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By using the time-switched method and the comparison theorem, we derived a criterion of delay-dependent stability for the
switched large-scale time-delay systems. To guarantee the exponential stability for the switched large-scale time-delay systems with
stability margin A, the total activation time ratio of the switching law is determined. An example is used to illustrate the effectiveness

of our result.

1. Introduction

Switched systems can be fully described by a class of con-
tinuous-time subsystems (or discrete-time subsystems) and
the rule deciding the switching between them. It is most
frequent that the switching among multiple subsystems are
involved in the control process of practical systems. Many
examples with that switching nature can be found in the
applications like power systems, chemical process control
systems, navigation systems, and automobile speed change
systems. In the study of switched systems, most works mainly
dealt with stability. In the past twenty years, we have seen
increasing interest in the stabilization of such systems; please
refer to, for example, [1-4] and the references therein. Two
important methods, the state variable methods, and the time-
switched methods are often used to construct the switching
law for the switched systems stabilization. The state variable
methods look for a common Lyapunov function shared by
all subsystems; the overall system stability is assured when
such Lyapunov function exits, regardless of the switching
strategy selected. However, a common Lyapunov function
cannot be easily found; hence, finding of a restricted class of
switching laws under which switched systems can be made
stable became the focal point. On the other hand, for the
time-switched method, the concept of dwell time plays a
central role. Recently, there are notable breakthroughs made

in several works based on the method of dwell time. It was
shown that when all subsystem matrices are Hurwitz, then
the overall switched system is always exponentially stable if
the time between consecutive switching (dwell time) is suffi-
ciently large. It was demonstrated in [5] that switching among
stable linear systems yields a stable system when the switch-
ing is “slow-on-the-average” When unstable subsystems of
switched systems are present, if the average dwell time is
sufficiently large and the total activation time of unstable sub-
systems is relatively short in comparison, then exponential
stability of a desire degree is ensured in [6]. Reference [7] pro-
posed stability conditions using the concepts of minimum/
maximum holding time and redundancy of each subsystem
which was involved instead of the multiple Lyapunov func-
tions. A different “time-varying” or “adjustable” dwell time to
deal with switched nonlinear systems with disturbances was
studied in [8].

It is well known that the presence of time-delays is
inevitable in applications like chemical process control, long
distance transmission lines, hybrid procedures, and elec-
tronic networks. Time delays may lead to poor performances
or even instability (see, e.g., [9, 10]). Hence, we consider the
stability issue of switched time-delay systems well worthy of
research. Also, a large-scale system is often considered as a
class of interconnected subsystems. This aspect reduces the
complexity in stability analysis. Recently, different methods



have been used to investigate the stability and stabilization
of large-scale time-delay systems [11]. In view of all these, we
consider that the stability of switched large-scale time-delay
systems needs to be thoroughly studied [12].

In this paper, we intend to use the time-switched method
and the comparison theorem to derive a sufficient stability
conditions with delay-dependence for the switched large-
scale time-delay systems. The total activation time ratio under
the switching law is required to be no less than a preset con-
stant. Finally, we will present one simulation example to show
the effectiveness of our result. The following notations will be
used throughout the paper: A(A) stand for the eigenvalues of
matrix A, || Al denotes the norm of matrix A; that is, | Al =
Max[MATA)] 12 u(A) denotes the matrix measure of matrix
A; that is, u(A) = Max[A((A + AT)/2)].

2. System Description and Problem Statement

Consider the switched large-scale time-delay systems

N N
xi (t) = Aa(t)ii'xi (t) + ZAa(t)ijxj (t) + ZBB(t)ijxj (t - T) >
j#i Jj=1
j=1

xi (t) = Wi (t) > te [_T) 0] >

@)

where x;(t) € R" is the state vectors of the ith subsystem, i =
1,2,...,N, N is the number of subsystem for each individual
system, n = Zfil n; is the dimension of individual system,

x(0) = K@) <L) - xLm1 € R and Agg i Asys
and By ;; are matrices of compatible dimensions. 8(f) :
[t;,00)  —  {1,2,...,r} is a piecewise constant func-
tion of time, called a switch signal, r is the number
of individual system; that is, the matrix Ay ; switches
between matrices A, ;;, A, i»-.., A, ; belonging to the set
A= {A A A b and Ay 1 oe {1,2,...,1), the
matrix By j; switches between matrices B, dp Baijp o> By
belonging to the set B = {B,;;,B, ..., B, ;;} and B,
and T > 0 is time-delay duration. y;(f) is a vector-valued
initial continuous function defined on the interval [-T, 0],
and finally y;(t), defined on —7 < t < 0, is the initial condition
of the state. Assume r > N.

Hence, the switched large-scale time-delay system (1) can
also be written as

N
x; (1) = Apx; () + ZALiij' ®)

j#i

=1 (2)

N
+ Y Bx;(t-1) le{l2,....1}.
i1

As we have indicated earlier, very few research articles
have ever addressed the stability issue of the switched large-
scale time-delay system (1). Some existing results from the
literature are helpful for further stability analysis.

Consider the time-delay system

x(t)=Ax(t)+Bx(t-1), (3)
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where x € R", A and B are matrices in proper dimensions,
and 7 is the delay.

Lemma 1 (see [13]). For matrices A € R™", B € R, the
following relation holds:

||e(A+B)t HASB)

|<e t>0. (4)
Lemma 2 (see [14]). Let #(t) < —ar(t) + Bsupr(w) fort > 0
and if« > 5 > 0. Then there exista & > 0 and an > 0 such
that r(t) < ne ™) fort > 0.

Without loss of generality, we assume that the switched
large-scale time-delay system (1) at least has one individual
system whose p(A; ; + B; ;) values, i = 1,2,..., N, are less
than zero, and

A; = min (|P’ (AL + Bl,ii)l)

1<l<r,

when p (A + B;) <0,
(5a)

)\,T:

1

max (u(Ap;+B;;)) when u(A;;+B ;) =>0.
ri+1<I<r
(5b)

We assumes T:(t) (or T; (t)) is the total activation time
of the ith subsystem whose (A, ;; + B, ;) values are no less
than zero (total activation time of the ith subsystem whose
u(A; ;; + B ;) values are less than zero). The switching law of
the ith subsystem can be defined as follows:

T @] AT +A]
n 2 — >
2ty | TS (t) A7 = A}

(6)

where A; € (0,A;), A} € (A,4;), 1 <i<N.

Moreover, T~ (t) (or T*(t)) is the total activation time of
individual systems whose u(A; ; + B; ;) values are less than
zero fori = 1,2,..., N (the total activation time of individual
systems at least has one subsystem whose p(A; ;;+ B, ;) values
are not less than zero). The total activation time ratio between
T™(t) and T"(t) can be regarded as a switching law of the
switched delayed large-scale system (1). Thus, we examine
the following problem: finding the total activation time ratio
T~ (t)/T"(t) which guarantees that the switched large-scale
time-delay system (1) is globally exponentially stable with
stability margin A.

Furthermore, we define an auxiliary matrix as follows:

y@)=Cy({t)+7E sup y(w), @)

t—27<w<t

where y(t) = [y,(t) »,() y®1F, yi(t) € R, C =
[c;] € RVN ¢ = —A,i =], G = ai’;, andi#jfori,j =
1,2,..., N, where ai’;. =max_y, (1A, ;+B;l), E= [e;‘j] €
RV, and e; = maxl:l,z,...,r[ZZ:I(BlJmAlJnj + By iy B

A sufficient condition for stability of the switched large-
scale time-delay systems (1) is established in the following
theorem by using the time-switched method.

.....
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3. Main Results

Theorem 3. Suppose that the switched large-scale time-delay
system (1) exists at least an individual subsystem whose
u(A; ;i + By ;) value is less than zero. The switched large-scale
time-delay system (1) is globally exponentially stable with stabi-
lity margin A for 0 < © < A/||E|, if the system (1) satisfies the
following switching law:

) T (t) T; (t)
inf [T+ (t)] - ;na§,<T (®) ) ®

where A = min,_;_n(A,).

Proof. We can obtain the following equation:

x(t—1)=x;(t) - Jt x; (s)ds

t—1

t

N
= x; (t) - L Y Apx;(s) ©)
.| &

j:

N
+ZBlijx]- (s—1)|ds.
=1

Therefore, the switched large-scale time-delay system (1) can
also be written as

N
X (t) = Apux; (1) + ZAlijxi ®)
iFi
=1

N
+ ZBUJ' ‘[xzj )
j=1

t
J;—-r

N
Z Al,jmxm (5)
m=1
N
+ Z By jmXp (s = T) ds] } (10)
m=1

N

= ALix; () + ) Apx; (b)
Jj#i
j=1

i t
- Bl‘.J
j=1 R

N
Z Al jmXp (s)
m=1

T

N
+ Z B jmXp (s —T)ds |,

m=1

where Al,ii = Alii + Bl,ii and Aljj = Aljj + Bl,ij'

=e

x; ()

- _ _
. J Anan ) e ilta=ta ) || Ay i(ti=s)
f

N

x Y A, x;(s)ds
j#i
=1

1

N
X ZAPZij]- (s)ds
j#i
=1

t N
A, it=)\ A
+J. e’ a1 ZAdeJixj (s)ds
ta j#i

o _
_ J eAde,ii(t*td) . eAplji(h*S)
ty

N s N
X ZBPkij J Z Apl,jmxm 0)
j=1 T Lm=1

N
+ Z B‘.’r‘nxm @-1)
m=1

J

t, _ _
— J eAPdHJ"(titd) e eAPzii(tzis)
t

1

N s N
X ZBPH'J' J Z Aszfmxm (6)
j=1 T | m=1

t N
A ;i (t=s) Z
— Pd+1-it ..
J; € ’ deﬂll
d

1
s N

S| XA ©
=T | m=1

N
+ ZprMjmxm (0-1)|dods,

Xpdﬂ,ii(f—fd)ezpd,ii(td_td—l) . Zplji(tl_tﬂ)xi (to)

t, _ _ _
+ J eAde,ii(t*fd)eApd,ii(td*tdfl) . eApzji(tz*S)
t

Hence, the solution of the system (10) can be expressed as

N
+ Y By X (0 - 1)] do ds

(11)



where p; € {1,2,...,r}. Let

v; (t) = eZPdnJ"(t_td)ezpdi"(td_td”) .e Apy;; to) (tO) . (12)

Performing the norm on both sides of (12) and in view of
Lemma 1, we can obtain

"V (t)H < e Pd+141(t ta)ll

x e||Apd,ii(td*td71)|| . e||Aplji(t1*to)|| v, (to)

< e/"(APHlii+BPi+1J‘f)(t7tf)
(13)

x e.M(Api,x‘i"'Bpiji)(ti_ti—l) L el‘»(Apl,ii*'Bplji)(fl—to)

x[vi (®o)l

< MU NT ) 1y ()]

Furthermore, the switching law (6) of the ith subsystem can
become as

MT! () - AT () <=M (T (0) +T; (1) = -A; (£—1,).
(14)

Hence, the following inequality can be obtained:
v @] <e At lv: (t)|l < e v, (). (15)

Using the properties of matrix norm, we can obtain the fol-
lowing inequality:

/ J B, [A,x(0) + Bx (0 - 7)] d6

<[ (aslion+ |E]e-nia 00

< 71E; sup
$s—27<0<s

(EACHP

where E; = [|A;B;]| + |B}|, 1 <i< N.
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Hence, performing the norm on both sides of (11) and in
view of Lemma 1, we can obtain

| @)

<M x (1)

o &
+J e M 7S)Za,*.
f j#i

j=1

2 e )N
+J e MU Za.*.
ty j#i

j=1

t N N
ot J e "(H)Zaf
2 j#i

j=1
LY A(t-s) RN
+ L L . Z Z “Bpl i py J"’“
0 j=1m=1
X ||x, O] + “Bpl j°py Jm“

x|, (6 -7 )] do ds

t —/1 (=) N N
! L s L T |:Z Z “BPz L py jm“

j=1m=1

—

X [0 O + By, 15Bp, i

x|, (e—r)||)] dods

N
> (B g

m=1

™=z

t s
N J o hit=9) j
tg

I
—_

j

x [lx,,, )] + “de i py Jm"

x|, 01| )] d6 ds

t
g Mttt [l ()| + J e Mt S)Za
t,

o j#i

j=1
t N
+J %OQJ Z
to =T

Mz

(Bt

3
I

j=



Journal of Applied Mathematics

X [, (9)"+||de 143 pa Jm"

x|, 0 =) )} do ds

t
< g Mttt [l ; t0)||+J- ”Za
t

o j#i
j=1

tS)Zel] sup "x (0)" ds.

t
v | e
to i

s—27<0<s
(17)
Let
t N
50 =yl + | Y gy ] ds
to j#i
j=1
(18)

Then, (18) is the solution of the following system:

3 ®) =Xy 0+ g%% ® +Tzeut sup 3 0)- ()
j#i _ T<0<t
j=1

Hence, the exponentially stability of y;(¢) implies that of x;(t)
by the comparison theorem. Furthermore, the system (19)
also can be expressed as the system (7). It is clear that if
the system (7) is stable and the switching law is as (8), then
the switched large-scale time-delay system (1) is also globally
exponentially stable with stability margin A. O

4. An Illustrative Example

Example 4. Consider a switched large-scale time-delay sys-
tem composed of three individual switched systems.
Individual system 1 (I = 1):

x, () = [48 27] x, (1) + i :2] x, (t-7)
" [8:? 0%2]’“2 (t)+[ ]Xz (t-7)

¥ [—8.2 _()(?'31]"3 ®+ [ Iy _—Oig]xS =7,
50 |07 03]mO+| G5 03] me-n
o I PR Byl PR

loa 070+ o7 G5 ma-n.

= 33 7w [ 82
0o [ 2 o

iz]xS () + [1(')1 8:;];% (t-1).

(20)
Individual system 2 (I = 2):

0= [0%8 (1):2] X0+ [ 0075 019] x (E=7)

I R R B
0y EUORS [ BN
SIS (s BYCRS P B

0.8]"2“”[0? ”"Z(t_f)

[8 g g ;] X (8) + [8:31; 0%9] X (t-1),

[ 111 0074] X () +

+

+

1.1 0.2

X5 (t) = 0.7 0.9] X (t=1)

0
+[ ; 0058] *, (B + [% —06%35]"2 (t=7)
3

A PO RS Rt PTRE)

(21)

Individual system 3 (I = 3):

w0= |3 Slmo %) oa]xe-o

5 Ot [22

0.1 04 1 -02
* [0.5 0.6] x5 (0 + [0.1 0.3 ]x3 (=7,

w0- |4 Gh]noe G)me
1 [y RXCRS b B

tlos S ]mo+ |5 V] me-n,
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25 : ; : . :
3
2 1 B 25 %L §
15} | 2f ]
E § 1.5 ]
1 4
| 0.5 |
0 il Stow p—
25 3 0 0.5 1 L5 2 25 3
Time (s) Time (s)
— x11 — x21
...... xlz e x22
(a) State response for x; (b) State response for x,
2 T T T T T
18 [ _
16 _
14 | 1
L 12f 1
2 1t i
w
0.8 4
0.6 _
0.4 J
0.2 J
0 o —_— i
2 2.5 3
Time (s)
— x31
...... x32
(c) State response for x3
FIGURE 1: Trajectory of the time-delay switched system.
. -0.1 -0.1 0.1 0.5 - /T - /T
x5 (t) = 05 1 ] x, (t) + [—O Lo 8] x, (t—7) 1,2, 3:can+be calculated as T} /T > 3.5462, .Tz /.T > 3.5096,
. 10 and T /T; > 4.0660. Therefore, the total activation time ratio
for the switching law is T~ (£)/T" (¢) > 4.0660.
0.2 0.3 0.1 0.1
o1 02 x, (t) + 1 05 x, (t—1) ) ) )
0.1 0. - Y Finally, the switched large-scale time-delay system (22)
04 0.1 1 - is globally exponentially stable under the switching law
[_’1 _2] x5 (t) + [ ] 05] X, (t—1). with stability margin A = 5and 0 < 7 < 0.013. To

(22)

According to the normal test of stability for the large-
scale system, the system 1 is stable; the systems 2 and 3 are
both unstable. We can easily calculate ] = 7.8969, A] =

3, A, = 89588, A7 = 2.1295, and A; = 8.0989 and Aj =
. -5 2.5548 2.1329
0.0012. Hence, the stable matrices C = [ 16652 6 2.5398]

48.4967 31.1791 36.7386 260190 21041 =6
and E = [ 16,5155 15.0482 16:3642] can be obtained by choosing

21,6043 32.7876 18.1580
Al =5 A, =6, A3 = 6, A] = 551, = 65, and
A3 = 6.5. Hence, ¢ = u(C) = -0.7516 and ||E|| = 84.3058.

Furthermore, the switching law of the ith subsystem, i =

satisfy the switching law, we choose the total activation time
ratio to be 4.5:1. The activation time of individual system
1 is 4.5 seconds, and the total activation time for both
systems 2 and 3 is 1 second. The trajectory of the large-scale
time-delay-switched system is shown in Figure 1 with initial
state [I 2 1 2 1 2]7 and time delay being 0.01 sec-
ond.

5. Conclusions

From an analysis based on the time-switched method and the
comparison theorem, a sufficient condition of the switched
laws is presented. The total activation time ratio under the
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switching laws needs to be greater or equal to a specified
constant to ensure that the switched large-scale time-delay
system is delay-dependent exponentially stable with stability
margin A.
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