PERIODIC BOUNDARY VALUE PROBLEMS FOR nTH-ORDER
ORDINARY DIFFERENTIAL EQUATIONS WITH p-LAPLACIAN

YUJI LIU AND WEIGAO GE

Received 26 April 2004 and in revised form 5 September 2004

We prove existence results for solutions of periodic boundary value problems concerning
the nth-order differential equation with p-Laplacian [¢(x"~V(£))]" = f(t,x(t),x'(t),...,
x"=1(¢)) and the boundary value conditions x(? (0) =x(T),i = 0,...,n — 1. Our method
is based upon the coincidence degree theory of Mawhin. It is interesting that f may
be a polynomial and the degree of some variables among xo,x1,...,%,-1 in the function
f(t,%0,%15...,%,—1) is allowed to be greater than 1.

1. Introduction

In this paper, we investigate the existence of solutions of the periodic boundary value
problem for nth-order differential equation with p-Laplacian

[0(x )] = £ (6202 (0.2 (1), 1<), (L)
subject to the following periodic boundary conditions:
xD0) =x(T), i=0,1,....,n—1, (1.2)

where f:[0,1] X R” — R is a continuous function, n > 2 an integer, p > 1 a constant,
and ¢(x) = |x|?72x for x # 0 and ¢(0) = 0, which is called p-Laplacian, whose inverse is
denoted by ¢! (x) = |x|972x, where g satisfies 1/p+1/q = 1.

Our purpose here is to provide sufficient conditions for the existence of solutions of
the periodic boundary value problem (1.1) and (1.2). This will be done by applying the
well-known coincidence degree theory.

The motivation for this paper is as follows. There were many papers concerned with
the solvability of the periodic boundary value problems for second-order differential
equations or higher-order differential equations

X))+ f(Lx(1),x' (1) =0, t€(0,T),
)=

x(0) = x(T), X' (0) = x'(T), (1.3)
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2 Boundary value problems for p-Laplacian equations

or

Xt = f(tx(6),..,x" D)), te(0,T),

. , (1.4)
x@D(0) =x(T), i=0,....,n—1.
We refer the readers to [7, 13, 14, 16] and the references therein. If n is even, problem
(1.1)-(1.2) can be reduced to a system of n/2 second-order periodic problems with the last
equation containing a p-Laplacian. Manésevich and Mawhin studied a similar problem
in [12]. They established existence results for periodic solutions.
In [15], the existence of T-periodic solutions of the equation

208 = f(tx(8), 5 (0),...,x" V(1)) (1.5)

was studied, where f is continuous and f (,xp,...,X,—1) is T-periodic with T > 0. The
authors proved that (1.5) has at least one periodic solution if some conditions imposed
on f are satisfied. The main results are as follows.

(i) Let n = 2m and the inequalities

pu(®)]x | —a(t,z |xz~|)
i-1

\ (1.6)
< (=D)"f(t,x1,...,%,) sgnx; < p*(£) | x| +8(t,z |x,~|>
i=1
be valid on R x R”, where Py (t), p*(t) = 0(# 0) and §(¢,x) are T-periodic in ¢. If
T 2 (2 n—2
* il
Jo o= (5F)
rn=(3), (1.7)
1 (T
lim —J 8(t,x)dt = 0,
x—+e0 x Jo
then (1.5) has at least one T-periodic solution.
(ii) Let the inequalities
P ()| x1 | —5(t>z |Xi|>
o (1.8)

<o f(t,x1,...,%,) sgnx; < p*(£)| x| +8(t,z |xi|>

i=1

be valid on R x R”, where Py (t), p*(t) = 0(# 0) and (t,x) are T-periodic in t. In ad-
dition, let either n = 2m — 1 or n = 2m and o = (—=1)""!. Then, (1.5) has at least one
T-periodic solution.
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In a recent paper [6], the author proved the existence of solutions of the following
problem:

£ 4 pp  ()x"Y e py ()X + po(t)x = e(t),

. . (1.9)
x@(0) =x(T), i=0,....,n—1,

where p;: [0,T] — R is continuous and e € C°[0, T]. He proved that if f; po(t)dt # 0 and

T n-1 .1
no(pl)llL Ipl(t)ldt+(1+f1o(pl))ZI0 | pi(t)|dt <1, (1.10)
=1

then (1.9) has at least one solutions, where

T T n—k—1
lk:ﬁ(ﬂ) , k=1,...,n—-1, I, =1, -
1.11
Jo |p(0)|dt t
- f (t)dt # 0.
Mo(p) ‘ jOTp(t)dt‘ or Jop

The solvability of multipoint BVPs of p-Laplacian differential equations were studied by
several authors, we refer the readers to [2, 4, 5, 8, 9, 10, 11]. In addition, in [1], Cabada
and Pouso studied the existence of solutions of the following problem:

[pu)] = f(tuu'), te[a,b],
0 =g(u(a),u' (a),u' (b)), (1.12)
u(b) = h(u(a)).

Using the methods of lower and upper solutions and Nagumo conditions, they obtained
existence results for solutions of the above problem.

To the best of our knowledge, the existence of solutions of periodic boundary value
problems for higher-order differential equations with p-Laplacian has not been well stud-
ied till now.

In this paper, we will establish some sufficient conditions for the existence of periodic
solutions of problem (1.1) and (1.2) in Section 2. Our methods and results are different
from the already known ones [6, 7, 14, 15, 16].

2. Main results

In this section, we establish sufficient conditions for the existence of at least one solution
of BVP (1.1)-(1.2). For convenience, we first introduce some notations and an abstract
existence theorem by Gaines and Mawhin [3]. Recently, this theorem has been reported
to be more successful in solving multipoint BVPs for differential equations, see [2, 4, 5, 8,
9,10, 11].
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Let X and Y be Banach spaces, L: domL C X — Y a Fredholm operator of index zero,
P:X - X,Q:Y — Y projectors such that

ImP = KerlL, KerQ =ImlL, X =KerL @ KerP, Y=ImLeImQ. (2.1)
It follows that
Llgomznkerp : domL N KerP — ImL (2.2)

is invertible, we denote the inverse of that map by K,.
If Q) is an open bounded subset of X, domL N Q # @, the map N : X — Y will be called
L-compact on Q if QN(Q) is bounded and K, (I — Q)N : Q — X is compact.

THEOREM 2.1 (see [3]). Let L be a Fredholm operator of index zero and let N be L-compact
on Q. Assume that the following conditions are satisfied:
(i) Lx # ANx for every (x,A) € [(domL/KerL) N oQ] x (0,1);
(ii) Nx & ImL for every x € Ker L N 0€);
(iil) deg(AQN |kerr, QN KerL,0) # 0, where A : Y/ImL — Ker L is an isomorphism.

Then, the equation Lx = Nx has at least one solution in domL N Q.
We use the classical Banach space C*[0,T], let X = C"2[0,T] x C°[0,T] and Y =

C°[0,T] x C°[0,T]. Y is endowed with the norm [l y|l = max{||y1lw,lly2llw}, Where
lyill o = maxeqo,ry |yi(t)], X is endowed with the norm

xgn—Z)’

el = mae {1 oo 72 el 23)

Then, X and Y are Banach spaces. Let

domL = | (x1,x2) € C*1[0,T] x C'[0,T] :
A (2.4)
x7(0) = x0(T) for i = 0,...,n 2, 1:(0) = xa(T)}.

Define the linear operator L and the nonlinear operator N by

(n—1)
L:XNndomL —Y, L xi(t) - (" , (t) forx €e XndomlL,
-xZ(t) xZ(t)

NiX Y N<x1<t>>_ 8o (1) 23
' ’ 0®) "\ F(Ex10,x0),...x1" (1), ¢g (2(1)))

for x € X, respectively.

LemMa 2.2. The following results hold:
(i) KerL = {(x1(t),x2(t)) = (a,b), t € [0,T], a,b € R};

(i) ImL = {(y1 (), 2(D) €Y, [y yr(w)du =0 = [y y>(8)dt};
(iii) L is a Fredholm operator of index zero;
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(iv) there are projectors P: X — X and Q:Y — Y such that KerL = ImP and KerQ =
Im L. Furthermore, let QO C X be an open bounded subset with O N domL # @, then

N is L-compact on Q;

(v) x(t) is a solution of BVP (1.1)-(1.2) if and only if x is a solution of the operator
equation Lx = Nx in dom L.

Proof. The proofs are similar to those of lemmas in [2, 9, 8, 11, 10] and are omitted. For
y1 € C°[0,1], let xin_l)(t) = y1(t). We get

t t
() = ay o+ J y©)ds, I = apat+ans +J (t=9)y(s)ds.  (2.6)
0 0

It follows from xl (O) n=3) (T) that

T
aa=- (L (T s) yl(s)ds>. 2.7)

Similar to the above argument, we get

T )2
an_3=—%(j0 (L9 (s ) (28)

So, let

[ 2—_?
T

SRS

( (T—S)yl(S)ds>,
T - )

)/1(5)

S

1 (T (T—-s)n3 ai
== A Gimi)
“ T(L (n-3)! yl(s)d”i:zz i
We list P, Q, and the generalized inverse K, : ImL — domL N ImP:

P(x1(t),x2(t)) = (x1(0),x2(0)) for (x1,x2) € X,

QU (), y2(1)) = ( Jyl )ds, Jyz 5>d5> for (y1,y2) € (2.10)

Ky (y1(8),y2(1)) = <J0(t—5)”2y1(5)d5+ i ait",L yz(s)ds> for (y1,y2) € Y.
i=1
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THEOREM 2.3. Suppose the following conditions hold.

(A1) There are continuous functions e(t) and nonnegative functions g;(t,x) (i=0,1,...,
n— 1) such that f satisfies

n—1
| f(t,x0,%150xn-1) | < |e(®)| + Z | gi(t,xi) | (2.11)

i=0

forallt € [0,T] and (xo,X1,...,%4-1) € R" and

|gi(t:x)| _

lim sup =r;€[0,0) fori=0,...,n—1. (2.12)

x—o0 te[0,T] ¢(|X|)

(A;) There is a constant M > 0 such that if x; € C"2[0,T] and x, € C°[0,T] with
Ix1(£)] > M forall t € [0,T] and J, ¢~ (x,(s))ds = 0, then

T
JO f(s,xl(s),. . ,xi”fz)(s),gb*1 (xz(s)))ds +0. (2.13)

(A3) There is a constant M* > 0 so that for all a,b € R either

aq,’>‘1(b)+bJTf(u,a,O,...,0,q,’>‘1(b))du>0 (2.14)
0

forall |a| > M* or |a| < M* and |b| > M*, or

agb’l(b)+bJTf(u,a,O,...,0,¢>’1(b))du<0 (2.15)
0

forall lal > M* or |a| < M* and |b| > M*.
Then, BVP (1.1)-(1.2) has at least one solution, provided

n—2
rTo(T" )+ D rTe(T 1)+, T< 1. (2.16)

i1
Proof. To apply Theorem 2.1, we should define an open bounded subset Q of X so that
(1), (ii), and (iii) of Theorem 2.1 hold. It is based upon three steps to obtain Q. The proof

of this theorem is divided into four steps.
Step 1. Let

Q) = {x = (x1,x2) € domL/KerL, Lx = ANx for some A € (0,1)}. (2.17)

We prove that Q; is bounded.
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For x € Qy, it is easy to show that there is & € [0,T] such that xii)(fi) =0 fori=
1,2,...,n—1and thus x,(&,-;) = 0. Hence, for i = 1,...,n — 2, we get, for t > &, that

) ) T
00 = [+ [ Vo] < [ [0 as (2.18)
For t < &, similar to the above discussion, we get
T .
’xl ‘ < Jo )xglﬂ)(s) ) ds. (2.19)

So,
(1) (T (n—1) i (n—1) i
)M(MSTWHL‘M (5)|ds = T ||| = T (). (2.20)
Furthermore,
. (T
'xi’)(t) ‘ < T”_’_ZJ ’xi"ﬂ)(s) ‘ ds fori=1,...,n—2. (2.21)
0
On the other hand, L(x;,x) = AN (x1,x2) € ImL implies that
T T )
L)w*uxgyk:o, L)f@wﬁﬂ L (9,07 () )ds =0, (2.22)
It follows from (A, ) that there is fy € [0, T] so that |x; (fy)| < M. Hence, we can get
T
lx1()] < M+I |2 () |ds < M+ T ||| < MAT 9 (ll). (223)
0 [e)

It suffices to prove that there is a constant B > 0 such that

[ Gens22) || = max {1l s 16 oo 72| ol l2llio } < B2 (2.24)
For x € Q, we have

x%"il)(t Ap~ 1 (xa2(2)),

(2.25)
B5(8) = Af (621 (8, %1 (0,...ox" (1,07 (xa(1) ).
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Integrating the second equation in (2.25) from &,_; to t, we get, using (A;), that

|%:(1)] =

&)+ | Af (521(9,51 ()2 (), 07 (1a(5)) ) s
&1

< jOT | £ (521,51 ()" (5), 07! (12(9)) ) | ds (2.26)

n—-2
< LT le(s)|ds+ ,:zo JOT 'gi<5,x5i)(s)) ’ds+LT | gn-1(s,¢7 (x2(5))) | ds.

Integrating the first equation in (2.25) from &,_, to t, we get, similar to the above argu-
ment, that

|20 < [ D) |+ j N (0(9) |ds < T ([ el ). (227)
Then,
5" = To ([ xall..). (2.28)
Let € > 0 satisfy, using (2.16),

Me 2
1—(r0+€)¢< = )T¢ (T =S (ri+ ) TO(T" 1) — (s +€)T >0, (2.29)
i=1

For such € > 0, we find from the third part of (A4,) that there is a constant § > M such that
foreveryi=0,1,...,n—2,

|gi(t,x)| < (ri+€)¢(lx|) uniformly for ¢ € [0,T], |x| >,

g1 (65671 00) | < (ras+€) x| uniformly for ¢ € (0,71, $(Ixl) 55, >0
Let
Ayi={t:teo,1], |x()| <o}, i=0,1,...,n-2
Ay ={t:te(0,T), x| >8}, i=01,...,n-2
86 = quslg, x)|, i=0,1,...,n—2, o)

A]n 1—{t tE[OT |X2 t)| <6}
Ay ={t:t€[0,T], ¢(|x2(8)|) > 8},

= t,
,n-1 = [OT]\ = 6|g1 (/) |X2| |
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So,

lx2(8)] = JT |€(S)|d5+anT
J le(s) |ds+ZJ gz 5,11 (s) ‘d5+ZJ

+J | gu-1 (5,07 (x2(5))) |ds+J [gn-1 (5,071 (x2(5))) | ds
Ay A

1Ln—1

T n—1 n—-2 T
s{ |e(s)|ds+TZg5,i+ Z (rﬁe))[ ¢(

gi(sx'(9)) [ds+ | g1 (697 (2(60) | ds

g, S,X ) ds

. T
xgl)(s) ‘ )ds+ (rp_1+€) L |x2(s) | ds

n—1
j le(s) [ds+T S gos+ (ro+€) TH[M+T" ¢ (||xs][)]
i=0
n-2
+ 2 (ri+e)TH(T" ¢ (x| o)) + (a1 +€) T||x2] |

i=1

I le(s) |ds+ng51 (ro+€)TH(T" "o~ (||x2]l) (T’”¢]1VI(||9€2||)+1)

i=0
n—-2
+ 2 (ri+€) TH(T" (T xall ) + (1 +€) T (x2(5) ] -

i=1

(2.32)
Without loss of generality, suppose [|x; |l > 1/€. Hence,
A4€ n—1
|l |] < |€(S |dS+TZgaz (ro+€)g\ 1+ 1 ) TH(T ) |2,
=0 (2.33)

+ 3 () THIT )l 4 (e )T )

We get

n-2
(1—(r0+€)¢< 7{‘4 )T¢ (T )= (r+€)T(T" 1) - (rn1+€)T>||(x2(s))||oo
i=1

J le(s) |ds+TZg5,

i=0
(2.34)

By the definition of €, we get that there is constant A,_; > 0 so that [|x;]le < Aj,—1.
Now, we see that
[ “(|lxall,) = T 1¢ " (Apy) fori=1,...,n—2,
||x1||oo <M+T"'¢7 (|lwallo) = M+T" "¢ (An).

(2.35)
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This implies that there is B > 0 so that
| (x1,22)[| < B. (2.36)

Hence, Q; is bounded. This completes Step 1.
Step 2. Let

O, = {x = (x1,x2) € KerL, Nx € ImL}. (2.37)

We prove (), is bounded. Suppose x € Q,, then x(¢) = (x;(£),x2(t)) = (a,b) € R%. We
prove that |a| < M and |b| < M. Suppose that either |a| > M or |a| < M and |b| > M.
Nx € ImL implies that

T T
L ¢~ (xa(1))dt = 0, L f(bxa(),ex 2 (0,67 () )dt =0, (2.38)
Thus, we get b = 0 and
T
J f(:,0,...,0)dt = 0. (2.39)
0

From (A,), we know that |a| < M, this contradicts |a| > M. It follows that ), is bounded.
Step 3. If the first case in (A3) holds, let

Q3 = {x=(x1,x) € KerL, Ax+ (1 -A)QNx =0, A € [0,1]}. (2.40)

Now, we show that Q3 is bounded. Suppose that there is sequence y,(t) = (a,,b,) € Q3
and |a,| — +co or |b,| — +c0 as n tends to infinity. Then, there exists A, € [0,1] such that

1 (T 1 (T 5
(@b + (1= An) TL“’ (bn)ds,?L Fls,am0,s¢ L (b))ds ) = 0. (2.41)

So,

Anan = —(1=1,)¢" " (bn),

T (2.42)
AubaT = —(1—1,) L Fltyan0,...,0,¢ " (b)) dus.

We get

T
Anaﬁ+/\nbf,T=(l)tn)<an¢1(bn)+bnj f(u,an,O,...,O,qb1(bn))du>. (2.43)
0
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By the definition of y,, we know that either |a,| > M* or |a,| < M* and |b,| > M* for

sufficiently large n. We claim, for this n, that A,, # 1. Suppose that A, = 1. Then, we get
a, = b, = 0, a contradiction. So, A, # 1. Now, using (A3), we get

T
0<Ma+Ab2T=—-(1-1,) (a,,¢>l(bn) +an f(u,a,,,O,...,O,qS1(b,,))du> <0,
0

(2.44)
a contradiction. Hence, Q3 is bounded.
If the second case in (A3) holds, let
Q3 = {x=(x1,x) € KerL, —Ax+ (1 —1)QNx =0, A € [0,1]}. (2.45)

Similar to the above argument, we get that Q3 is bounded by (A3).

In the following, we will show that all conditions of Theorem 2.1 are satisfied. Let Q
be an open bounded subset of X such that Q > U?_;Q;. By Lemma 2.2, L is a Fredholm
operator of index zero and N is L-compact on Q. By the definition of Q, we have the
following:

(a) Lx # ANx for x € (domL/KerL) N 0Q and A € (0,1);
(b) Nx ¢ ImL for x € KerL N 0Q).

Step 4. We prove deg(QN |gerr, Q2 N KerL,0) # 0.
In fact, let H(x,A) = £Ax+ (1 — A)QNx. According the definition of Q, we know H (x,
A) # 0 for x € 0Q N KerL, thus by homotopy property of degree,

deg (QNkerr,Q2 N KerL,0)
=deg (H(-,0),Q2 N KerL,0)
=deg(H(-,1),QnKerL,0)
= deg(+I,Q N KerL,0) # 0.

(2.46)

Thus, by Theorem 2.1, Lx = Nx has at least one solution in dom L N Q, which is a solution
of BVP (1.1)-(1.2). The proof is complete.
|

THEOREM 2.4. Suppose the following condition holds.
(A}) There are continuous functions h(t,xo,x1,...,%,—1), e(t), nonnegative functions
gi(t,x) (i=0,1,...,n— 1) and positive number 3 and m such that f satisfies

n—1
f(tx0,%150 5 x0-1) = e(t) + h(t,x0,X15. ., Xn-1) + Zgi(t,xi), (2.47)
i=0

and also that h satisfies

xn,lh(t,xo,xl,...,xn,l) < —/))|Xn71 |m+1 (2.48)
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forallt € [0,T] and (xo,X1,...,%,—1) € R" and that g; satisfies

i(t, .
limsup Mzri, fori=0,1,...,n—-2,
xl—ooeefo)  1XI™ (2.49)
o1 (1 '
limsup &1 EO1

wlootefor] |G|

with r; = 0 for i = 0,1,...,n — 1. Furthermore, (A,) and (As) of Theorem 2.3 hold. Then,
BVP (1.1)-(1.2) has at least one solution provided

n-2
ro T =1 4 Z r T2 o, < B (2.50)

i=1
Proof. To apply Theorem 2.1, we should define an open bounded subset Q of X so that
(1), (ii), and (iii) of Theorem 2.1 hold. It is based upon three steps to obtain Q. The proof

of this theorem is divide into four steps.
Step 1. Let

Q) = {x € domL/KerL, Lx = ANx for some A € (0,1)}. (2.51)

We prove () is bounded. Similar to the proof of Theorem 2.3, we get (2.25). It suffices to
prove there is a constant B > 0 such that

)l = max el oo [l bl } < B @252)

We divide this step into two substeps.

Substep 1.1. We prove that there is constant M > 0 such that fOT ¢ (Ixa(s) )™ ds < M.
Multiplying the two sides of the second equation in (2.25) by ¢! (x,(#)) and integrat-

ing it from 0 to T, using (A} ), we get

T
0= ¢ u)uinde
0
T
:*L F(5:21(8),x1(),..ox" P (5),¢7 (32(5)) ) ¢ 1 (3x2(s)) ds

T
= ( Jo h(s,x1 (s),x (5),...,x§"72)(5),(/5*1 (xz(s)))g/f1 (x2(s))ds (2.53)

T

n=2 .rT )
+ ; L gi(sx”(s))g! (xz(s))ds+L e(s)¢™" (xa(s))ds

T
+L g,,1(s,¢l(xz(s)))¢1(x2(t))ds).
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Thus, from the second part of (A}),

A/;’J ([ xa(s)])]™ ds
—AJ h( s,xl(s),x;(s),...,xi"‘”(s),gzrl(xz(s)))wl(xz(s))ds

T (2.54)
‘AZ J g(5x47(9)4 7 a()ds 2 | gt (587 (2(60)) ¢! (1a(9)) s
£ [ et (a(9)ds
Hence,
T m+1
B, 167 (I )" ds
n=2 .rT )
= EL [i(5217(9) | 147" (xals)) | ds (2.55)
i=0

T 1
+J |gn-1(5,07" (x2(9))) | [ ¢! (x2(5)) |d5+J le(s)[¢7" (x2(s))ds
0 0

Let € > 0 satisfy
m n-2 .
B> (ro+e) (e + T"*zT'”/(’"“)> 0D £ 3 (ri+€) T D 4 (ryo +€). (2.56)

i=1

For such a € >0, we find from (A]) that there is a constant § > M such that for every
i=0,1,...,n—2,

|gi(t,x)| < (ri+€)|xI™ uniformly for ¢ € [0,T], |x| > 6,

m . (2.57)
|gn-1(t,x)| < (ra—1+€)|@(x)|" uniformly for t € [0,T], |x| > 6.
Let, fori=0,1,...,n— 2,

A= {t:te[0,T], |xD(t)| <6},

Ay ={t:te[0,T], |xD(t)] > 6},

8 = |&i(t%) |5
x|<é

o) (2.58)

Al)n,lz{tite O)T]) ¢(|x2(t)|)38}>
Ayi={t:t€[0,T], ¢(|x2(t)|) >},

8, |gi(t, (1 x2])) |.

B te[OT <o
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Then,
T m+1
B, 167 ()" ds
n—2
=3 [, felsst'@) 19 tato) s

ni:J ‘gz le 5) ‘|¢ Xz(S |ds

[ e @) 167 () lds
Ay
+J |gn-1(5:¢7 () [ 197 (x2()) [ s (2.59)
AP}
T
| le@ o7 () [ds

=S

n—2
i=0

f s )|ds+"f(r,-+e)f

+ g 1J |~ (x2(5)) [ ds+ (ru1 +€ I |61 (x2(s)) | " ds

1)) 197 (as)) |ds

+JO le(s)| |~ " (xa(s)) | ds.

It is easy to see that there is & € [0, T] so that xli)(f,-) =0fori=1,...,n— 1. Hence, for
i=1,..,n—2,weget

T
SJ
0

V)| =

(&) + J A (s)ds

() |ds. (2.60)

So, we have

(i)(t) ‘ < Tn-i—2 LT

X"V (s) ‘ ds

] (2.61)
- Tnfi—zj ¢ (|xa(s)])ds fori=1,...,n—2.
0

Similar to that of the proof of Theorem 2.3, from (A;), we see that

()] <M+J |%,(s) | ds = M + T 3J

Xy s)‘ds<M+T” ZJ | ¢ (x2(5)) | ds.
(2.62)
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Using

1/(m+1)

T T
Jo ¢~ 1(|x2(s) | )ds < T™(m*D (Jo |67 (x2(s)) |m+1d5> , (2.63)

we get
T m+1
B, 197 (xato) 1" ds

n—2 T 1/(m+1)
< > go T (J |~ (x2(5)) | m+ld5)
i=0 0

n—2

T m+1
+> (ri+e)Tmn=i=2 <L [ ¢~ (x2(s)) |ds>

i=1

T mo.r
+(r0+€)<M+T”2J0 |¢>1(x2(s))|ds> L | ¢~ (x2(s)) | ds

T 1/(m+1)
g [ ) 7
0
T ~1 m+1
+ (ry_1 +€) L o7 (x2(s)) |7 ds

T 1/(m+1)
+ [le]] oo T/ 1) (f [ ¢! (x2(s)) I'”“ds)
0
n—2 T 1/(m+1)
= 2 g, T (f 97" (2(5)) | ”’“ds)
0

i=0

n-2 T
£ 3 (e T [ g () | ds
i=1 0

T (m+1)1™
+(ro+€) [M+ T2/t <I |¢~" (x2(s)) | ’”“ds) ]
0

T Y 1/(m+1)
% Tm/(m+1) (JO |¢71 (Xz(S)) |m ds)

1/(m+1)

T +1
g7 ([ g7 ) 7 )
T +1
et e) | 167 () " ds

T 1/(m+1)
+ IIeIIwTW(’”“)<[ |9~ (xa(s)) |m+1d5>
0
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n—2 T 1/(m+1)
= 2 o T ([ 7! (2(5) I'”“ds)
i=0 0
n—2

i T 1
£ 3 (T [ () "
i=1 0

M
(I 1~ (xa(9)| """ ds)

+ (ro+€)T™0mtD ot

T T
<[ 167 o) 1" s g7 [ 7 et
0 0
T +1
+(rp 1 +€) Jo | ¢~ (xa(5)) | ds

T 1/(m+1)
+ |lello T 01 (J aEI0)) l’”“ds) .
0

Without loss of generality, suppose that

€

T 1/(m+1)
(Jo [¢~ 1 (x2(5)) |m+1ds) > M

So, we get

ﬁj HEEAOI) ]m+1ds

T 1/(m+1)
< Egs T ’”*“(j |¢7! (x2(5)) |’““ds>
0

i=0
n-2

+Z T,+€ Tmn i— Z)J |¢—1(x2(s))|m+1d5
0

i=1

+ (1’0+€) <€+Tnszm/(m+l)>me/(m+l)J |¢ X (S |m+1ds

T 1/(m+1)
+g5,n1:rm/<mﬂ>(j 167 (2(5) |’"“ds)
0

T
e | 197 Gea(e) " ds
0
1/(m+1)

T m+1
el [ 191 st )

+ Tn—z Tm/(m+1)

1/(m+1)
m+l )

(2.64)

(2.65)

(2.66)
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It follows that

n—-2
(ﬁ _ (T()+€) <€+ Tn—ZTm/(m+1)> T/ (m+1) _ Z (ri+€)Tm(n—i—2) _ (rn—l +€)>

i=1

T 1/(m+1)
< ga,iT’"/(m*l)(L |¢1(xz(s))|m“d5) (2.67)

T 1/(m+1)
+ |lell T 01 (J [~ (x2(s)) l’”“ds) .
0

By the definition of €, we know that there is M >0 so that

T
L |6~ (x2(5)) | "' ds < M. (2.68)

It follows that

JT |¢~ (x2(5)) | ™" ds < max {M, M} =: A. (2.69)
0

Substep 1.2. We prove that there is B > 0 such that ||(x1,x,)|| < B.
From Substep 1.1, we have

ngi)Hoc < nim2 JOT ‘xinil)(s) ‘ ds

T 1/(m+1)
< Tn—i—sz/(m+1)<J [¢—1(|x2(s) |)]m+ld5)
0

< Tn7i72Tm/(m+1)A1/(m+l) fori= 1’. = 2’ (270)

1/(m+1)

T
||3Cl||DQ <M+ Tﬂ3TM/(m+1)(JO [¢71(|x2(s) | )]deS)

<M+ Tn73Tm/(m+1)A1/(m+l).
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Now, we consider ||x;[|. Multiplying the two sides of the second equation in (2.25) by
¢~ (x2(t)), integrating it from &,_; to ¢, for &,_; < £, and using (A}), we get

2197 o)
M S5m0V (9,97 (129)) ¢ ()

t
:AL h(5,21(5),5, ()., 21" 2 (5),07 (12(5)) ) ¢ 1 (32(s)) s

n—-2 .t ) t
+/\ZJ gi<s,x§')(s)>¢*1(xz(s))d5+)LL Gn-1(5071(x2(5))) ¢ (x2(s)) ds
i—0 - =

A,BJ )" ds +AZJ g (55(9) 97 (xa(s)) ds
”L gn_l(s,qs-l(xz(s>)>¢-1(x2<s)>ds+AL e(5)¢~! (2(5)) ds
n—2 ¢ . t

SAZJ gi(s,xg’)(s)>¢*1(xz(s))ds+)tf e(s)¢ ! (xa(s))ds
i=0 fnfl Enfl

t

+/\J gn-1(5,07 1 (x2())) 7 (x2(s)) ds

< zo j

J |gn-1(5,07" (x209))) | [¢7" (x2(5)) | ds

-2

S J\
i=0 AL

[ 1ets) 147 (et s
J Hx2(9))) [ (x2(s)) | ds

g,sxl '(s) ‘|q5 (x2(5)) |ds+J le(s)| |~ (x2(s)) | ds

gl(sxl (s)“gb (x2(5)) |ds+ZJ ‘g,sxl s))“(/) (x2(5)) | ds

+JA2,HgH(s,¢ () 197 ((5) |ds
n—2 T n-2 T . m
szg&,f |¢—1(x2(s))|ds+Z(ri+€)J ’xy)(s)’ |1 (x2(5)) | ds
i=0 0 i=0 0

T T m+1
+ga,ﬂ71L |¢‘1(xz(5))IdS+(r;H+€)J0 | ¢~ (x2(5)) | ds

T
+\|e||wjo 16 (x2(5)) | ds.
(2.71)
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Similar to Substep 1.1, we can get

|¢ (x2(1)) |

n—2

T +1
< Zga,iTW(mH)(Jo [¢~ (xas)) | dS)

i=0

1/(m+1)

n-2

) T moer
+Z(r,~+e)Tm("_l_2)(Jo |¢_1(x2(5))|ds) JO | ¢~ (x2(5)) | ds

i-1

T 1/(m+1)
g ([ ) 7

0
+(rn_1+eJ [~ (xa(s)) | ™ 'ds

T mo.r
+(r0+(5)<M+T”2J0 |gb1(x2(s))|ds) Jo | ¢~ (x2(s)) | ds

T 1/(m+1)
+ llelloo TV (j [¢7" (x2(s)) |’””ds>
0
n—2 n—2
< Zg6iTm/(m+l)A1/(m+1) + Z (ri + G)Tm(n7i72)TmAm+1 +9 nile/(erl)Al/(erl)
i=0 i=1

m
+ (rn71 + E)A + (ro +€) <M+ Tnszm/(mH)Al/(mH)) Al/(m+l)
+ ”e”me/(erl)Al/(mH)_
(2.72)

So, there is M > 0 such that |x,(t)| < M fort > &,.

Especially, we get |x2(0)| = [x2(T)| < M. Thus, one gets by (2.25), after multiplying
the two sides of the second equation in (2.25) by ¢! (x,(#)) and integrating it from 0 to ¢,
fort <&, 1,

|¢ ()|

167 a0 I+ | £ (53163 ol (9187 (12090 67! (1a(6)) s

Do —

<

¢’1(M,)2+/1J0h(s,x1(s),xi( ekt (8), 97 (22(9)) ) ¢ (xa(s)) ds

Do | =

n—-2 .t ) t
+2 zj g,»(s,xi’)(s)>¢_1(xz(s))ds+AJ0gn_1(s,qﬁ_l(xz(s)))gb_l(xz(s))ds

+AJ ()" (x2(s))ds
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< %(p —)L[)’I |1 m+1ds+)t2jg, st) (xy(s))ds

+AJ gn-l(s,¢‘1(xz(S)))¢_1(xz(S))dS+AJ e(s)¢p " (xa2(s))ds
0 0

n—-2 T
<2670+ 3 [ [a(sx09) | 167 () ds

i=0 70

T
b g (g7 ) 197! (xa(s) |ds
0

1
+ | 1e9 () ds
(2.73)

Similar to the above discussion, there is M > 0 such that |x,(t)| < M for t < &,. It
follows that

| (xe1,x2) || < max { T2/ AV D2, -2,

. (2.74)
M+ TH—STm/(m+1)A1/(m+1))M’M ,M } = B.
Hence, Q; is bounded. This completes Step 1.
Step 2. Let
O, = {xeKerL, Nx € ImL}. (2.75)
Similar to the proof of Step 2 of Theorem 2.3, we can prove (), is bounded.
Step 3. Let
Qs = {xeKerL, +tAx+(1 -1)QNx =0, A € [0,1]}. (2.76)

Similar to that of the proof of Step 3 of Theorem 2.3, we can show that Q3 is bounded.
The remaining step, Step 4, is similar to that of the proof of Step 4 of Theorem 2.3 and
is omitted.
Thus, by Theorem 2.1, Lx = Nx has at least one solution in domL n Q, which is a
solution of BVP (1.1)-(1.2). The proof is complete. O

Remark 2.5. In Theorem 2.4, if f is a polynomial, the degrees of the variables xy,x;,...,
Xn—1 in function f are m, m may be greater than 1.

Remark 2.6. It is easy to obtain the existence results for solutions of problem (1.9) and
the following periodic boundary value problem:

W(t) = f(t,x(6),5 (0),..,.x" (1)), te[o,T],

. ) (2.77)
x(’)(O) = x(’)(T), i=0,1,...,n—1.

We omit the details since they are similar to Theorems 2.3 and 2.4.



Y. Liuand W. Ge 21

Acknowledgment

The first author is supported by the Science Foundation of Educational Committee of
Hunan Province and both authors by the National Natural Science Foundation of China.

References

[1] A.Cabadaand R. L. Pouso, Existence results for the problem (¢(u'))" = f(t,u,u’) with nonlinear
boundary conditions, Nonlinear Anal. Ser. A: Theory Methods 35 (1999), no. 2, 221-231.
[2] W. Feng and J. R. L. Webb, Solvability of three point boundary value problems at resonance,
Nonlinear Anal. Ser. A: Theory Methods 30 (1997), no. 6, 3227-3238.
[3] R.E. Gaines and J. L. Mawhin, Coincidence Degree, and Nonlinear Differential Equations, Lec-
ture Notes in Mathematics, vol. 568, Springer-Verlag, Berlin, 1977.
[4] C.P Gupta,S. K. Ntouyas, and P. C. Tsamatos, Solvability of an m-point boundary value problem
for second order ordinary differential equations, J. Math. Anal. Appl. 189 (1995), no. 2, 575—
584.
[5] V. A. Il'in and E. I. Mojseev, Nonlocal boundary-value problem of the first kind for a Sturm-
Liouville operator in its differential and finite-difference aspects, J. Differential Equations 23
(1987), no. 7, 803-811.
[6] I Kiguradze, On periodic solutions of nth order ordinary differential equations, Nonlinear Anal.
Ser. A: Theory Methods 40 (2000), no. 1-8, 309-321.
[7] H.-W. Knobloch, Eine neue Methode zur Approximation periodischer Lisungen nicht-linearer
Differentialgleichungen zweiter Ordnung, Math. Z. 82 (1963), 177-197.
[8]  B. Liu, Solvability of multi-point boundary value problem at resonance. II, Appl. Math. Comput.
136 (2003), no. 2-3, 353-377.
[9] —, Solvability of multi-point boundary value problem at resonance. IV, Appl. Math. Com-
put. 143 (2003), no. 2-3, 275-299.
[10] B.LiuandJ. Yu, Solvability of multi-point boundary value problem at resonance. III, Appl. Math.
Comput. 129 (2002), no. 1, 119-143.
, Solvability of multi-point boundary value problems at resonance. I, Indian J. Pure Appl.
Math. 33 (2002), no. 4, 475-494.
[12] R. Manésevich and J. Mawhin, Periodic solutions for nonlinear systems with p-Laplacian-like
operators, ]. Differential Equations 145 (1998), no. 2, 367-393.
[13] FE I Njoku and P. Omari, Singularly perturbed higher order periodic boundary value problems, J.
Math. Anal. Appl. 289 (2004), no. 2, 639-649.
[14] K. Schmitt, Periodic solutions of nonlinear second order differential equations, Math. Z. 98 (1967),
200-207.
[15] S. Sedziwy and R. Srzednicki, On periodic solutions of certain nth order differential equations, J.
Math. Anal. Appl. 196 (1995), no. 2, 666-675.
[16] X. Yang, Upper and lower solutions for periodic problems, Appl. Math. Comput. 137 (2003),
no. 2-3, 413-422.

Yuji Liu: Department of Mathematics, Hunan Institute of Science and Technology, Yueyang, Hu-
nan 414000, China

Current address: Department of Applied Mathematics, Beijing Institute of Technology, Beijing
1000811, China

E-mail address: liuyuji888@sohu.com

Weigao Ge: Department of Applied Mathematics, Beijing Institute of Technology, Beijing 100081,
China
E-mail address: gew@bit.edu.cn


mailto:liuyuji888@sohu.com
mailto:gew@bit.edu.cn

