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We study the input-to-state stability of singularly perturbed control systems with delays. By using the generalized Halanay inequality
and Lyapunov functions, we derive the input-to-state stability of some classes of linear and nonlinear singularly perturbed control

systems with delays.

1. Introduction

The stability properties of control systems are an important
research field. The concept of input-to-state stability (ISS) of
the control systems was proposed by Sontag [1]. Since then,
the ISS of the control systems has been widely studied (cf. [2-
12]), and most of the obtained results are often based on the
Lyapunov functions.

Singularly perturbed control systems are a special class of
control systems which is characterized by small parameters
multiplying the highest derivates. Recently, many attentions
have been devoted to the study of singularly perturbed
systems, in particular, to their stability properties. Saberi and
Khalil [13] investigated the asymptotic and exponential stabil-
ity of nonlinear singularly perturbed systems. They obtained
a quadratic-type Lyapunov function as a weighted sum of
quadratic-type Lyapunov functions of the reduced and the
boundary-layer systems. They used the composite Lyapunov
function to estimate the degree of exponential stability and
the domain of attraction of stable equilibrium point. Corless
and Glielmo [14] obtained some results and properties related
to exponential stability of singularly perturbed systems. They
pointed out that, if both the reduced and the boundary-
layer systems are exponentially stable, then, provided that

some further regularity conditions are satisfied, the full-order
system is exponentially stable for sufficiently small value e.
Liu et al. [15] derived the exponential stability criteria of
singularly perturbed systems with time delay. Christofides
and Teel [11] obtained a type of total stability for the input-to-
state stability property with respect to singular perturbations
under the assumptions that the reduced system is ISS and the
boundary-layer system is uniformly globally asymptotically
stable. Tian [16, 17] discussed the analytic and numerical
dissipativity and exponential stability of singularly perturbed
delay differential equations. There are some results about
the stability of numerical methods for control systems (cf.
(18, 19]).

The previous studies have mainly focused on the expo-
nential stability of singularly perturbed systems with or with-
out delays and the ISS of singularly perturbed control systems
without delay. There are no results about the ISS of delay
singulary perturbed control systems. In this paper, we study
the ISS of some classes of delay singularly perturbed control
systems. By using the generalized Halanay inequality and
the Lyapunov functions, we obtain the sufficient conditions
under which these delay singularly perturbed control systems
are input-to-state stable.



2. Preliminary

We introduce the following symbols (cf. [8, 11, 15]).

(M I - || denotes the standard Euclidean norm of a
vector, [[lxll = supgepryllix(o)l and Al =
max; e, (Y afj)l/2 denotes the norm of an n x m
matrix A = (a;;). A matrix A(f) is bounded means
that ||[A(®)] < co.

(2) AT denotes the transpose of the matrix A, A;(A)
denotes the ith eigenvalue of the matrix A, and
Re A;(A) denotes the real part of A;(A).

(3) The matrix A > 0 means that A is positive-definite.
The vector v = (v1, vy, ..., vn)T >0 (> 0) means each
componentv; >0 (>0), i=1,2,...,n

(4) A real nxnmatrix A = (a,»j) with a; <0 foralli# jis
an M-matrix if A is nonsingular and Al>o.

(5) For any measurable locally essentially bounded func-
tionu: Roy — R, llugopll = supolllu®)l}.

(6) A function y: R,, — R, is a x-function if it is
continuous, strictly increasing, and y(0) = 0.

(7) A function f: R,y X R,y — R, is a k@-function if,
for each fixed t > 0, the function f(,t) € «, and for
each fixed s > 0, the function f3(s, -) is decreasing and
B(s,t) — Oast — oo.

Lemma 1 (see [20]). Let A(t) be an n X n matrix whose
elements are continuous functions defined on the time interval
J = [0, 00) and the following assumptions hold:

())ReA(A(t) < —¢ <0, Vte],
(@AM < ¢
(i) A" @) <o VEe].

Then there exists a positive-definitive matrix P(t) such that
the following algebraic Lyapunov equation holds:

vVt e], (1)

ATOPO+PM) A =1, (2)

where c;, ¢, are constants, I is the identity matrix, and P(t) is
bounded.

The following generalized Halanay inequality will play a
key role in studying the ISS for the system (9).

Lemma 2 (generalized Halanay inequality (see [16, 17])).
Suppose

w () <A() -a@®)w(t) +B() sup w(o), fort=>t,.
t—1<0<t
3)

Here w(t) is a non-negative real-value continuous function, T >
0, A(¥), a(t), and B(t) are continuous with 0 < A(f) < A7,
a(t) = oy > 0,and 0 < B(t) < qa(t) fort > tyand 0 < g < 1.
Then

*

w(t) < (I—A—

+ Ge_.“* (t=to) ,
q) %

t>tg, (4)
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where G = sup, __,, [w(o)| and y* > 0is defined as
uh= inf fu@®)y:p®-a@w)+pm =0}, (5

Lemma 3. Let A(t) and B(t) be n x n matrix-value func-
tions, v(t) = (vl(t),vz(t),...,vn(t))T, and let T(t) =
(Fl(t),Fz(t),...,l"n(t))T be vector functions of dimensions n.
Assume that

(i) M (At) + AT(1)) < —a(t) < 0 (i=1,2,...,n), B(t)is
bounded;
(ii) —ga(t) + A+ @IBE)| + g <0with0 < g < L;
(iii) a(t) - IBO)I - 1= a; > 0;
(iv) V' (t) < T(t) + A(t)v(t) + B(t)sup,_,.;v(0), T <
re

Jor t = (SUp;_r<o5,71(0),
SUP,_r<peiV2(O)se - SUP,_ o Vn(0))". Then the following esti-
mate holds

ty, where sup, ._..,v(0) =

Il < + |||7/t0||| eV fort >t 6)

_r
V(1 -q)a;
where y* is defined as

2y =inf{y () :y(®) ~ (@@~ IBOI-1) + [BOI "}
7

Proof. Let V(t) = [vl* = vT'v. Then
V' () = v'Tv +v7y
<2 T (1) +v (A" +A®) v (1)

+2v'B (t) sup v (o)

-reost
<2y @IT O -a @ Iy @I
+20BOI O ] ®)
<t + v OFF -a @ v O
+IBON (I OF + [I]IF)
<IT@I° - (@@ - 1B@)I - 1) v @)1

+ 1B O ||v]]-

Moreover, by the conditions (i)-(iii), the estimate (6) can
be derived as a consequence of (3)-(5) and (8). O

Consider the delay singularly perturbed control systems

X)) = ftx@),xt-1),y@t),yt—-1),ut)), t=0,
ey ) =gt,xt),xt-1),y@®),u(t), 0<e<l,
xt)=9®), y®=y), te[-1,0],

)
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where t € R is the “time” x € R™ and y € R" are
the state variables, u(t) € R? is the control input which
is locally essentially bounded, € is the singular perturbation
parameter, and 7 is a constant time delay. The sufficiently
smooth mapping f: RxR" xR"xR"xR"xR? — R™, g:
RxR"xR™xR"xR"xR? — R"hasbounded derivatives and
£(t,0,0,0,0,0) = g(£,0,0,0,0,0) = 0.¢ € R" and y € R"
are given vector-functions and the derivative of y exists.

Definition 4. The delay singularly perturbed control system
(9) is ISS if there exist kp-functions f3;, 3,: Ry X Ryy —
R, and x-functions y;, y, such that, for any initial functions
o(t), w(t) and each essentially bounded input u(t), the solu-
tion of (9) satisfy

||x (to.v,u, e)” <B &) +n ("”‘[o,t) ”) >
”y (t . v, u, 6)” <B G+ ("”[o,t) ") >

where x(t, ¢, v, u,€), y(t, ¢, w,u,€) are the solutions of (9),
§= sup_.;<ollp®)ll + sup_ .o ly @)l + Sup—rstsollw,(t”I'
3. Linear Systems

In this section, we are concerned with ISS of the following
linear delay singularly perturbed control systems as a special
class of (9):

x' = A B x+Ap () x +B (1) y

+B, 1)y, +C, (Hu(t), t=0,

ey = Ay () x+A, (1) x, +By (t)y (11)
+C,(Hu(t), 0<ex]l,

x(O)=¢®), y®O =y, te[-10].

Here we let x = x(t), y = y(t), x, = x(t = 1), y, = y(t — 1),
and u = u(t) for simplicity; A ;(t) € R™™, Ay(t) € R™™

By(t) € R™" (j = 1,2), By(t) € R™, Cy(t) € R™,

and C,(t) € R are smooth matrix functions of ¢, and
B,, (t) is nonsingular for every t. Now, we introduce some
assumptions.

Assumption 5. There exist positive constants ¢; and ¢, such
that, for for all t € J = [0, +00),

ReA (A (1) < -, [A;; )] <o

"Bz1 (t)" <6

[4 0] <<

Re A (B, (1)) < —c;, |8 ®)] < e

|B O] <o B 045 )] <6

B2 ®©An®)| e By ©C 0| <6

(12)

From Assumption 5and Lemma 1, we can easily show that
there exist the differentiable positive-definite matrices P, ()
and P,(t) such that

ALOPO+P O Ay O =T,  (15)
By (P, (1) + P, () By () = =L, (13

where I,,,, I, are mxm, nxn identity matrices, respectively, [21]
shows that Assumption 5 guarantees that Reference, for every
t > t, (13a), (13b) have unique positive-definite solutions
P,(t) and P,(t) given by

AT (08 A, (100
P1 (t) =J e 11 (8) e 1 (t) d@,
0

(14)

BT (0 By, (1)6
P, (t) = J P 19B1 16 g0
0

respectively. It follows from the boundness and the positive-
definiteness of P, (t) and P,(t) that there exist positive con-
stants M;, «;, 5; (i = 1,2) such that

1

M, <||P(0)| <M, i=1,2,
allxl* < x"P, () x < BylIxI, (15)
alyl* <y ) y < Byl

Assumption 6. There exist bounded functions aij(t), bij(t),
and ¢(t) (i, j = 1,2) such that

2x"P, (t) (A, (t) x, + By, () y + By, () y, + C, (£) u (1))
+x"P' (t)x
<6 (8) luOF +ay @) 151 + ay () x|
+oy Oy =B + b O [ =)
—2y-h) B, +(y-h) P () (y-h)
<& (1) (DI + ayy (1) IxI> + ayy (1) ||

by, () |y = HIF + b, O =W

(16)
where
~By; (1)
h=1 X[A, )x+A,®)x, +Cy(u(®)], t=0
v (t)—eByl (Y (1), t € [-1,0].
(17)

Assumption 7. (1) There exists a positive number ¢, such that
—A(t) is an M-matrix;
(2) Mi(A(t) + AT(1)) < —a(t) < 0 (i = 1,2);
(3) —ga(t) + 1+ q)IB®)| +q<0with0<g< 1;
(4)a(t) - IBO)I-1=a; >0,



4
where
_1—a11(t) by, (t)
Ty _ B %)
A0= L 1mebo |
51 &P 18)
a;, (t) by, (t)
= a, o,
BO=\ o ® b,0
o) %)

Theorem 8. If Assumptions 5-7 hold, then the delay singularly
perturbed control system (11) is input-to-state stable for € €

(0, ¢l
Proof. LetV(t,x) = xTPl(t)x, Wi(t,x, y) = (y—h)TPz(t)(y—

h). For the derivative of V (¢, x) along the trajectory of (11), we
have

Vitx)=[A, () x+A, () x, +By, (t)y
+B, (t) 3+ C, () u] P, (t) x
+x P () [A () x+ A, () x,
+B,, (t) y + By, () 3, + C, () u]
+x" P (t) x
=x" (AL, ()P, () + P () Ay, (1) x
+2x" P, (£) [Ay, () x, + By, (£) y
12 (1) i+ Cy () u]
+x P (t) x
< = (1= ay ) IxI” +ap, ) | I

+ by () |y = h|* b, @) | = B +e () Il
(19)

For the derivative of W(t, x, y) along the trajectory of (11), we
have

W' (t,x, y)
1 ) T
= [g (Ayy ()x+ Ay ()X, +By () y+Cy()u)—h ]
x Py (t) (y —h) + (y — h) Py (£)
v E (Ay ()X + Ay, (£) %, + By, (1) y + C, (1) 1) —h']

+(y-h)'P()(y-h)
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1 Tr T T
=~ (=)' [B} () P, (1) + P, (1) By ()]
~2(y=h)" @) h +(y=h)" Py () (y - h)

—= (1 —eby ) |y~ hI|° +ay @) 1

ml»—-

+ ag, () x| + by (0) | = )| + < (0) Null.
(20)

From (1) of Assumption 7, we can derive (1 — €,by, (t))/
€5, > 0 and the following inequalities for € € (0,¢,] and
t>0:

1-ay (t)V . b, (t)W
B 2%}

alz (1) “lV |" b12 (1)

Vi<-

[IWilll + e )l

w' < % (t)V _1-eby (1)
* p,

N by, (1)
o

ay, (1)
w2

(1)
WAl + ¢, @) lull®

ay (f) — by (t) azz (1)
Oy LGt Oy O

bzz (t)

<

Wil + e &) llull®.

It follows from Lemma 3 that there exist positive constants
A,ay, and ¢, such that

* 2
(e Sl
(1 - q) a;
(22)
* 2
(Il [ + loal”

(1-q)a;
where ||(cl(t),cz(t))T|| < ¢, and A is defined by

4d=inf A1) : A (@)~ (a(®) - [BO]-1)+[B®)] "}

(23)
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By the definition of V (¢, x) and the positive-definiteness of
P, (t), we have

2
o lxl” <V

o G ||”[o,t) ||2
) e + —

V(1 -g)a;
< (BulllxolI” + Aol = W, 1) €
N & [0 ||2
V(1 -g)a
< (Billlxoll” + Baollyol I + Ball o)
N o ||2

V(1 -q)a;

< (Bullxoll? + 2:lloll + i i) >

< ([Ivilll+ fIwe

N Y ||’*‘[o,t)||2 )
V(1 -q)a;

Il < K (Hlgoll® + vl +{ vl ) € + Ko I
(24)

where Kf = max{ﬁl/ocl,Zﬁz/al,ﬁzegcf/al} and K§ =

¢ /(1 = g)a; ;. Moreover,
Il < Ky (Npolll + Mol + [wl]) €™ + Ka o |- 25)
Thus, (25) and the inequality
Il =1l < (= ) @] < (o) W2 (26)
imply that
Il < Wl + ()™ P2
<26 (Kl (“|§Do|" + [[[wol]l + |||‘l’(,)H') e M 4 K, "”[o,t)”)

16 Jugoy ) + (@) W2

< (200 2 ) i+ Tl

o,
\ ((zw J—I)Km)uum,ﬂu
9]

= K (ol + Nwolll + [[wol ) e + K5 Juoy|

>

(27)
where K| = (2¢, + Vo, /a,)Ky, K5 = (26, + oy [ey)K, + 6.
The proof is complete. O

4. Nonlinear Systems

In this section, we are concerned with ISS of the following
nonlinear delay singularly perturbed control systems as a
special class of (9):

x' =AMt)x+ f(t,x, x5y, ypou), =0,
ey =B({t)y+g(t,x,x,u), 0<e<x1,  (28)

x@) =), y@®O=y(), tel-7,0],

where A(t) € R™", B(t) € R™", f(¢,0,0,0,0,0) = 0, and
g(t,0,0,0) = 0. Assume that (28) has a unique equilibrium at
the origin and the functions f and g are smooth enough and
the derivative of v exists.

Assumption 9. There exist positive constants ¢;, ¢, forall t € J
such that

ReA(AM) <-¢, [AWIse, A 0)]se
I 0] <o

(29)

ReA(B(t)) < —¢,, BN < ¢,

If Assumption 9 holds, then there exist the differentiable
positive-definite matrices P, (t) and P, () such that

AT P (O + P () A1) = -1,
(30)
B'(t)P,(t) + P, (t) B(t) = -1,

where 1,1, are m x m,n x n identity matrices, respec-
tively. It follows from the boundness and the positive-
definiteness of P,(¢) and P,(t) that there exist positive con-
stants M;, ;, and f3; (i = 1,2) such that

M, <||P(0)| <M, i=1,2,
ay Ix1* < x"Py (£) x < BylIxI, 31)
w|yl’ < y'P, ) y < Byl

Assumption 10. There exist bounded functions a,-j(t), b,»j(t),
and ¢(t) (i, j = 1,2) such that

2xTP, (t) f (t, %, X, 5 ypott) + X P (£) x
<6 (0) Jull® + ayy (8) 1217 + ay, (0) [,
+ b, (O |y = H + by O | - B
=2(y-h)B@OK +(y-h) By () (y - h)
<& (1) [l + sy () lxI + ayy () x|

+y ) |y =Bl + by Oy = W),



where

B -B'(t)g(t,x,x,u(t)), t=0

a Lp(t) -eB )y (1), t e [-71,0]. (33)

Assumption 11. (1) There exist a positive number ¢, such that
—A(t) is an M-matrix;

2) /\i(Z(t) +AT(t)) < —a(t) <0 (i=1,2);
(3) —qa(t) + (1 + q)||1§(t)|| +q<0with0<g<1;
(4) a(t) - IBOI -1 > ay >0,

where

1-a, (®) by, (t)
Tip _ B 2%)
A0 ay () 1-eby () |
& €
(34)
a;, (t) by, (1)
S o 2%)
BO=1 0, by
a o,

Theorem 12. If Assumptions 9-11 hold, then the delay singu-
larly perturbed control system (28) is input-to-state stable for
€ € (0,¢].

Proof. Let V(t,x) = x P (t)x, W(t, x, y) = (y =) Py(t)(y -
h). For the derivative of V(t, x) along the trajectory of (28),
we have

V' (t, %)
=[A®Ox+f (2% ypw)] P () x
+x P () [A@) x+ [ (t,% %y, ypo1i)] + X Pl (£) x
=x" (ATOP () +P () A(D) x
+2x" P, () f (t, %, %, ¥, Yo ) + X" P} (£) x
< = (1= ayy () Ixl + @y, () x|

+by ) |y = h)” + b O | = W + e @)
(35)
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For the derivative of W(t, x, y) along the trajectory of (28),
we have

W' (1, x, y)
1 F
= E(B(t)y+g(t,x,xt,u))—h] P, (t)(y—h)

LR RO [ B0+ g (6w xw) -]
+(y = 1) Py () (y ~h)

=L OB ©+BOBO] (-5
~2y=h)'BOK + (=1 B0 (y 1)

g—é0—f@unﬂw—hw+auawﬂf+%ﬂﬂM%mz

+ by, ) |7 = W), + & @) ull”
(36)

From (1) of Assumption 11, we can derive (1 — €,by, (t))/
€3, > 0 and the following inequalities for € € (0, €]

V' < 1-ay (t)V . b, (t)W . ap, (t) ”|Vt|"
B 4%} o)
N by, (1)

2
w, Wil e @l

WI < a1 (t)V _ 1- €b21 (t)W + ay» (t) “IVt”l
x €, a

+ by, (t)
2%}

(37)
NIWilll + e @) ul?

< % (t)V 1= by (t)W

ay, ()
< + V
o €5, o, "l tl"

b
+ 29 i+ 0 T,
(49}

It follows from Lemma 3 that there exist positive constants
A,a;, and ¢, such that

o % ||”[0,t)”2
)e + —

(1-q)a;

ve(|

Via

+[Iw.
0

>

(38)

v & luonl
)e—z t+ 0 N ,

(1-q)a;

ws(]

Via

+[Iw.
0

where ||(c1(t),oz(t))T|| < ¢, and A is defined as in (23).
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By the definitions of V(t,x), W(t, x, y), the positive-
definiteness of P, (t), P,(t), and the similar proof process to
that of Theorem 8, we can obtain

lxll < Ky (ol + woll + [[wll) e ™ + Ko o

Il < &5 (leoll + Mol + [lwol[) e + K5 ol
(39

where K; = \/max{ﬁl/al,Zﬁz/al,ﬁzeéczz/ocl}, K, =

o /\A-qgaje;, Ki = (2¢, + Vo /a, )K; and K =
(2¢, + \Ja;/0y)K, + ¢,. The proof is complete. O
5. Examples

Example 1. Consider the following linear delay system as an
application of Theorem 8:

x'(t) = 5x )+ y(t—1) +u(t),

(40)
ey’ (t) = 3x(t) -5y (t).
LetV = x*/10, W = (y — h)*/10, h = 3x(t)/5. Then
V' (t,x) = éx (=5x + y; +u)
(41)

37 3 1
< Tva 2 |wll+ Wil + 1,

W (6x) = 5 (=) (£ (35 =57) =3 (-5, +w))

1 114
<3V + (——O + —)W
€ 25

9 3 3
+ o5 VAl S TTWell -+ 5 el

(42)
So we obtain the matrices
37
-2 0
— 5
Alt) = , 1o 14|
€ 25
(43)
3
- 1
— 5
B(t) = 9 3
s

If we require that the constant €, satisfies —10/¢, + 114/25 <
—37/5; that is, ¢, < 250/299, then, we can take €, = 250/299
such that it is easy to show that the conditions in Assumptions
5-7 will be satisfied for any ¢ € (0,¢)]. Moreover, by
Theorem 8, the system (40) is ISS for € € (0, ¢].

Example 2. Consider the following nonlinear delay system as
an application of Theorem 12:

x' (1)=-15x (1)+51In (1+x° (t — 7)) +sin (y (1)) +u (1),

ey’ (t) =2x(t—1) -6y (t).
(44)

LetV = x*/30, W = (y — h)*/12,and h = x(t — 7)/3. Then

V' (t,x) = %x(—15x+51n(1 +xf)+siny+u)

—-68 2 16 1
S5 VWt IVl + %"””2’
1 1
W (7)== (v-h) (2 (2x, - 6) =¥ (45)
12 67 61
<(-=+ 5 )Wl
€ 9 9

1 1

So we obtain the matrices

68 2
— 3 5
A(t) = 12 67 >
0 -=4+=
€ 9

(46)

16
_ 3
Bt)=1 ¢
9

If we require that the constant €, satisfies —12/e + 67/9 <
—68/3; that is, €, < 108/271, then, we can take ¢, = 108/271
such that it is easy to show that the conditions in Assumptions
9-11 will be satisfied for any € € (0,¢,]. Moreover, by
Theorem 12, the system (44) is ISS for € € (0, ¢;].

6. Conclusion

In this paper, we have studied the input-to-state stability of
two classes of the linear and nonlinear delay singularly per-
turbed control systems. The generalized Halanay inequality
and the Lyapunov function play important roles in obtaining
the stability results. The sufficient conditions of input-to-state
stability for delay singularly perturbed control systems are
given.
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