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We deal with a mathematical model for a four-component chemical reaction-diffusion
process. The model is described by a system of strongly coupled reaction-diffusion equa-
tions with different diffusion rates. The existence of the global solution of this reaction-
diffusion system in unbounded domain is proved by using semigroup theory and esti-
mates on the growth of solutions.

1. Introduction

In this paper, we prove the existence of a global solution in an unbounded domain of the
reaction-diffusion system

∂u1

∂t
= a1∆u1− f1

(
u1,u2,v1,v2

)
, x ∈Rn, t > 0,

∂u2

∂t
= a2∆u2− f2

(
u1,u2,v1,v2

)
, x ∈Rn, t > 0,

∂v1

∂t
= b1∆u1 +d1∆v1 + f3

(
u1,u2,v1,v2

)
, x ∈Rn, t > 0,

∂v2

∂t
= b2∆u2 +d2∆v2 + f4

(
u1,u2,v1,v2

)
, x ∈Rn, t > 0,

(RDS1)

with the initial conditions

ui(x,0)= u0
i (x), vi(x,0)= v0

i (x) (i= 1,2), x ∈Rn. (IC1)

Here f1(u1,u2,v1,v2) = m[k2u
m
1 v

r
2 − k1u

r
2v

m
1 ], f2(u1,u2,v1,v2) = −r[k2u

m
1 v

r
2 − k1u

r
2v

m
1 ],

k1 ≥ 0, k2 ≥ 0, m≥ 0, r ≥ 1, f3 = ρ f1, and f4 = ρ f2, ρ > 0.
The constants ai, bi (i= 1,2) are such that ai > 0, bi �= 0 (i= 1,2), and 4aidi > b2

i (i=
1,2) which reflects the parabolicity of the system. ∆ is the Laplace operator in Rn. More-
over we assume that the functions u0

i (i = 1,2) and v0
i (i = 1,2) are uniformly bounded,

continuous, and nonnegative. This reaction-diffusion system is a mathematical model for
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24 Global solutions of a reaction-diffusion system

a chemical reaction of the form

mA+ rB̄
k1�
k2

rB+mĀ. (1.1)

u1, u2, v1, and v2 represent the concentrations of Ā, B̄, A, and B, respectively (see [3]).
We remark that the system

∂u

∂t
= a∆u−uh(v), x ∈Ω, t > 0,

∂v

∂t
= b∆u+d∆v+uh(v), x ∈Ω, t > 0,

(RDS2)

with the initial conditions

u(x,0)= u0(x), v(x,0)= v0(x), x ∈Ω (IC2)

on a bounded domain Ω ⊂ Rn with Neumann boundary conditions, b > 0, a �= d, v0 ≥
(b/(a− d))u0 ≥ 0, and h(s), a differentiable nonnegative function on R, has been stud-
ied by Kirane [4]. The existence of global solutions for system (RDS2) on unbounded
domains has been studied by Badraoui [1]. The existence of global solutions in Rn for
(RDS2) with h(s)= vm has been studied by Collet and Xin [2].

The quasilinear system of reaction-diffusion equations

∂u

∂t
=∇· (a(u)∇u)−uh(u)v, x ∈Ω, t > 0,

∂v

∂t
=∇· (b(v)∇v)+uh(u)v− λv, x ∈Ω, t > 0,

(RDS3)

with the initial conditions

u(x,0)= u0(x), v(x,0)= v0(x), x ∈Ω, (IC3)

and with Neumann or Dirichlet boundary conditions, is studied by Kirane [5] where in
particular the existence of a globally bounded solution is shown. Also he has discussed
large time behavior of the solution.

Our aim is to investigate the existence of a global solution for system (RDS1)–(IC1) in
an unbounded domain.

Throughout this paper the following notations are used.

(1) ‖ · ‖ is the supremum norm on Rn, that is, ‖u‖ = supx∈Rn |u(x)|.
(2) Cub(Rn) is the space of uniformly bounded continuous functions onRn equipped

with the supnorm.
(3) For any f ∈ Cub(Rn),

∫
f = ∫Rn f (x)dx if the integral exists.

(4) For f ∈ Lp(Rn) (p ≥ 1), ‖ f ‖p = (
∫ | f |p)1/p.
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2. Existence of a local solution

We convert system (RDS1)–(IC1) to an abstract first-order system in the Banach space
X = (Cub(Rn))4 of the form

d

dt

(
u(t)

)= Au(t) +F
(
u(t)

)
, t > 0,

u(0)= u0 ∈ X ,
(2.1)

where u(t)= (u1(t),u2(t),v1(t),v2(t))T . The operator A is defined as

A=



a1∆ 0 0 0

0 a2∆ 0 0
b1∆ 0 d1∆ 0

0 b2∆ 0 d2∆


 (2.2)

with domain D(A)= {u= (u1,u2,v1,v2)T ∈ X , (∆u1,∆u2,∆v1,∆v2)T ∈ X}.
Moreover the function F is defined as

F
(
u(t)

)= (− f1
(
u(t)

)
,− f2

(
u(t)

)
, f3
(
u(t)

)
, f4
(
u(t)

))T
, (2.3)

where

fi
(
u(t)

)= fi
(
u1(t),u2(t),v1(t),v2(t)

)
, i= 1,2,3,4. (2.4)

Note that for λ > 0 the operator λ∆ generates an analytic semigroup G(t) in the space X
given by

(
G(t)u

)
(x)= 1

(4πλt)n/2

∫
Rn

exp
(
− (x− y)2

4λt

)
u(y)dy, t > 0, x ∈Rn. (2.5)

Let S1(t), S2(t), S3(t), and S4(t) be the semigroups generated by a1∆, a2∆, d1∆, and d2∆,
respectively. Then one can show that A generates an analytic semigroup S(t) given by

S(t)=



S1(t) 0 0 0

0 S2(t) 0 0
S5(t) 0 S3(t) 0

0 S6(t) 0 S4(t)


 , (2.6)
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where

S5(t)= b1

a1−d1

(
S1(t)− S3(t)

)
, (2.7)

S6(t)= b2

a2−d2

(
S2(t)− S4(t)

)
. (2.8)

Assume that F is locally Lipschitz in u in the space X . Then there exist classical solutions
on maximal existence interval [0,T0] (see [6]).

3. Existence of global solutions

For proving the existence of a global solution we assume that the solutions are nonnega-
tive.

Theorem 3.1. Consider the reaction-diffusion system (RDS1) with nonnegative initial con-
ditions (u0

1(x),u0
2(x),v0

1(x),v0
2(x))∈ (Cub(Rn))4, ai > 0, di > ai, and bi < 0. Then there exist

global in-time classical solutions such that

(
u1,u2,v1,v2

)∈ (C([0,∞);Cub
(
Rn
))∩C1((0,∞);Cub

(
Rn
)))4

. (3.1)

Lemma 3.2. Let (u1,u2,v1,v2) be a classical solution of (RDS1). Define the functionals

Fi
(
ui,vi

)= (αi +ui +u2
i

)
eεivi (i= 1,2) with εi > 0, αi > 0. (3.2)

Then for any smooth nonnegative function ψ = ψ(x, t) (x ∈ Rn) with exponential spatial
decay at infinity,

d

dt

∫
ψFi =

∫ (
ψt +di∆ψ

)
Fi +

∫ ((
di− ai

)
Fi1− biFi2

)∇ψ∇ui
−
∫
ψ
[(
aiF

i
11 + biFi12

)∣∣∇ui∣∣2
+
((
ai +di

)
Fi12 + biFi22

)∇ui∇vi
+diFi22

(∇vi)2
]

+
∫
ψ
(
ρFi2 fi−Fi1 fi

)
, i= 1,2,

(3.3)

where

Fi1 =
∂Fi

∂ui
, Fi2 =

∂Fi

∂vi
, Fi11 =

∂2Fi

∂u2
i

, Fi22 =
∂2Fi

∂v2
i

,

Fi12 =
∂2Fi

∂ui∂vi
, i= 1,2.

(3.4)
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Proof. For i= 1,2, we have

d

dt

∫
ψFi =

∫
ψtF

i +
∫
ψ
(
∂Fi

∂ui

∂ui
∂t

+
∂Fi

∂vi

∂vi
∂t

)

=
∫
ψtF

i +
∫
ψ
(
Fi1
∂ui
∂t

+Fi2
∂vi
∂t

)

=
∫
ψtF

i +
∫
ψ
(
Fi1
(
ai∆ui− fi

)
+Fi2

(
bi∆ui +di∆vi + ρ fi

))

=
∫
ψtF

i + ai

∫
ψFi1∆ui + bi

∫
ψFi2∆ui +di

∫
ψFi2∆vi

−
∫
ψFi1 fi + ρ

∫
ψFi2 fi.

(3.5)

However,

∫
ψFi1∆ui =

∫
Fi1ψ∆ui

=−
∫
∇(Fiψ)∇ui

=−
∫ (

Fi1∇ψ +ψ∇Fi1
)∇ui

=−
∫
Fi1∇ψ∇ui−

∫
ψ∇Fi1∇ui

=−
∫
Fi1∇ψ∇ui−

∫
ψ
(
Fi11∇ui +Fi12∇vi

)∇ui,

(3.6)

that is,

∫
ψFi1∆ui =−

∫
Fi1∇ψ∇ui−

∫
ψFi11

∣∣∇ui∣∣2−
∫
ψFi12∇ui∇vi. (3.7)

Similarly

∫
ψFi2∆ui =−

∫
Fi2∇ψ∇vi−

∫
ψFi12

∣∣∇ui∣∣2−
∫
ψFi22∇ui∇vi,∫

ψFi2∆vi =−
∫
Fi2∇ψ∇vi−

∫
ψFi22

∣∣∇vi∣∣2−
∫
ψFi12∇ui∇vi.

(3.8)

Also

∫
Fi∆ψ =−

∫
∇Fi∇ψ =−

∫
Fi1∇ui∇ψ −

∫
Fi2∇vi∇ψ. (3.9)
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Using (3.5)–(3.9) we get

d

dt

∫
ψFi =

∫ (
ψt +di∆ψ

)
Fi− ai

∫
Fi1∇ψ∇ui− ai

∫
ψFi11

∣∣∇ui∣∣2

− ai
∫
ψFi12∇ui∇vi− bi

∫
Fi2∇ψ∇ui− bi

∫
ψFi12

∣∣∇ui∣∣2

− bi
∫
ψFi22∇ui∇vi +di

∫
Fi1∇ui∇ψ−d

∫
ψFi22

∣∣∇vi∣∣2

−di
∫
ψFi12∇vi ·∇vi−

∫
ψFi1 fi + ρ

∫
ψFi2 fi

=
∫ (

ψt +di∆ψ
)
Fi +

∫ (
diF

i
1− aiFi1− biFi2

)∇ψ∇ui
−
∫ (

aiF
i
11 + biFi12

)∣∣∇ui∣∣2−
∫
ψ
(
aiF

i
12 + bFi22 +diFi12

)∇ui ·∇vi
−di

∫
ψFi22

∣∣∇vi∣∣2−
∫
ψFi1 fi + ρ

∫
ψFi2 fi

=
∫ (

ψt +di∇ψ
)
Fi +

∫ ((
di− ai

)
Fi1− biFi2

)∇ψ∇ui
−
∫
ψ
[(
aiF

i
11 + biFi12

)∣∣∇ui∣∣2
+
((
ai +di

)
Fi12 + biFi22

)∇ui∇vi
+diFi22

∣∣∇vi∣∣2
]

+
∫
ψ
(
ρFi2 fi−Fi1 fi

)
.

(3.10)

�

Lemma 3.3. There exist four positive constants αi = αi(ai,b,di,‖u0
i ‖) (i = 1,2) and εi =

εi(ai,bi,di,‖u0
i ‖) (i= 1,2) such that

d

dt

∫
ψFi ≤

∫ (
ψt +di∇ψ

)
Fi +

∫ ((
di− ai

)
Fi1− biFi2

)∇ψ∇ui
− 1

2

∫
ψ
[
ai
2
Fi11

∣∣∇ui∣∣2
+diFi22

∣∣∇vi∣∣2
]
− 1

2

∫
ψFi1 fi, i= 1,2.

(3.11)

Proof. For any (ui,vi)∈ [0,‖u0
i ‖]×R+ (i= 1,2), we choose αi and εi in Lemma 3.2 such

that

ρFi2 ≤
1
2
Fi1, i= 1,2, (3.12)

(
ai +di

)2(
Fi12

)2
+ b2

i

(
Fi22

)2
+ bi

(
2ai +di

)(
Fi12

)(
Fi22

)− aidiFi11F
i
22 ≤ 0, i= 1,2,

(3.13)(
Fi1
)2

Fi11
≤ Fi, i= 1,2, (3.14)

Fi12 ≤
ai

2
∣∣bi∣∣Fi11, i= 1,2. (3.15)
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We verify these conditions as follows

Fi = (αi +ui +u2
i

)
eεivi , i= 1,2,

Fi1 =
(
1 + 2ui

)
eεivi , i= 1,2,

Fi11 = 2eεivi , i= 1,2,

Fi2 = εi
(
αi +ui +u2

i

)
eεivi , i= 1,2,

Fi22 = ε2
i

(
αi +ui +u2

i

)
eεivi , i= 1,2,

F12 = Fi21 = εi
(
1 + 2ui

)
eεivi , i= 1,2.

(3.16)

Denote

ε(1)
i = 1

2ρ
(
αi +

∥∥u0
i

∥∥+
∥∥u0

i

∥∥2
) ,

ε(2)
i = 1

bi
(
αi +

∥∥u0
i

∥∥+
∥∥u0

i

∥∥2
) ,

ε(3)
i = 1∣∣bi∣∣(1 + 2

∥∥u0
i

∥∥) ,

α(1)
i =

(
ai +di

)2(
1 + 2

∥∥u0
i

∥∥)2
+
(
2ai +di

)(
1 + 2

∥∥u0
i

∥∥)
2aidi

,

α(2)
i = 1 + 2

∥∥u0
i

∥∥2
+ 2
∥∥u0

i

∥∥
2

=
(
1 +
∥∥u0

i

∥∥)2
+
∥∥u0

i

∥∥2

2
.

(3.17)

If we choose εi (i= 1,2) such that εi ≤ ε(1)
i (i= 1,2) then condition (3.12) is satisfied.

Condition (3.13) is satisfied if

(
ai +di

)2ε2
i

(
1 + 2ui

)2
e2εivi + b2

i ε
4
i

(
αi +ui +u2

i

)2
e2εivi + bi

(
2ai +di

)
ε3
i

(
1 + 2ui

)
× (αi +ui +u2

i

)2
e2εivi − 2aidiε2

i

(
αi +ui +u2

i

)
e2εivi ≤ 0, i= 1,2,

(3.18)

that is,

(
ai +di

)2(
1 + 2ui

)2
+ b2

i ε
2
i

(
αi +ui +u2

i

)2

+ bi
(
2ai +di

)(
1 + 2ui

)(
αi +ui +u2

i

)
εi− 2aidi

(
αi +ui +u2

i

)≤ 0.
(3.19)

If we choose εi (i = 1,2) and αi (i = 1,2) such that εi ≤ ε(2)
i (i = 1,2) and αi ≤ α(1)

i (i =
1,2), then (3.19) is satisfied. In other words, condition (3.13) is satisfied.

Condition (3.14) is satisfied if

(
1 + 2ui

)2

2
≤ (αi +ui +u2

i

)
, (3.20)

that is,

αi >
1 + 2u2

i + 2ui
2

. (3.21)
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If we choose αi (i= 1,2) such that αi ≤ α(2)
i (i= 1,2), then (3.21) is satisfied. Hence con-

dition (3.14) is satisfied.
Similarly we can show that condition (3.15) is satisfied if εi (i = 1,2) is chosen such

that εi ≤ ε(3)
i .

Now select

αi ≥max
(
α(1)
i ,α(2)

i

)
(i= 1,2),

εi ≤min
(
ε(1)
i ,ε(2)

i ,ε(3)
i

)
(i= 1,2).

(3.22)

Then conditions (3.12)–(3.15) are satisfied.
Then, from (3.13) and (3.15), we get

(
aiF

i
11 + biFi12

)∣∣∇ui∣∣2
+
((
ai +di

)
Fi12 + biFi22

)∇ui∇vi +diFi22

∣∣∇vi∣∣2

≥ 1
2

[(
aiF

i
11 + biFi12

)∣∣∇ui∣∣2
+diFi22

∣∣∇vi∣∣2
]

≥ 1
2

[
ai
2
Fi11

∣∣∇ui∣∣2
+diFi22

∣∣∇vi∣∣2
]
.

(3.23)

From (3.12), we get

∫
ψ
(
ρFi2 fi−Fi1 fi

)≤−1
2

∫
ψFi1 fi, i= 1,2. (3.24)

From (3.3), (3.23), (3.24), we get (3.11).
The proof of Lemma 3.3 is completed. �

Theorem 3.4. If αi, εi (i = 1,2) satisfy (3.22), then there exist a test function ψ and real
positive constants βi (i= 1,2) and σi such that

∫
ψFi ≤ βieσit, ∀t > 0, i= 1,2. (3.25)

Proof. We define the test function ψ(x) as

ψ(x)= 1(
1 +
∣∣x− x0

∣∣2
)n , x ∈Rn, (3.26)

and x0 ∈Rn is an arbitrary point.
Then ψ is a smooth function with exponential decay at infinity and satisfies |∆ψ| ≤

K1ψ, |∇ψ| ≤ K2ψ. Let K =max(K1,K2) for some positive constant K .
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Then from (3.11), we obtain

d

dt

∫
ψFi ≤ Kdi

∫
ψFi +K

((
di− ai

)
+

1
2

∣∣bi∣∣
)∫

Fi1ψ
∣∣∇ui∣∣

− ai
4

∫
ψFi11|∇u|2−

di
2

∫
ψFi22

∣∣∇vi∣∣2− 1
2

∫
ψFi1 fi

≤ Kdi
∫
ψFi +

K2

ai

((
di− ai

)
+

1
2

∣∣bi∣∣
)2∫

ψ

(
Fi1
)2

Fi11

≤
[
Kdi +

K2

ai

((
di− ai

)
+

1
2

∣∣bi∣∣2
)2
]∫

ψFi, i= 1,2.

(3.27)

Let

σi = Kdi + K2

ai

(∣∣di− ai∣∣+
1
2

∣∣bi∣∣2
)2

, i= 1,2,

βi ≥
(
αi +

∥∥u0
i

∥∥+
∥∥u0

i

∥∥2
)
eε‖v

0
i ‖‖ψ‖1, i= 1,2.

(3.28)

Then

d

dt

∫
ψFi ≤ σi

∫
ψFi for i= 1,2, (3.29)

which implies (3.25). �

Lemma 3.5. For any unit cube Q and any finite p ≥ 1,

∫
Q

∣∣vi∣∣pdx ≤ 2n
βi

αiε
p
i

eσit(p+ 1)p+1 for i= 1,2. (3.30)

Proof. Using the results in Theorem 3.4, for any nonnegative integer p we have

βie
σit ≥

∫
ψFi ≥ αi

∫
ψeεivi ≥ αiεpi

∫
Q
ψ
v
p
i

p!
, t > 0, i= 1,2. (3.31)

By taking x0 at the center of Q, we get

βie
σit ≥ αiε

p
i

p!

∫
Q

v
p
i

2n
≥ αiε

p
i

2n(p+ 1)p+1

∫
Q
v
p
i , i= 1,2. (3.32)

This implies (3.30). �
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Lemma 3.6. There exist constants ci = ci(n,λ,‖u0
i ‖,‖v0

3−i‖, t), i= 1,2 such that

G(t− s)∗uri (x,s)vm3−i(x,s)= 1(
4πλ(t− s))n/2

∫
e−|x−y|

2/4λ(t−s)uri (y,s)vm3−i(y,s)dy

≤ ci
(
(t− s)n/2q + (t− s)−n/2p), i= 1,2,

(3.33)

for any p >max{1,n/2}, 1/p+ 1/q = 1. HereG(t) is the semigroup generated by the operator
λ∆, (λ > 0) on the space Cub(Rn).

Proof. Let {Qj}, j = 0,1,2, . . ., be the tilling of Rn by unit cubes Qj ’s such that x is at the
center of Q0. Then

∫
e−(x−y)2/4λ(t−s)uri (y,s)vm3−i(y,s)dy =

∑
Qj

∫
Qj

e−(x−y)2/4λ(t−s)uri (y,s)vm3−i(y,s)dy. (3.34)

For y ∈Qj we have the inequality

e−(x−y)2/8λ(t−s) ≤ sup
y∈Qj

e−(x−y)2/8λ(t−s) = e−dist2(x,Qj )/8λ(t−s). (3.35)

Also there exists a positive constant c(n) such that if y ∈Qj , j �= 0, we have

c(n)dist2(x,Qj)≥ (x− y)2. (3.36)

Let I1 =
∫
e−(x−y)2/8λ(t−s)uri (y,s)vm3−i(y,s)dy. Then applying Hölder’s inequality with p ≥

n/2 and its conjugate q, we get

I1 ≤
(∫

Qj

e−q(x−y)2/8λ(t−s)
)1/q(∫

Qj

u
rp
i (y,s)v

mp
3−i(y,s)dy

)1/p

≤
(∫

Qj

e−qdist2(x,Qj)/8λ(t−s)
)1/q(∫

Qj

u
rp
i (y,s)v

mp
3−i(y,s)dy

)1/p

≤ (8πλ)n/2q(t− s)n/2q
q

(∫
Qj

u
rp
i (y,s)v

mp
3−i(y,s)dy

)1/p

≤ (8πλ)n/2q(t− s)n/2q
q

(∫
Qj

∣∣ui∣∣r p∣∣v3−i
∣∣mpdy)1/p

≤ (8πλ)n/2q(t− s)n/2q
q

∥∥u0
i

∥∥r(∫
Qj

∣∣v3−i
∣∣mpdy)1/p

≤ (8πλ)n/2q(t− s)n/2q
q

∥∥u0
i

∥∥r(2mp
βi

αiε
mp
i

eσt(mp+ 1)mp+1
)1/p

= (8πλ)n/2q(t− s)n/2q
q

∥∥u0
i

∥∥r2m(βi
αi

)1/p

eσt/pε−mi (mp+ 1)m+1/p.

(3.37)
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That is

∫
e−(x−y)2/8λ(t−s)uri (y,s)vm3−i(y,s)dy ≤ c1

i

(
n,λ,

∥∥u0
i

∥∥,
∥∥v0

3−i
∥∥, t
)
(t− s)n/2q, i= 1,2,

(3.38)

where

c1
i

(
n,λ,

∥∥u0
i

∥∥,
∥∥v0

3−i
∥∥, t
)= (8πλ)n/2q

q

∥∥u0
i

∥∥r2m(βi
αi

)1/p

eσt/pε−mi (mp+ 1)m+1/p, i= 1,2.

(3.39)

Now we have

I2 =G(t− s)∗uri (x,s)vm3−i(x,s)

≤ 1(
4πλ(t− s))n/2

∑
Qj

e−dist2(x,Qj )/8λ(t−s)
∫
e−|x−y|

2/8λ(t−s)uri (y,s)vm3−i(y,s)dy

≤ 1(
4πλ(t− s))n/2 c

1
i

(
n,λ,

∥∥u0
i

∥∥,
∥∥v0

3−i
∥∥, t
)
(t− s)n/2q

∑
Qj

e−dist2(x,Qj )/8λ(t−s)

≤ ci
(
n,λ,

∥∥u0
i

∥∥,
∥∥v0

3−i
∥∥, t
)
(t− s)−n/2p

(∫
e−(x−y)2/8λc(n)(t−s)dy + 1

)

≤ ci
(
n,λ,

∥∥u0
i

∥∥,
∥∥v0

3−i
∥∥, t
)
(t− s)−n/2p

(
8πλc(n)(t− s)n/2 + 1

)

≤ ci
(
n,λ,

∥∥u0
i

∥∥,
∥∥v0

3−i
∥∥, t
)(

(t− s)n/2q + (t− s)−n/2p),

(3.40)

where ci(n,λ,‖u0
i ‖,‖v0

3−i‖, t)= c1
i (n,λ,‖u0

i ‖,‖v0
3−i‖, t)(1/(4πλ)n/2). �

The integral formula for u(t) is

u(t)= S(t)u0 +
∫ t

0
S(t− s)F(u(s)

)
ds. (3.41)

From (3.41) we can deduce that

ui(x, t)= Si(t)u0
i −
∫ t

0
Si(t− s) fi

(
u(s)

)
ds, i= 1,2, (3.42)

v1(x, t)= S5(t)u0
1 + S3(t)v0

1 −
∫ t

0
S5(t− s) f1

(
u(s)

)
ds+ ρ

∫ t
0
S3(t− s) f1

(
u(s)

)
ds, (3.43)

v2(x, t)= S6(t)u0
2 + S4(t)v0

2 −
∫ t

0
S6(t− s) f1

(
u(s)

)
ds+ ρ

∫ t
0
S4(t− s) f1

(
u(s)

)
ds. (3.44)
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From (2.7) and (3.43), we get

v1(x, t)= b1

a1−d1

(
S1(t)− S3(t)

)
u0

1 + S3(t)v0
1

−
∫ t

0

b1

a1−d1

(
S1(t− s)− S3(t− s)) f1(u(s)

)
ds

+ ρ
∫ t

0
S3(t− s) f1

(
u(s)

)
ds

= b1

a1−d1
S1(t)u0

1 + S3(t)
(
v0

1 −
b1

a1−d1
u0

1

)
− b1

a1−d1

∫ t
0
S1(t− s) f1

(
u(s)

)
ds

+
(
ρ+

b1

a1−d1

)∫ t
0
S3(t− s) f1

(
u(s)

)
ds.

(3.45)

Hence

v1(x, t)= b1

a1−d1
S1(t)u0

1 + S3(t)
(
v0

1 −
b1

a1−d1
u0

1

)

+
b1

a1−d1

∫ t
0
S1(t− s)(mk1u

r
2(s)vm1 (s)

)
ds

− b1

a1−d1

∫ t
0
S1(t− s)(mk2u

m
1 (s)vr2(s)

)
ds

−
(
ρ+

b1

a1−d1

)∫ t
0
S3(t− s)(mk1u

r
2(s)vm1 (s)

)
ds

+
(
ρ+

b1

a1−d1

)∫ t
0
S3(t− s)(mk2u

m
1 (s)vr2(s)

)
ds,

(3.46)

that is,

∣∣v1(x, t)
∣∣= b1

a1−d1

∣∣S1(t)u0
1

∣∣+
∣∣∣∣S3(t)

(
v0

1 −
b1

a1−d1
u0

1

)∣∣∣∣
+

b1

a1−d1

∣∣∣∣
∫ t

0
S1(t− s)(mk1u

r
2(s)vm1 (s)

)
ds
∣∣∣∣

+
b1

a1−d1

∣∣∣∣
∫ t

0
S1(t− s)(mk2u

m
1 (s)vr2(s)

)
ds
∣∣∣∣

+
(
ρ+

b1

a1−d1

)∣∣∣∣
∫ t

0
S3(t− s)(mk1u

r
2(s)vm1 (s)

)
ds
∣∣∣∣

+
(
ρ+

b1

a1−d1

)∣∣∣∣
∫ t

0
S3(t− s)(mk2u

m
1 (s)vr2(s)

)
ds
∣∣∣∣.

(3.47)
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Using relation (3.33) and the property that S1(t) and S3(t) are contraction semigroups,
we get

∥∥v1(x, t)
∥∥≤ b1

a1−d1

∥∥u0
1

∥∥+
∥∥v0

1

∥∥
+

mb1

a1−d1

(
k1c1

(
n,a1,

∥∥u0
2

∥∥,
∥∥v0

1

∥∥, t
)

+ k2c2
(
n,a1,

∥∥u0
1

∥∥,
∥∥v0

2

∥∥, t
))

×
(∫ t

0

(
(t− s)n/2q + (t− s)−n/2p)ds)

+
(
ρ+

mb1

a1−d1

)(
k1c3

(
n,d1,

∥∥u0
2

∥∥,
∥∥v0

1

∥∥, t
)

+ k2c4
(
n,d1,

∥∥u0
1

∥∥,
∥∥v0

1

∥∥, t
))

×
(∫ t

0

(
(t− s)n/2q + (t− s)−n/2p)ds),

∥∥v1(x, t)
∥∥≤ b1

a1−d1

∥∥u0
1

∥∥+
∥∥v0

1

∥∥+
mb1

a1−d1

(
k1c1 + k2c2

)∣∣∣∣
∫ t

0

(
(t− s)n/2q + (t− s)−n/2p)ds

∣∣∣∣
+m

(
ρ+

b1

a1−d1

)(
k1c3 + k2c4

)∣∣∣∣
∫ t

0

(
(t− s)n/2q + (t− s)−n/2p)ds

∣∣∣∣.
(3.48)

If p > n/2, we get

∥∥v1(x, t)
∥∥≤ b1

a1−d1

∥∥u0
1

∥∥+
∥∥v0

1

∥∥+
mb1

a1−d1

(
k1c1 + k2c2

)(2qtn/2q+1

n+ 2q
+

2pt1−n/2p

2p−n
)

+m
(
ρ+

b1

a1−d1

)(
k1c3 + k2c4

)(2qtn/2q+1

2q+n
+

2pt1−n/2p

2p−n
)

, t > 0.

(3.49)

Similarly

∥∥v2(x, t)
∥∥≤ b2

a2−d2

∥∥u0
1

∥∥+
∥∥v0

1

∥∥+
rb2

a2−d2

(
k1c5 + k2c6

)(2qtn/2q+1

n+ 2q
+

2pt1−n/2p

2p−n
)

+ r
(
ρ+

b2

a2−d2

)(
k1c7 + k2c8

)(2qtn/2q+1

2q+n
+

2pt1−n/2p

2p−n
)

, t > 0.

(3.50)

Similarly one can show that

∥∥u1(x, t)
∥∥≤ ∥∥u0

1

∥∥+m
(
k1c9 + k2c10

)(2qtn/2q+1

2q+n
+

2pt1−n/2p

2p−n
)

, t > 0, (3.51)

∥∥u2(x, t)
∥∥≤ ∥∥u0

2

∥∥+m
(
k1c11 + k2c12

)(2qtn/2q+1

2q+n
+

2pt1−n/2p

2p−n
)

, t > 0. (3.52)

Here c1− c12 are constants.
From estimates (3.49)–(3.52) and the standard parabolic regularity theory we get the

existence of global classical solution (u1,u2,v1,v2)∈ (C([0,∞),Cub)∩C1((0,∞),Cub))4.
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