1F1< > Z o +B; /\(1 —ZU))

i=m+1 i=m+1

m
O<Ui<Iy, 0< ) Ui<ly,
i=1

(3.1)
and the conditional density of (Umi1,...,Un) | (Uy,...,Uy) is given by

K1 (CX],...,(Xn,B,/\)
K] (O‘]w--acxm>Z?:m+‘| oﬁ‘i’ﬁ,/\)

etr (—AY W)
det (I, — >, ui)Z?,mﬂ B (p+1)/2

X

(p+1)/2

Hl m+1dEt< ) el ( Zl 1u Zl m+1 )ﬁ
1F1(Zl m+10(1,Zi:m+1(x1+B‘ A( Zl lu )) ’

X

0<ui<1p—iui,i=m+1,.. Z U; <1, —Zu

i=1 i=m+1
(3 2)

Proof. First we find the marginal density of U;,...,U;,,_; by integrating out
U, from the joint density of Uy,..., U, as

n
Ki (oq,...,cxn,[?),/\)J etr| —A)Y U
O<Un<Ip—Y ' Uy i

n n B—(p+1)/2
x [T det (U) ™~ % det <1p—Zui> dUs,.
i=1 i=1

(3.3)
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Now, substituting Z, = (I, — 1 U;)~"/2U, (I, — ¥ 1, Uy)~1/2 with
Jacobian J(U,, — Z,,) = det(I, —Z{‘;ﬂ U;)®+1/2 in (3.2), we get

Ky (o1y..vy0tm, ByA) etr( /\ZU)

>cxn+f3—(p+1)/2
1

n—1
deet(U ~lp#1)/ det(l —ZU
i=1

n—1 1/2 n—1 1/2
xJ etr | —(L,—) W | A(L—-) W] Z,
0<Zn<Iy i=1 i=1

xdet (Z,) P2 det (1, - 2,) PP 2az,
(3.4)

But

K] (“1»"')““)[3»/\)

no1 o\ 1/2 no1 o\ 1/2
X J etr [ <1p - ui> A <Ip - ui> zn]
0<Z. <1y ; i=1

i=1

xdet (Z,) P2 get (1, - 2,) PP 2az,

n—1
=Ki(otr,...,%n, B, /\)r( )0 [; 1F4 (an;ocn-l-ﬁz—/\(Ip—ZUi))
iz1

My (o +B

n—1
=Ki(otr,...,%n_1,00+B,A) 1Fy (ocn;oanrB;—/\(Ip—Z Ui>>.
i=1

(3.5)

Hence, we get the joint density of (Uy,...,U,_1) as
n—1 /2
Ky (o1, 01,0 4By A) etr( /\Zu ) T det (U ™"
i=1

n—1 an+p—(p+1)/2 n—1
x det <IP—ZU1> 1Fy <ocn;ocn+[5;—/\<lp—zui>>.
i=1 i=1

(3.6)
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Repeating this procedure n—m times gives the marginal density of (U, ..
U.n) as

n m
Ky (oq,...,ocm, Z ocﬁ-ﬁ,/\) etr(—/\zui>
i=1

i=m+1

*

)Z?er'l ai+p—(p+1)/2

xﬁdet(u B det<I —Zu
><1F1< > Z ot + B; /\(1 —Zu>>

i=m+1 i=m+1

(3.7)

Now, the second part of the theorem follows immediately. O

Corollary 3.2. If (Uy,...,Uy) ~ KD]ID(oq,...,ocn,B,/\), then the marginal
pdf of Ui, i=1,...,n is given by

n

Kifo, D og+BA etr (— AU det (L) &~ PHD/2
j=1(#1)

x det (I, — Uy )& -1zn SR (pin)/2

n n
x1F Z G5 Z Oéj+f.)>;—/\(1p—ui) , O<Ui<1p.
J=1(#1) J=1(#1)
(3.8)

It is interesting to note that the marginal density of U; does not belong
to the Kummer-Beta family and differs by an additional factor containing
confluent hypergeometric function ;F;.

In Theorem 3.3 we give results on marginal and conditional distributions
for Kummer-Dirichlet type II distribution. Before doing so, we need to give
an integral that will be used in the derivation of marginal distribution. From
(2.6) and (2.8), we have

J J etr [—E(X+Y)] det(y)er—(p+1)/2
X>0JY>0
x det(X)%2~(P+1)/2 det (T, +X+Y) °dXdY (3.9)
1
—Fp(a1)Fp(a2)\y<a1+a2)a1_|_az_b_|_p42' >)
where Re(a1) > (p—1)/2, Re(az) > (p—1)/2 and Re(Z) > 0. Substituting
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W = (I, + X)7"/2 Y(I,, + X)~ /% with the Jacobian J(Y — W) = det(I, +
X)P+1)/2 in (3.9) and 1ntegrat1ng W, we obtain

J etr(—=X) det(X) 2~ (P+1)/2 det (I, +X)*' "
X>0

1
XW(CL],G] b+p—2|_ (Ip+X)>dX (3.10)

+1
:Fp(az)‘i’(m—I—az,a1—|—a2—b—|—p2 >

Now we turn to our problem of finding the marginal and conditional distri-
butions.

Theorem 3.3. If (V1,...,Vn) ~ KD} ou,...,an,Y,Z), then the joint mar-
ginal pdf of V1,...,Vim, m <n, is given by

n n m
Fp< Z oci>K2 <0c1,...,ocm, Z oci,y,E> etr(—EZVi>
i=1

i=m+1 i=m+1

m m 7’Y+Z{1:m+1 xi
x | [ det P2 4t (1, + Y v
E (v ( t2 (3.11)

i=1

x‘P( i o, i i — y—l—w (I +Zv>>

i=m+1 i=m+1

Vj >0,j=1,...,m
and the conditional density of (Vini1,...,Vn) | (V1,...,Vin) is given by

Kz(Oﬂ,...,cxn,y,E)
[ (Z?:er] Oci)Kz (oq Yo o‘va?:er] iny%E)
etr(~ZX V)
det (I, +Y ", Vi) —VHE T X

Hl m+1det( ) ety dt(I +Zl 1V+Zl m+1v)7y
W(Z?:erl(Xi’Zl m+1(X1 'Y+(P‘|‘])/2,-_(I +Z] 1V)) ‘

Vi>0,i=m+1,....n
(3.12)

X

Proof. In this case, to obtain the marginal density of V1, S Vho1, we
substitute W,, = (I, + X ' Vi) V2V (I, + Y12, Vi)~V 2 with the
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Jacobian J(V;, — Wy) =det(I, + Y I 'V;)(P+1)/2 Thus, the joint density
of Vq,...,V,_1 is obtained as

KZ(“]) ocl’l)’Y)—' etr( ZV1>

n—1 n—1 —Y+&n
X Hdet (vi) ™ ~PH1/2 gt ( p+ZV1>
i=1 i=1

n—1 1/2 n—1 1/2
XJ etr [— (Ip—FZVi) E<1p+zvi> Wn‘|
Wi >0 i=1 i=1

x det (W) P 2 det (1, +Wo) YW, (3.13)

:rp(“n)KZ(a1a an»ya—' Etr< Zv>

n—1 n—1 Y+ Xn
x [T det (Vi)™ ™12 det <1p+Zvi>
i=1 i=1

x‘i’(ocn,ocn y+ P20 <I +ZV>>

Further, substituting Wy, 1 = (I, + Y |-, “172v 4 +Z“_2 y—1/2
with the Jacobian J(Vn 1 — Wy 1) = det —I—Zn 2V (P+1)/2 i (3 13)
and integrating W, using (3.10), we get the joint margmal density of
V],...,Vn,Z as

I (o) Kz (1,0 0, Y, 2 etr( ZV)
n-2 n—2 —Ytontan_1
deet( —lp1/ det(I +ZV>
im

i=1

n—2 1/2 n—2 1/2
XJ etr|—(L+) Vi| E(L+Y> Vi| W,
Whn—1>0 i=1 i=1

x det (Wyy 1) 7 P2 get (1, 4 W, ) Y
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+1 n-2 12
x‘P(ocn,ocny-l- ]DT; (Ip + Z Vi)
i1

=Ty (ot )Ty (0tn—1) Kz (&1,..., 00, Y, 2 etr( ZV)

n-2 n—2 Yt XntXn_1
x [ ] det (V1) e/ det<p—|—ZV>
=1

i=1

x‘l’(ocn—kocn_],ocn—i—ocn 1 y—i——'E(I +ZV>>
(3.14)

Integrating out Vi, _o,..., Vi1 similarly, we get the marginal density of
Vi,..., Vi as

n

H T (i) Kz (1,0, 00, Y, 2 etr( ZV)

i=m+1

m m 7’Y+Z{1:m}l(xi
deet( —(p+1)/ det( P+ZV) (3.15)
i=1

i=1

w( i i, i X — y+ﬂ (I +Zv>>

i=m+1 i=m+1

The final expression of the marginal density of Vi,...,V,, is obtained by
noting that

n

H r‘p (OCi)Kz (OC] ye -»“an»E)

i=m+1

n n
—rp< Z 06'1>K2<0€1»---,06m, Z O‘iﬂ/»5>-
i=m+1 i=m+1

The derivation of the conditional density is now straightforward. |

(3.16)
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Corollary 3.4. If (V1,...,Vn) ~ KD (e,...,00n,v,Z), then the density of
Vi, i=1,...,nis given by

n

n
I"p Z 8] K> Xi, Z (X]',’Y,E etr(—EVi)
I=1(#1) i=1(#1)

x det (Vi)mf(pﬂ /2 det (Ip _’_Vi)ﬂ”rz =1 (£1) %)

n n
p+1
x ¥ . Z (Xj,. Z ocj—y—l—T;;(Ip—i—Vi) , Vi>0.
i=1(#1)  §=1(#1)
(3.17)

Note that the marginal density of V; differs from the Kummer-Gamma

density. It is a pdf with an additional factor containing confluent hypergeo-
metric function V.

Theorem 3.5. Let (Uy,...,Un) ~KD} (o1, ..., an,B,1;,) and define

~1/2

m —1/2 m
Wi:<IP_ZUi> ui<1p—Zui> , i=m+1,...,n. (3.18)
i=1 i=1

Then the joint density of (Wm+1,...,Wn) is given by

o (X5 i o+ B) z & B
F " i+ P31
s rp(cxi)rpus){‘ ‘(;“ 2 oth )}

i=m+1

ol 5w

i=m+1

n n B—(p+1)/2
x [T det(wy)™ ™1 det <Ip— 3 Wi>

i=m+1

x1F <ZO€1;ZO€5+B§—<Ip— > Wi>>,
=1

i=1 i=m+1

m
0<W;< Ip, ZWi< Ip-
i=1

(3.19)

Proof. Transforming W; = (I, — 3 ™, W)~ 2U(I, = S0, W) /2 i =
m+1,...,n with Jacobian J(Um41,...,Un = Wigr,...,Wy) = det(I, —
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>, Uy (mmmIPH1/2 Hin the joint density of (Uy,..., Uy ), we get

i=

Ki (@i, By etrl > wi- (iuixlp_ > Wi)]

i=m+1 i=m+1

)Z?m+1 o +pR—(p+1)/2

xﬁdet(u “PHD/2 ge t(I —Zu
i=1

n B—(p+1)/2
x H det (W4 e/ dt(l — Z W) ,

i=m+1 i=m+1

n
O<Ui<Ty, i=m+1,...,m, > U<,

i=m+1

m
0<Wi<l,, i=1...m Y Wi<lI,.
- (3.20)

Now, integrating Uy, ..., Uy,

- ($0) (- £ )

m
xHdet(ui)"“*“’“’/2

o<y ™, Ui<I,
o<u;<Iy,

Tl X EB=(p+1)/2

x det <1p —i ui> [T aus
i=1

i=1
[T T (o) J -
= =1 P/ etr | — | I, — Wi |u
[ (Zizl ‘Xi) o<u<I, ’ i Z ]

=m-+

x det(U)Z =1 xi—(p+1)/2
x det (I, _U)Z?:mﬁ a B (P12 g
T T (o) Ty (g i+ B)
rP(Z?:] (XI+B)

m(i%iwg;_of y w))

i=1 i=1 i=m+1

(3.21)
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and using

[Ti5 (“i) I (Z?:m-ﬂ o+ B)
FD(Z?:l o‘i'i'ﬁ)

Ky ((X],...,Ocn,f),lp)

(3.22)
—1
FP(Z?:m+1 (xi—'_f)) = =
= Tn F X4, o+ pB;—1 ,
Lo rv(o‘i)rp(ﬁ) n ; ; P
we get the desired result. O

Theorem 3.6. Let (Vi,...,Va) ~KD[(x1,...,&n,v,I;,) and define

m -1/2 m —1/2
Zi:<lp+zvi> vi<1p+ZVi> , i=m+1,...,n. (3.23)
i=1 i=1

Then the pdf of (Zm+1,...,Zn) is given by

-1
n n n 1
{ H Fp(ai)‘Y(;oq,;oq—er%;Ip)}

i=m+1

><etr<— i zi> ﬁ det (zy) ™ P/ dt<1 + Z z)y

i=m+1 i=m+1 i=m+1

xw<z%zm y+ AL (p+ 5 z)) Z >0,

i=m+1

(3.24)
Proof. The proof is similar to the proof of Theorem 3.5. O

Theorem 3.7. Let (Uj,...,Uy) ~ KD} (otr,...,an,B,A) and define U =
YU Uand Xy =U""2Uu"1"2 i=1,...,n—1. Then

(i) (X1,...,Xn—1) and U are independent,
(11) (X1,...,Xn,1)NDL((X],...,(XTI,];OCTI), and
(i) U~KBp (X1 o, B, A).

Proof. Substituting U; = U'2X;U'/2 i=1,...,n—1and U, =U"2(I, -
S X)U'/2 with the Jacobian J(Us,...,Un 1,Un — X1,...,Xp_1,U) =
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det(U) =D ®P+1)/2 in the joint density of (U;,...,U,), we get the desired
result. |

Theorem 3.8. Let (Vi,...,Vn) ~ KD} otr,...,an,v,Z) and define V =
St Viand Yy =V 12viv-1/2 i =1... n—1. Then

(i) (Y1,...,Yn_1) and V are independent,
(ii) (Y1)--~)YT171)ND}E(“])"')“TL*H(XT'L)) and
(iil) V~KGp (X ai,v,2).

Proof. The proof is similar to the proof of Theorem 3.7. a

In Theorems 3.9 and 3.10, we derive the joint pdfs of partial sums of
random matrices distributed as matrix variate Kummer-Dirichlet type I or II.

Theorem 3.9. Let (Uy,...,Un) ~KDL (011, ..., 00, B,A) and define

n ni

i : i
U(i]: Z Uj, XK(i) = Z X3, TISZO, n?:an,i:L...,e.
j=ni_y+1 j=ny_ 41 i=1
(3.25)
Then (U(]),...,U(@))NKD%,((X(]),...,OC(@],B,/\).
Proof. Make the transformation
ni
-1/2 -1/2
Uy = Z U, W; :U‘(i]/ uium/ ) (3.26)
j=ni_,+1

j=ni_;+1,...,nf—1,1=1,... L The Jacobian of this transformation is
given by

J(Up,.o Un — W Wey o, Uy, Wae gy, Wag, Ugy)

:H](Unr71+],...,un{: — Wnik71+],...,wnr_'| ,U(i])

4
_ Hdet (Um) (mi—T1)(p+1 )/2.
i=1

(3.27)

Now, substituting from (3.26) and (3.27) in the joint density of (U;,...,U,)
given by (2.5), we get the joint denmsity of Wy:  i1,..., W1, Uy,
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wherei=1,...,{, as

¢ ¢ B—(p+1)/2
x [T et (W)™ """ det (Iv -2 Um)
i=1 i=1
(3.28)

¢ ni—1
XH{ [ det(wy)o 072

i=1 Uj=n;_,+1

ni—1 ‘Xn’{*(DJr])/Z
x det <Ip— Z Wj) })

j=ni_,+1

where 0 < Uy < Ip, Y i Uy <Ip, 0<W; <I,,j=nf ,+1,...nf—
1, Z?:‘;;iﬁle < Ip, i =1,...,0. From (3.28), it is easy to see that
(Ugry,--, Ugey) and (Was  41,...,Wn:1), 1 = 1,...,{, are independently
distributed. Further, (Uy),...,Uq) ~KDJ (x(1), ..., ey, ,A) and (Wy: 4,

I . P
.,anfﬂNDp(ocn;:]_'_],...,(Xni*,hocnf:), where 1—1,...,€. ([l

When { = ], Z?:] U ~ KBP(Z?:1 &y, f),/\)

Theorem 3.10. Let (V1,...,Vn) ~ KD ou, ..., 0n,v,Z) and define

ny nj i
V(i)z Z Vj, X(i) = Z X, TISZO, nf:an,izL...,@.
j=ni_y 1 j=ni_ +1 j=1
(3.29)
Then (V(]),...,V({)) NKDII)I(O((”,...,O((({),’Y,E).
Proof. Make the transformation
ni
—1/2 —1/2
Vi) = Vi, =V PV (3.30)
j=ni_,+1

wherej=nj_;+1,...,nf—1,1=1,... L. The Jacobian of this transformation



Arjun K. Gupta et al. 135

is given by
J(Viyooo, Vo — Z1yoo o Zny 0, V)0 Zns 150 Zn1, Vi)

14
= J (Vi 1,...,V>_*—>Zf 1,...,Z _*,1,V-
E ( ny_,+ ny ny_,+ U (1)) (331)

14
_ Hdet (V(i)) (ni—1)(p+1 )/2.
i=1

Now, substituting from (3.30) and (3.31) in the joint density of (Vi,...,Vn)
given by (2.6), it can easily be shown that (V(y),...,V(¢)) and (Zn:  41,...,
Zn:-1),1=1,...,{, are independently distributed. Further, (V(1),..., V() ~
KDII)I((X(]),...,OCM],’Y,E) and (Zn* NS TN ,an,1 ) ~ D]Ig(oan]Jr] Yooy

i—1

on:—1;0ms ), 1=1,...,L a

When € =1, the distribution of } I* ; V; is Kummer-Gamma with parame-
ters Y ' ; &, v and =. From the joint density of Uy,...,U,, we have

E Lljdet ()™
—Ki (@ BA) [ etr<_AiUi>

0<Z?:1 LI‘L<Ip
o<Ui<Iy

n

n W\ B-(pH1)/2
x [T det (uy) ™™~ PF172 get (IpZui> T au
i=1 i=1

i=1

K] (oﬂ)'--’o‘n’ﬁv/\)

- K] (O('I +T‘|,...,O(n+rn,f5,/\),

Re (OCi+Ti) > T

_ T T (i tm) Mo (X5 i+ B)
TTE T (o) T [ 25 (ot +74) +B]
" 1P (0 (o +mi); 21y (aw+1i) +B5—A)
1P (1 o iy i+ By —A) ,

Re (ot;+11) > E,

(3.32)
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where the last step has been obtained using (2.7). Further

n h
E[det <1pZui>
i=1
:K1(O(],...,O(n,(3,/\) JJ etI(—/\iU'l)
i=1

o<y o Ui<I,
u; >0

n n B+h—(p+1)/2 4
x [T det (W)™~ % get <Ip —Zui> I au
i=1 i=1
_ K]((X],...,(Xn,ﬁ,/\)
Ki(otr,... o, p+,A)°

_ rp(f""h)rp(Z?:] o‘i"'f’) 1Fy (Z?:] XY O‘i‘|'f3‘|'h;_/\)
B ( T ou+Bp+h) Fi( X el ot B—A)

p—1
2

Re(h) > —B+

—1
Re(h) > —p+—.
(3.33)
Alternately, the above moment expression can be obtained by noting that

> =, U; has Kummer-Beta distribution. Similarly, for Kummer-Dirichlet type
II matrices

:ﬁ M (o +7e) Wy (at7i), X1 (i +1i) =y +(p+1)/2,2)
el b (ot) Y(Xt e, )y xi—y+(p+1)/2E) ’
p—1

Re ((Xi +Ti) > T,

(3.34)

Next two results give certain asymptotic distributions for the Kummer-
Dirichlet type I and type II distributions (see Javier and Gupta [4]).

Theorem 3.11. Let (Uy,...,Un) ~ KD} («1,...,%n, B, PA) and W = (W1,...,
W, ) be defined by W; = Uy, i=1,...,n. Then W is asymptotically dis-
tributed as a product of independent matrix variate gamma densities;
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more specifically

det (W4)® P 2 ety [ (1, + A)WA]
det (T, +A) "'y (1)

lim f(W)=]]

B—o0

, (3.35)

i=1
where f(W) denotes the density of the matrix W.
Proof. In the joint density of (Uy,...,l,,) given by (2.5) transform W; =

pU;, 1 = 1,...,n with the Jacobian J(U;,...,U, — Wy,...,Wy)
p—mP(P+1)/2 The density of W = (W;,...,W,,) is given by

n n n -1
f(W) _ rP(Zi:1 OCi+B) Bf‘pZ{‘:1 oq{1]:1 (Zo‘i; 061‘1‘[3,_6/\)}

(B) i=1  i=1
n n axi—(p+1)/2
det(Wi) }
xetr| —A)Y W;
(AL {0
1 B—(p+1)/2
xdet(lp—EZWi> .
i=1
(3.36)
The result follows, since
lim rP(ZiZ] O(l'i‘ﬁ) prZ{‘:]oci:]’
B—oo Fp([?,)
Blim 1F1<Z(Xiizai+ﬁ§_ﬁ/\>
e i1 i1
n . (3.37)
:1FO<Z“1;_A> :det(Ip ‘I’/\)izi:] O(i,
i=1
- B—(p+1)/2 n
lm det{I,—= ) W; =etr| — ) W;|.
gin o 1,5 ) (2w
U

An analogous result for Kummer-Dirichlet type II distribution is shown to
be the following.

Theorem 3.12. Let (Vi,...,Vn) ~ KD ot ..., 00,7, lYIZ), ¥ #0, and W =
(Wh,...,Wy) be defined by W; = |y|Vi, i=1,...,n. Then, W is asymp-
totically distributed as a product of independent matrix variate gamma
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densities; more specifically

o) 20N et [ (12w
g = — i
Pl det(1p+;)°‘ M (i)

[v|— o0
where g(W) denotes the density of the matrix W.

, (3.38)

Proof. We prove the result for v > 0. The proof for vy < 0 follows similar
steps. The density of W = (W;,...,W,,) is given by

g(W)VPZ?““{ <Zcxl,zoc1 v+,v~>}
n n g A xi—(p+1)/2
xetr(—E;Wi>{H et FZ((Xi) } (3.39)

i=1

i=1

n -y
1
x det <1p+;Zwi> :
The result follows, since

n
lim yPZi- 1“1‘&’(2%,2% y+p;],v~> =det (I, + )_Z‘:“x‘,

— 00
Y i=1 i=1

-Y
yhﬁngodet< P+YZW) =etr (—ZW1>.

i=1 i=1

(3.40)

Acknowledgement

The research work of Liliam Cardefio and Daya K. Nagar was supported by
the Comité para el Desarrollo de la Investigacién, Universidad de Antioquia,
research grant number IN91CE.

References

[1] C. Armero and M. J. Bayarri, A Bayesian analysis of a queueing system with
unlimited service, J. Statist. Plann. Inference 58 (1997), no. 2, 241-261.
CMP 1 450 015. Zbl 880.62025.

[2] M. B. Gordy, Computationally convenient distributional assumptions for
common-value auctions, Comput. Econom. 12 (1998), 61-78. Zbl 912.90093.

[3] A.K. Gupta and D. K. Nagar, Matrix Variate Distributions, Chapman & Hall/CRC
Monographs and Surveys in Pure and Applied Mathematics, vol. 104, Chapman
& Hall/CRC, Florida, 2000. MR 2001d:62055. Zbl 935.62064.


http://www.ams.org/mathscinet-getitem?mr=1+450+015
http://www.emis.de/cgi-bin/MATH-item?880.62025
http://www.emis.de/cgi-bin/MATH-item?912.90093
http://www.ams.org/mathscinet-getitem?mr=2001d:62055
http://www.emis.de/cgi-bin/MATH-item?935.62064

(4]

(6]
(7]

Arjun K. Gupta et al. 139

W. R. Javier and A. K. Gupta, On generalized matric variate beta distributions,
Statistics 16 (1985), no. 4, 549-557. MR 86m:62023. Zbl 602.62039.

D. K. Nagar and L. Cardefio, Matrix variate Kummer-Gamma distribution, Ran-
dom Oper. Stochastic Equations 9 (2001), no. 3, 207-218.

D. K. Nagar and A. K. Gupta, Matrix variate Kummer-Beta distribution, to ap-
pear in J. Austral. Math. Soc.

K. W. Ng and S. Kotz, Kummer-Gamma and Kummer-Beta univariate and mul-
tivariate distributions, Research report, Department of Statistics, The Uni-
versity of Hong Kong, Hong Kong, 1995.

Arjun K. Gupta: Department of Mathematics and Statistics, Bowling Green State
University, Bowling Green, OH 43403-0221, USA

Liliam Cardefio and Daya K. Nagar: Departamento de Matematicas, Universidad de
Antioquia, Medellin, A. A. 1226, Colombia


http://www.ams.org/mathscinet-getitem?mr=86m:62023
http://www.emis.de/cgi-bin/MATH-item?602.62039

