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We generalize and develop the Korovkin-type approximation theory by using an appropriate abstract space. We show that our
approximation is more applicable than the classical one. At the end, we display some applications.

1. Introduction

The classical Korovkin theory enables us to approximate a
function by means of positive linear operators (see, e.g., [1-
3]). In recent years, this theory has been quite improved by
some efficient tools in mathematics such as the concept of sta-
tistical convergence from summability theory, the fuzzy logic
theory, the complex functions theory, the theory of g-cal-
culus, and the theory of fractional analysis. The main purpose
of this paper is to generalize and develop this Korovkin theory
by using an appropriate abstract space. Actually, the most
important motivation of this study has its roots from the
paper by Yoshinaga and Tamura [4]. In the present paper, we
show that our new approximation is more general and also
more applicable than that of [4].

Throughout the paper the following assumptions are
imposed:

(i) (X, %) is a Hausdorft uniform space provided with
the uniform structure (X, %);

(ii) % is the filter of the surroundings containing the diag-
onal A = {(x,x) : x € X}in X x X;

(iii) & is a vector space of real-valued functions defined
on X including the constant-valued function e;(x) =
L

(iv) Y is a compact subspace of X;

(v) L, is a positive linear operator of % into R" for each
neN;

(vi) A := [ajn] is a nonnegative regular summable matrix.

Assume further that there exists a certain real-valued
function F(x, y) satistying the following conditions:

(i) F(x,y) >0o0on X xY and F(y, y) = 0 for each y € Y;

(ii) F, € & for each y € Y, where F,, is the function on X
defined by Fy(x) = F(x, y);

(iii) for each y € Y, Fy(x) is continuous with respect to x
at each point in Y;

(iv) p(U) = inf F(x, y) > 0foreachU € %, where the infi-
mum is taken over (X xY) — U;

(v) there exist y;, y, € Y, y; # y,, such that F, (x) and
F, (x) are bounded functions of x, and it holds that

-t (5,) -5, <0
sty —lim|L, (F,,) - F,| =0, 0
sty — lirlln (suan (Fy; y)) =0,
yey
where the symbol | - | denotes the classical sup-norm on the

compact set Y. Here, we use the concept of A-statistical con-
vergence, where A is a nonnegative regular summable matrix.
Recall that, for a given subset K of N, the A-density of K,
denoted by §,(K), is defined tobe §,,(K) = lim; _, o, ¥cx @jn
provided that the limit exists. Using this A-density, we say that
a sequence x = (x,,) is A-statistically convergent to L if and
only if § ,(K(¢g)) = 0 for every € > 0, where K(¢) := {n € N :
|x,—L| > €} (see [5]). Inthe case of A = C,, the Cesaro matrix,



it reduces to the concept of statistical convergence introduced
by Fast [6]. Of course, if we take A = I, the identity matrix,
then we get the ordinary convergence.

We should note that if, for each y € Y, Fy(x) isabounded
function of x for which

ix)—F, (x)|> =0 )

holds, then we get the conditions in (v).

Then, with the above terminology, Yoshinaga and Tamura
[4] proved the following approximation result (in the case of
A=1).

sty —lim ( sup lL

x,y€Y

Theorem A (see [4]). Let f be a bounded real-valued function
on X and continuous at each point in Y. Then, if f € F, the
sequence {L,,(f)} is uniformly convergent to f on'Y.

2. Statistical Approximation Theorem

In this section, we obtain the statistical analog of Theorem A
in order to get a more applicable approximation theorem.
We first need the following three lemmas.

Lemma 1 (see [4]). Let V be an open subset of X x Y
containing Ay := AN (X x Y). Then, it is possible to see that
UN(X xY)cV forsomeU € %.

Lemma 2. The sequence {||L,,(ey)|} is A-statistically bounded;
that is; there exist a positive real number M and a subset K ¢ N
having A-density 1 such that

IL, (e)| <M for every n e K. (3)

Proof. For the points y,, ¥, given in (v), we can take U, € %
so that (y,, y,) ¢ U,. Now, choose U € % such thatU = U™
and U o U c U,,. Then, we observe, for every x € X, that

F, (x) + F, (x)=pU). (4)

Hence, we get, for each y € Y and for everyn € N, that

L,(E;y)+L,(F;y)2p@U)L,(esy) 20, (5)

which implies that

pU)L,(e0:y) < |L, (F)3¥) - F,, (3)]
L,(F2)-E,(0  ©
+{F, () +F, 0}

Taking supremum over y € Y and also letting

+

1
M=) |£,, +E, [ )
we obtain, for every n € N, that
”L 60)" (U) ” (F)’1) N FJ’l “
(8)

1
O |L.(E,,) - B, | + M.,
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Now, for a given & > 0, define the following sets:

K, = {ne N:|L,(E,)-F,| = spiU)},
) €
Kzzz{neN:|Ln(Fy2)—Fy2 28’)2 }
Then, from the conditions in (v), we may write that
5, (Ky) =0, (K;) =0. (10)
Now setting
K:=N-(K,UK;), (11)
we immediately get that
8, (K)=1. (12)

Furthermore, it follows from (8) that, for every n € K, that is,
n¢ Kyandn ¢ K,,

IL, (e)] <&+ M, =M, (13)
which completes the proof. O

Lemma 3. Let g(x, y) be a real-valued and bounded function
on X x Y, and let g be continuous at each diagonal point
(y,y) € Ay. For each y €Y, define the function g, on X by
gy(x) = g(x, y). Assume further that g, € F and g,(y) = 0
foreach y € Y. Then, one has

stA—lirIln (sup'Ln (gy;y)|) =0. (14)
yey

Proof. Since g is continuous at any diagonal point (y, y) €
Ay, for every € > 0, there exists an open neighborhood V'(y)
of y in X such that

g9 (. p)| =g (%) =g (ny) <e (15)
for every (x, y) € V(y) x (V(y)NY). Now, if we define the set

V by
vi={J{v

Y V(y)nY)}, (16)

then we easily see that V is an open subset of X X Y containing
the diagonal A y. Also, it follows from Lemma 1 that U N (X x
Y) c V for some U € %. Now, setting

C:= sup
(x,y)exxy

|9 (x, J’)| > 17)

we get, for every (x, y) € X x Y, that

g (x. )| <e+ (CU) F, (x), (18)
which in turn implies that
Ly (9 9)| = Lu(lgy ] )
(19)

C
<eL,(epyy)+—=L,(F;y).



Journal of Applied Mathematics

Thus we conclude that, for every n € N, the inequality

C
sup L, (9,7)] < ellL, (eo)] + S (Fsy) (o)

holds. By Lemma 2, there exists a positive real number M and
a subset K of N having A-density 1 such that

Ly (g,7)] < Me + ——supL, (Fy) (1)
yeYy

Su
e p (U)

holds for every n € K. Now, for a given r > 0, choose ane > 0
such that r > Me. Then, considering the following subsets of
N:

D := {n eN: sup|Ln (gy;y)| > r]» >
yey

(22)
D’ = {1’1 e N : Suan (Fy)y) > M}
yey C

and also using (21), we have DN K ¢ D' nK ¢ D', which
gives, for every j € N, that

< < < )
0 ) ap< ) aps< ) a, (23)
neDNK neD'NK neD’

Taking limit as j — oo in both sides of the last inequality
and also using (v), we obtain that

7 neDnk

Furthermore, we may write that

Z“jf Z%ﬁ Z jn

neD neDNK neDN(N-K)
(25)
< Z Aj, + Z Ajp-
neDNK ne(N-K)

Since §,4(K) = 1, we get § ,(N — K) = 0. Thus, by (24) and
(25), we obtain that

llm Z a]-n = 0, (26)
) neD

which means

L, (g, y)|) =0. (27)

sty —lim (sup
i yey

Therefore, the proof is completed. O

Now we are ready to give our main approximation result
in statistical sense.

Theorem 4. Let f be a bounded real-valued function on X and
continuous at each point in Y. Then, if f € &, one has

sta=lim|L, () - f] =o0. (28)

Proof. As in the proof of Lemma 2, we take U,, U € % such
thatU = U, (y,,¥,) ¢ Uy, and U U ¢ Uy, where y,, y, are
given in (v). Let

G(x) = F (% 31) + F(x,35),

LG PO
g(x.y) = f(x) G(y)G()

for (x, y) € X x Y. Then, we see that G € &, and so 0 <
p(U) < G(x) < C for some C > 0 due to the boundedness
of the functions F,, and F, on X. Also, observe that g, € F
and g,(y) = 0 for each y € Y. Since f and G are continuous
at any point y € Y and also G(y) > p(U) > 0, we easily
check that the function g(x, y) is continuous at each point
(y,y) € A,. Since f is bounded on X, we may write that
M :=sup, x| f(x)| < co. Then, it is not hard to see that

M C (30)

for every (x, y) € X x Y. From Lemma 3, one can get that
sty — lim (sup |L,1 (gy;y)') =0. (31)
yey

On the other hand, by (29), we have

f ()

gy (x) = f(x) - m (Fyl (x) +F, (x)) > (32)
which yields that
L,(9,57)=L,(fy)
)
-—=— (L _(F, ; L,(F,; .
F, (7)+F, () ( n( b2 y)+ ( 2 y))
(33)
Hence we get
L,(fiy)-f(y)
)
=L : _JNV
n(gy )’)ery1 (»)+F, () (34)

X {(Ln(Fyl;y)_Fyl (y))
+ (Ln(Fyz;y)_Fyz (y))}

Taking supremum over y € Y, we immediately obtain that

I, (f) - f] < sup L. (g, 7))

L, (Fyl) _Fy1|| (35)

+ L. (B,) - B[}

M
+m{'




Now, for a given & > 0, define the following sets:

B {neN: L, (F)- £ > ¢},

]
(36)
Baim fnen: i (6,) -5 | = 22,
E3—{neN Iz, (E,) ||z€’;](g)}.
Then, it follows from (35) that
ECE UE,UE;, (37)

which guarantees that, for any j € N,

DA S YAt Y At ) (38)

neE neE, neE, neE;

Now letting j — o0 and also using (v) and (31), we conclude
that

lim a;, =0, (39)

neE

which is the desired result. ]

3. Concluding Remarks

If we take A = I, the identity matrix, in Theorem 4, then we
easily get Theorem A. Hence, one can say that Theorem 4 cov-
ers Theorem A. However, if we take A = C,, the Cesaro mat-
rix, and also define the sequence (u,,) by

1, n=m?, meN, (40)
u, =
" 0, otherwise,

then we observe that

ste, —limu,, = st —limu, = 0 (41)

although it is nonconvergent in the usual sense. Now, assume
that {L,} is a sequence of positive linear operators satisfying
all conditions of Theorem A. Then, using (u,,) and (L,,), we
construct new operators T,, as follows:

T, (f) = (1 +u,) L, (f)

In this case, we verify that our operators T, satisty all condi-
tions of Theorem 4 due to property (41). Thus, we may write
that, for every f € &,

for every f € #. (42)

st-lim [T, () - f]| = 0. 43)
However, since the sequence (u,,) given by (40) is noncon-
vergent, approximating a function f € & by the operators T,
is impossible. This example clearly shows that Theorem 4 is a
nontrivial generalization of Theorem A.

Now we give some significant applications of Theorem 4.
As usual, by C(X) we denote the space of all real-valued con-
tinuous functions on X.
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Corollary 5 (see Theorem 3.5 of [7]). Let X be a compact
Hausdorff space, and let f,, f,,..., f,, € C(X) satisfy the con-
dition that there exist g, g5 - - . » G, € C(X) such that defining
P(x,y) == Y, g:(») fi(x) for every x,y € X, it holds that
P(x,y) > 0and P(x, y) = 0 if and only if x = y. Assume that
{L,} is a sequence of positive linear operators from C(X) into
itself. Assume further that, for a given nonnegative regular sum-
mable matrix A = (@],

Sta— h,l;n ”Ln (fz)

—ﬁ" =0 foreachi=1,2,...,m. (44)

— lim, |IL,(f) - ] =
=C(X), X =Y,and F(x, y) =

Then, for every f € C(X), one has st ,

Proof. Take F
since

P(x, y). Then,

L, (Pyx)~P (x)—Zgl L, (fsx) - fi ()}, (45)

we observe that
sup [L, (Bix) = B, (0] < CY L, (f) - £l (46)
e i=1

where C := max,_;_,,[lg;ll. Now, for a given ¢ > 0, consider
the following sets:

B := {neN: Ln(Py;x)—Py(x)'zs},

x,y€X

B {neN: L (f) - £l = o) i=n2m

(47)
Hence, inequality (46) implies that
m
Bc| JB, (48)

which gives, for every j € N, that

Zam = Z Z Ajn- (49)

neB i=1n€eB;

By (44), we obtain that

sty — lirIanajn =0, (50)

neB

which gives

sty — llm( sup |L ) -P, (x)|) =0. (51)

x,yeX

Thus, the last equality means that condition (2) is valid for the
function P(x, y). As a result, all hypotheses of Theorem 4 are
satisfied. O

If we take A = I, the identity matrix, in Corollary 5, then
we immediately get the classical result (see, e.g., [3, page 22]).
In algebraic case, we consider the following test functions:

e;(x) = x', i = 0,1,2. Then we get the next result.
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Corollary 6 (see Corollary 2 of [8]). Let{L,} be a sequence of
positive linear operators from Cla, b] into itself. If, for a given
nonnegative regular summable matrix A = [aj,],

sta=lim||L, (e;) — ¢ =0 foreachi=0,1,2, (52)
then, for every f € Cla,b], one has st , —lim,||L,,(f) - flI.

Proof. If we take X = R, Y = [a,b], F = Cla,b], and
F(x,y) = (y - x)?, then we observe that all conditions of
Theorem 4 are satisfied. O

Of course, if A = C,, the Cesdro matrix, in Corollary 6,
then one obtains Theorem 1of [9]. Furthermore, taking A = I
we get the classical theorem (see [2]).

Finally, asin [4], Theorem 4 also contains the trigonomet-
ric version of Corollary 6 introduced in [10].
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