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In this paper, a dynamical supply networks model with stochastic switched topology is presented, in which the stochastic switched
topology is dependent on a continuous time Markov process. The goal is to design the state-feedback control strategies to stabilize
the dynamical supply networks. Based on Lyapunov stability theory, sufficient conditions for the existence of state feedback control
strategies are given in terms of matrix inequalities, which ensure the robust stability of the supply networks at the stationary states
and a prescribed H_, disturbance attenuation level with respect to the uncertain demand. A numerical example is given to illustrate

the effectiveness of the proposed method.

1. Introduction

Supply network is a complicated dynamical system which is
composed of a set of facilities, connected by transportation
links transforming the raw materials or resources into inter-
mediate and the finished products into the end consumers.
Supply networks model has been intensively studied in the
last few years, which is a more realistic model to describe
nonlinear interactions and dynamics of the flow of materials
through networks [1-4]. Helbing et al. [5] proposed a supply
network that is governed by balance equations and equations
for the adaptation of production speeds and studied the
stability and dynamics of supply networks. The study in [6]
examined the stability of multistage supply chains under
arbitrary demand conditions and presented commitment-
based polices that can maintain any desired inventory level
for any demand rate. A supply network based on stochastic
discrete-time controlled dynamical system was proposed in
[7], in which an explicit state-feedback control policy was
derived to control the material flow of the supply network. In
[8], the propagation and amplification of order fluctuations in
supply chain networks were analyzed, and based on inventory
management policies, the robust analytical conditions were

proposed to predict the presence of the bullwhip effect for
any network structure. The study in [9] developed a model of
a general closed-loop supply chain network and formulated
and optimized the equilibrium state of the network by
using the variational inequalities method. In [10], a supply
chain network model with reentrant nodes based on partial
differential equation was proposed, which can accurately
reflect the impacts of the reentrant degree of the product on
the system performance. In [11], a nonlinear complementarity
formulation for the supply chain network equilibrium models
was established, and the equilibrium state of the network was
formulated by using the variational inequalities method.

In practice, the topology structure of the supply networks
will change with the time due to interconnections changing
between the suppliers, which will lead to the instability of the
supply network. To describe such switching behavior, Markov
jump process is popular in modeling many practical com-
plex network models with abrupt random changes in their
structures. In [12, 13], the general complex networks model
with Markov jump structure is developed, which shows that
complex networks with Markov jump structure have great
application potential in a variety of areas. As a special case of
complex networks, the random structure switching behavior



of supply networks can be modeled by a Markov process. In
[14], the supply chain with stochastic system parameters was
modeled as a Markov jump linear system, and the bullwhip
effect was analyzed for the supply chain. The work in [15]
proposed a discrete-time Markov chain model to characterize
the unreliable production capacity in serial supply chain
networks. Additionally, the consumer demands in supply
networks are uncertain in reality. In [7], the demand of the
end customers was regarded as an external disturbance, and
the range of the external disturbance was supposed to be
bounded. In [16], the demand rate of the production system
is assumed to be composed of a known constant term plus
an unknown time-varying component with finite energy.
However, little literature can be found to study the stability
and dynamics of supply networks with stochastic switched
topology and uncertain demand.

Motivated by the above discussions, in this paper, we will
present a supply networks model with stochastic switched
topology that is dependent on a continuous time Markov
process and study the stabilization strategies of supply net-
works model with stochastic switched topology and uncer-
tain demand. By the Lyapunov stability theory and robust
control method for the continuous time Markov jumping
system [17], the sufficient condition for the existence of the
state feedback control strategy for the stability of the supply
networks model with stochastic switched topology is given
in the form of matrix inequalities, which ensure the robust
stability and a prescribed H, disturbance attenuation level
for dynamical supply networks with uncertain demand. From
the numerical example, we can observe that the proposed
control method can effectively make the supply networks
realize robust stability at the stationary states.

The rest of this paper is organized as follows. In Section 2,
a supply networks model with stochastic switched topol-
ogy and uncertain demand is presented. In Section 3, the
stabilization strategies of the supply networks model with
stochastic switched topology and uncertain demand are
derived. In Section 4, a numerical example is provided to
demonstrate the effectiveness of the proposed methods. We
conclude this paper in Section 5.

2. The Supply Networks Model

Let us consider a supply network that consists of n suppliers,
in which the supplier i delivers materials or resources to the
other supplier j (j#1) with a delivery rate ¢;x;(t), where ¢;
is the connection weight coefficient of the suppliers i and j.
We denote the stock level of supplier i at time ¢ by y,(t), and
the delivery rate of supplier 7 at time ¢ by x;(¢). Therefore, the
whole supply network can be described by a directed complex
networks model, where each supply i is the node of the
networks and the materials flow represents the connection
among the nodes. The dynamics of supply networks include
two sets of equations: one is the change of inventories y;(t)
with time f, and another is the adaptation of the delivery
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rates x;(t) of the suppliers. Then the inventory y,(t) of each
supplier i is described by material balance equation as follows:

Ji (1) = x; () - (Zcijxj (t) +d; (t)) :
j=1 1)

i=12,...,n

where d;(t) is the demand rate of the end customers for
supplier i. It is assumed that the demand rate d,(t) is
composed of a known constant component d; (obtained
by forecasting) plus an unknown time-varying (uncertain
fluctuating) component w;(¢) with finite energy. Then the
form of d,(t) is given as

d;(t)=d; +w;(t). (2)

For the delivery rates x;(t) of each supplier i, it is
reasonable to assume that the temporal change of the delivery
rate is proportional to the deviation of the actual delivery rate
from the desired one, and its adaptation takes on the average
time interval T. Based on this, the delivery rate x;(t) of the
supplier 7 is described by

x; (1) = %(F(yi(t))—xi(t))+ui(t), i=1,2,....,n (3)

where T is the adaptation time interval, u;(t) is the control
strategy to be designed, and the function F(y;(t)) is the
desired delivery rate. The desired delivery rate F(y,(t)) is
usually reduced with the increase in stock levels y;(t).
According to the literature [2], we choose the form F(y,(t))
as follows:

~ (tanh (y; (t) - ;;c) + tanh (}’c))’ (4)

F(y(n)=1
where y, is the safe stock level.
According to the form of function F(x), for all x € R™, it

holds that dF(x)/dx < 1/2, which implies that the function
F(x) satisfies the following Lipschitz condition:

IF (7 () = F (3, )] < % FAGESAGIE

Yy, (t), y,(t) € R™.

(5)

The above supply network is based on fluid-dynamic
model, which is better suited for online control under
dynamically changing condition. Especially in some settings
a supplier may need more flexibility under the dynamically
changing condition, and the time step needs tb be very small,
such as the hardware as well as the semiconductor industries
(5,18].

In practice, the topology structure of the supply networks
will change with the time due to interconnections changing
between the suppliers. Then we assume that the connection
C = [Gjluxn of the supply networks is stochastic switching,
which is dependent on a continuous time Markov process.
Let {0,,t > 0} be a right-continuous Markov chain on a
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probability space taking values in a finite set & = {1,2,...,s}
with transition probability matrix given by

mih +o(h), i#j

l+mh+o(h), i=j, ©)

Pr{0t+h:j|0t:i}:1

where h > 0 and 7;; > 0, for j #1, is the transition rate from
state i at time t to state j at time ¢ + /1 and satisfies

SR -

j#i

Then by combining (1)-(6), the whole supply networks
model with stochastic switched topology is presented as

Y () = x; () - <Zcij (6,) xj () +d; +w (t)> ,
s}

X (8)
x; (1) = T (F(y; ) —x; ) +u; (1),

i=1,2,...,n

Let ¥,(0,) and X;(6,) be the stationary state values of the
supply network dynamics (8) under the different topology
structures. The values of x;(0,) can be obtained from the
following equation:

zw9—<i%wg@wg+¢>:m =12 n
=1
9)

Then according to the condition that F(y,) = X;, we can get
the values of y,(6,).

The objective of this paper is to design the state feedback
control u;(t) to guarantee that the supply network with
stochastic switched topology is robustly stabilized at the
stationary state with respect to the unknown fluctuating
demand wj(t).

3. Stability Strategies of the Supply
Networks Model

We consider that the state feedback control u;(t) for each
supplier i is based on the information of the difference
between the present stock level y;(t) and the stationary state
¥,(0,) and the difference between the present delivery rate
x;(t) and the stationary state x;(0,). Then the state feedback
control u;(t) is designed as follows:

u; () = ky; (; (8) =, (6,)) + by (x; (1) = %, (6,)) 5

i=1,2,...,n

(10)

where ky;, k,; are the control parameters to be determined.
Let y;(t) = y;(t)-y,(0,), X;(t) = x;(t)-X;(0,). Applying the
state feedback control (10) to the supply networks model (8),

one can obtain the error dynamic for supply networks model
(8) at the stationary states as follows:

SACEEACK <Zcij (6,) X; (1) + w; (t)> ,
i1

) 1, 1)
% ()= (F (3 (1) = % (1) + Ky, 3 () + Ky, (8)

i=12,...,n,

where F(y;(t)) = F(y,(t)) - F(,).
Let (1) = [3,(8), 7,(0), ..., (D], X(t) = [%,(0), %,(8),

x0T, wt) = [w(t),wy(t),. .., w,(t)]". Reformulate
the error dynamic equation (11) as
yH=BO)XO)-w®),
(12)

x)=A(F(y®))-x@®)+Kj )+ KX (),

where B(O(t)) = [bij(Gt)]nxnand the diagonal element b;(6,) =
Landifi# j, b;(0,) = —¢;6,), A = diag{1/T,1/T,...,1/T},
and K, = diagk,p, kip .- oki b Ky = diaglhor, Ky, -k ).

It is obvious that if the solutions of the error dynamic
equation (11) converge to zero, then the supply networks
model (8) will be stabilized at the stationary states.

For the unknown fluctuating demand w(t), the robust
stability of the supply networks model (8) is to design the
control gains K, and K, such that the error dynamic equation
(12) with w(t) = 0 is stable, and for a certain given prescribed
H_, disturbance attenuation level y > 0, the following
condition holds:

<rm 8% (1) dt>1/2 < y(rm w? (1) dt)l/z, (13)

0 0

for any nonzero w(t) € L, [0, +00), where §(¢) = [y(t), 017

Based on the Lyapunov stability theory, the following
theorem provides a sufficient condition for the existence of
the state feedback control strategies for the robust stability of
the supply networks model.

Theorem 1. Consider the supply networks model (8) with the

state feedback control (10). Let H, = [I O]T,H2 =0 I]T. For
a given constant y > 0, if there exist a positive scalar €, positive
definite matrixes X(i),i = 1,2,...,s, and control parameter

matrices K, K, such that the following matrix inequalities
hold:

i . 1, . . . ]

Q, () EX MOH, Q,G() X@G -H,

1

SHIX (i) el 0 0 0

2 . <0, (14)
Q, (i) 0 -Q;() 0 0
X (i) 0 0 -1 0
~H] 0 0 0 I




L (1)
+ X (i) I(<)1 8] +[8 Ig]X(i)

+ X (i) K

r T
Q, () = [ VAL X (@) VERX ()55 Ty X (D),

T X @) VX ()],
Q, (i) = diag {X (1), X (2),...,

(16)

(17)
X@GE-1),X@G+1),...,X(s)},

then the state feedback control gains K, and K, are obtained
to guarantee the robust stability of the supply networks model
(8) with a given prescribed H . disturbance attenuation level
y > 0 at the stationary states.

Proof. At first, we will establish the stability condition for the
error dynamics (12) of the supply networks model with w(t) =
0. The Lyapunov function candidate for the error dynamics
equation (12) of the supply networks model is constructed as

V(5(t),6,)=8"(t)P(6,)8 (), (18)
where P(6,) > 0.
Let &£ be the weak infinitesimal generator of the stochas-

tic process (e;, 0,). Then, for each 0, = i,i € &, we have

2V (8(t),6,) = 28" (t)P(6,)
x{[g]ﬁ(y(t))+ : B_(%)]S(t)
+[Igl 8]5(t)+[8 I?Z]a(t)} (9)

+87 (1) Y, ;P () ().
j=1

By the Cauchy inequality A"B+ B"A < «ATA + « 'B"B,
for all « > 0, and matrices A and B with appropriate
dimensions, together with condition (5), it holds that

25" 0P 6) | 3] PO @)

<e8" (1) P(6,) m [0 AT]P(6)8(t)  (20)

-1
+ %5T ) [é] [1 0]6().
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Combining (19)-(20), one has
2V (8(t),6,) <8 ()Y (6,)0 (1), (21)

where

w(6,) =P (6,) m [0 AT]P(6,)

+ %1 [(I)] [I 0]+P(6,) [8 B_(f{)]
+ 8 B_(it)]TP 6,) +P(6,) [121 8] (22)

:Igl 8]Tp 6)+P(6,) [g 122]

-0 0 T s
o KZ] P(Gt)+jzzln9p]-P(j).

In addition, let X~'(6,) = P(6,). By Schur Comple-
ment [19], pre- and postmultiplying both sides of (14) by
diag{X_l(Gt),I ,...,I}, one can obtain that inequalities (14)
are equivalent to the following inequalities:

¥ (i) +I -P(i)H,
PG 1 <% =
which implies that ¥(i) < 0. Thus it holds that ZV(8(t),0,) <
0. Then based on Lyapunov stability theory, the error dynamic
equation (12) of the supply networks model with w(t) = 0 is
stable.

Next, for all nonzero w(-) € L,[0,00), calculating the
derivative of V(t) along the trajectory of error dynamics
equation (12) yields that

2V (8(),6,)

<[0T Ly 0

It obviously follows from (23) and (24) that
LV (5(),0,)+8" 1) () -y'w' (Hw(t) <0.  (25)

Thus, under the zero initial condition, integrating
both sides of (25) from 0 to +oco and noting that
lim, _, . ,E{V(8(?),0,)} = 0, we have

E{I5 ®I’} <y lw ®)I’. (26)

The supply networks model (8) satisfies (13) for any nonzero
w(t) € L,[0,+00).

Therefore, the supply networks model (8) is robustly
stable with the H_, disturbance attenuation level y at the
stationary states. The proof is completed. O

Remark 2. Theorem 1 gives a sufficient condition to choose
proper state feedback control gains K, and K, such that the
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(a) (b)

FIGURE 1: The two switched topologies of supply networks.

supply networks model (8) is robustly stable for the external
disturbance w(t). For the given prescribed H_, disturbance
attenuation level y > 0, condition (14) in Theorem 1 takes the
form of bilinear matrix inequalities (BMIs) about the matrix
variables. Then according to the proposed mixed algorithm to
solve the BMIs problem in [20, 21], the state feedback control
gains K, and K, can be solved numerically efficiently with the
available software.

Remark 3. The stability of the supply networks at the sta-
tionary inventory states can effectively reduce the stocking
or shortage costs and increase the profits for the suppliers of
supply networks. Furthermore, the proposed robust stability
strategy in this paper can effectively suppress the bullwhip
effect under the uncertain customer demand so as to reduce
the extra operation costs and improve customer service level
of the whole networks.

4. Numerical Simulations

In this section, a numerical example is given to illustrate the
effectiveness of the proposed methods for the stabilization of
the supply networks model.

Let us consider a supply network with 6 suppliers. The
adaptation time interval is chosen as T = 10. The safe stock
level y. = 3. Here we suppose that the supply networks
model has two switched topology modes, which is dependent
on a continuous time Markov process. The two switched
topologies are given as Figure 1.

According to the two switched topologies presented in
Figure 1, we consider the following two switched coupling
matrices:

- 2 -
1 -—— 0 0 0 O
3
0o 1 0 0 —-——-0
1
—— 0 1 0 00
1 X
B = >
—% 0 —§ 1 0 0
4
2
0 0 0 --— 1 0
3
1
0 0 0 -- 0 1
L 3 J

0 20 40 60 80 100
t

FIGURE 2: The numerical simulation of the Markovian jumping
mode.

- 5 -
1 == 0 0 00
¥ 1
060 1 0 --00
1 3
-= 0 1 0 00
3
B(2) =
@ 2 0 3 1 00
3 4
1 1
0 0 ——-—<10
5 3
1
0 0 0 —--01
L 3 .
(27)
Suppose the transition rate matrix is given by
-0.5 0.5
= [ 0.4 —0.4]' (28)

Figure 2 is one of the possible realizations of the Markovian
jumping mode.

For a given small prescribed H, disturbance attenuation
level y = 2.5, by solving condition (14) in Theorem 1 with
the proposed mixed algorithm proposed in [20, 21], a set of
feasible state feedback control parameters can be obtained
as k;; = —-19,k,; = -1.5. The initial error inventory
level ¥;(0) is chosen randomly from the interval [-5, 5], and
the initial error delivery rates X;(0) are chosen randomly
from the interval [-1, 1]. Suppose that w;(t) = 0.1sin(t)/t
and the average demand rates d = [d|,d,,...,ds] =
(0.1 0.2 0.2 0.2 0.1 0.1 0.2]. Figure 3 is the evolution curves
of the error states of supply networks without control, which
shows that the supply network is not stable at the stationary
states. Under the control (10), the evolution curves of the
error states of supply networks depicted in Figure 4, from
which we can see that under control (10), the supply networks
model (8) realizes the robust stabilization at the stationary
states at t = 20. The simulations show the effectiveness of the
proposed methods in this paper.
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FIGURE 3: The evolution curves of the error states of supply networks without control.
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FIGURE 4: The evolution curves of the error states of supply networks under control (10).

5. Conclusion

In this paper, a supply networks model with stochastic
switched topology is developed, and the stabilization strate-
gies of the supply networks with stochastic switched topology
are designed. Based on the Lyapunov stability theory, a
sufficient condition for the existence of state feedback control
strategies is given in terms of matrix inequalities, which
ensure the robust stability of the supply networks at the
stationary states and a prescribed H_, disturbance attenua-
tion level for the uncertain demand. This paper provides a
new way to study the stabilization of the supply networks
with varying topology. A numerical example shows the
effectiveness of the proposed methods. Additionally, in reality
there will be benefit conflicts between suppliers. Then how
to design stability strategy of supply network with conflicts
between suppliers may be an interesting issue and need to
be investigated in the future. Moreover, the stability strategy
of supply network with partial information will be another
future research.
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