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Let G be a simple graph. The incidence energy (IE for short) of G is defined as the sum of the singular values of the incidence matrix.
In this paper, a new upper bound for IE of graphs in terms of the maximum degree is given. Meanwhile, bounds for IE of the line
graph of a semiregular graph and the paraline graph of a regular graph are obtained.

1. Introduction

Let G be a finite, simple, and undirected graph with n vertices.
The matrix L(G) = D(G)—A(G) (resp., L' (G) = D(G)+A(G))
is called the Laplacian matrix (resp., signless Laplacian matrix
[1-4]) of G, where A(G) is the adjacency matrix and D(G)
is the diagonal matrix of the vertex degrees. (For details on
Laplacian matrix, see [5, 6].) Since A(G), L(G) and L"(G)
are all real symmetric matrices, their eigenvalues are real
numbers. So, we can assume that A;(G) > A,(G) > .-+ >
M(G) (resp., 4 (G) = 1, (G) = -+ = p, (G), yy (G) = p; (G) >

- > u'(G)) are the adjacency (resp., Laplacian, signless
Laplacian) eigenvalues of G. It follows from the Gersgorin
disc theorem that L(G) and L*(G) are semidefinite. Therefore,
all Laplacian (resp., signless Laplacian) eigenvalues of G are
nonnegative. If the graph G is connected, then y;(G) > 0 for
i =12,...,n—1and u,(G) = 0 [6]. If G is a connected
nonbipartite graph, then ¢/ (G) > 0 fori = 1,2,...,n
1].

One of the most remarkable chemical applications of
graph theory is based on the close correspondence between
the graph eigenvalues and the molecular orbital energy levels
of m-electrons in conjugated hydrocarbons. For the Hiichkel
molecular orbital approximation, the total 7r-electron energy
in conjugated hydrocarbons is given by the sum of absolute
values of the eigenvalues corresponding to the molecular

graph G in which the maximum degree is not more than four
in general. The energy of G was defined by Gutman in [7] as

EG) =) A (G)]. (1)
i=1

Research on graph energy is nowadays very active, as seen
from the recent papers [8-15], monograph [16], and the
references quoted therein.

The singular values of a real matrix (not necessarily
square) M are the square roots of the eigenvalues of the
matrix MM", where M denotes the transpose of M. Recently,
Nikiforov [17] extended the concept of graph energy to any
matrix M by defining the energy E(M) to be the sum of
singular values of M. Obviously, E(G) = E(A(G)).

Let I(G) be the (vertex-edge) incidence matrix of the
graph G. For a graph G with vertex set {v,,v,,...,v,} and
edge set {e;, e,,...,¢e,,}, the (i, j)-entry of I(G) is 0 if v; is not
incident with e; and 1 if v; is incident with e ;. Jooyandeh et al.
(18] introduced the incidence energy IE of G, which is defined
as the sum of the singular values of the incidence matrix of G.
Gutman et al. [19] showed that

IE = IE(G) = ) \i (G). )
i=1

Some basic properties of IE may be found in [18-20].



A line graph is a classical unary operation of graphs
with finite number and infinite number of vertices. Its basic
properties can be found in any text book on graph theory (see,
e.g., [21-23]). Recently, several papers on line graph have been
published [20, 24-27]. For example, Gao et al. [24] established
a formula and lower bounds for the Kirchhoff index of the
line graph of a regular graph. Bounds for Laplacian-energy-
like invariant (LEL for short) of the line graph of a regular
graph G are obtained in [26]. For details on LEL, see the
comprehensive survey [28].

From (2), one can immediately get the incidence energy
of a graph by computing the signless Laplacian eigenvalues
of the graph. However, even for special graphs, it is still
complicated to find the signless Laplacian eigenvalues of
them. Hence, it makes sense to establish lower and upper
bounds to estimate the invariant for some classes of graphs.
Zhou [29] obtained the upper bounds for the incidence
energy using the first Zagreb index. Gutman et al. [20] gave
several lower and upper bounds for IE. In particular, an
upper bound for IE of the line graph of a regular graph was
established in [20].

In this paper, we continue to study the bounds for IE of
graphs. In Section 2, we give a new upper bound for IE of
graphs in terms of the maximum degree. Bounds for IE of
the line graph of a semiregular graph and the paraline graph
of a regular graph are obtained in Section 3.

2. A New Upper Bound for /E

In this section, we will give a new upper bound for IE of a
nonempty graph. The following fundamental properties of
the IE were established in [18].

Lemma 1 (see [18]). Let G be a graph with n vertices and m
edges. Then
(i) IE(G) = 0, and equality holds if and only if m = 0;
(ii) if Gy,..., G, are all components of G, then 1E(G) =
YPIE(G)).
From Lemma 1(ii), when we study the incidence energy

of a graph G, we may assume that G is connected.
The following lemma will be used later.

Lemma 2 (see [3]). Let G be a connected graph without
vertices of degree 1 and the maximum degree A. Then, y| >
1+A+(1/(A-1)); the equality holds if and only if G is a cycle.

Denote by C,, the cycle with n vertices.

Theorem 3. Let G be a connected graph without vertices of
degree 1 and the maximum degree A. Then

IE(G) < \/1+A+ !
A
3)

1
-D(2m-1-A-—);
+\/(” )(m A—l)
the equality holds if and only if G = C,.
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Proof. Note that ), y;” = 2m — y". By the Cauchy-Schwarz
inequality

IE(G) < \u} +\(n—1) (2m - }). (4)

The equality holds if and only if gty = -+ = p.
We consider the function

f(x)=vVx+yn-1)2m-x), x>0. (5)
Then
-n+1

2/Jn-1)2m-x) ©

It is easily seen that the function f(x) is decreasing for x >
2m/n. By Lemma 2,
2m

T <A<I+A<I+A+ <ul. 7
n A-1 # @

! _ 1
f(x)—2ﬁ+

Inequality (3) follows now from the monotonicity of f(x)and
(4).

Equality in (3) holds if and only if G is a cycle. It is well-
known [4] that the signless Laplacian eigenvalues of C,, are

2
2+2c0s Z%j (j=0,1,...,n—-1). )
n

If G = C;, then we may verify directly that the equality in (3)
holds.
Conversely, if the equality in (3) holds, then

+

P‘zz"':."l;' )

+
=1+A+ ,
U 1 A-1
It follows from Lemma 2 that G is a cycle. Note that G has at
most two distinct signless Laplacian eigenvalues. By virtue of
(8), we now conclude that G is a triangle. O

Recall from [20] that an upper bound for IE was given as
follows.

Lemma 4 (see [20]). Let G be a connected graph withn > 3
vertices and m edges. Then

IE(G) < VI+A++(n-1)2m-1-A). (10)

Remark 5. It should be pointed out that, for a connected
graph without vertices of degree 1, the bound in (3) is better
than the bound in (10). Indeed, it is easily seen that the bound
in(3)is f(1+A+(1/(A-1))), but the bound in (10) is f(1+A).
Note that

2m 1 N
— <A<1I+A<1I+A+ < U . 11
n A-1 “ ()

It follows from the monotonicity of f(¢) that

f<1+A+

A_1><f(1+A). (12)

That is,

\/1+A+A1—1 +\j(n—1)(2m_1_A_ﬁ> (13)

<VI+A++(n-1)2m-1-A).
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3. Bounds for IE of Line Graphs of
Semiregular Graphs

In this section, we will investigate the IE of the line graph of
an (r, s)-semiregular graph and the paraline graph of an r-
regular graph.

We first consider the case for line graph. The line graph
&Z(G) of a graph G is the graph whose vertex set is in one-
to-one correspondence with the set of edges of G where two
vertices of Z(G) are adjacent if and only if the corresponding
edges in G have a vertex in common. For instance, the line
graph of a star S, on n vertices is a complete graph K,_; on
n— 1 vertices.

The following result is well known [30].

Lemma 6 (see [30]). Let A be a matrix. Then, the matrices
AAT and AT A have the same nonzero eigenvalues.

A bipartite graph G with a bipartition V(G) = UU W
is called an (r, s)-semiregular graph if all vertices in U have
degree r and all vertices in W have degree s. Denote by p5(x)
the signless Laplacian polynomial det(xI — L*(G)) of G. For
an (r, s)-semiregular graph G, we can establish the following
relationship between p;(x) and gy g (x).

Lemma?7. LetG bean (r, s)-semiregular graph with n vertices.
Then

m-n +

po(p—(r+s-4)), (14)

where £(G) is the line graph of G and m is the number of edges
of G.

Ho (W)= (u—(r+s-4)

Proof. Let I(G) be the (vertex-edge) incidence matrix of a
graph G. Then

1GQIG" =LY G), IG)'IG) =21,+AZ(G),

(15)

where I,,, stands for the unit matrix of order m.
Note that if G is an (r, s)-semiregular graph, then the line
graph of G is (r + s — 2)-regular graph. Thus

L' (Z@GQ)=(r+s-2)I,+A(Z(G). (16)
Combine (15) with (16), we have
L'(ZG)-(r+s-4)1,=1G)"I1(G). 17)

It follows from Lemma 6, (15), and (17) that L*(G) and
LY(Z(G)) - (r + s — 4)I,, have the same nonzero eigenvalues.
Note that the difference between the dimensions of L* (Z(G))
and L"(G) is m — n. The proof is finished by the fact that the
leading coefficient of the characteristic polynomial is equal to
one. O]

By Lemma 7, the signless Laplacian eigenvalues of Z(G)
are

(r+s—4 res—Ad+pu r+s—4d+u e
1

r+s—4+u
m-—n 1 1 >

(18)

where y > p; > --- > p' are the signless Laplacian

eigenvalues of G.

Theorem 8. Let G be an (r,s)-semiregular graph with n
vertices. Then

IE(Q(G))S(%—n+1)\/r+s—4+ V2 (r+s)—4

+ \/(n—Z)

the equality holds if and only if G = K, ,,_,, or n is even and
G= K(n/2),(n/2) withn > 4.

(”—3)(1’+S)—4(”—2)+—2 = 5
r+s
(19)

Proof. Let m be the number of edges of G. Then, m = nrs/(r +
s). Note that yi; (G) = r + s. It follows from (2) and (18) that

IE(Z(G)) = m—n) r+s—4+i\/r+s—4+‘ui+
i=1

=m-nVr+s—4+2@r+s)-4 (20)

+Z\/r+s—4+yi+.

i=2

Note also that ) =0, Y, " = 2m. By the Cauchy-Schwarz
inequality, we have

n
Z\lr+s—4+yi+
i=2
n-1
= r+5—4+Z\/r+5—4+yi+
i=2

i=2

n—1
< r+s—4+\j(n—2)2(r+s—4+yi*)

- Vris 4

+\(1=2) [(1=2) (r +9) — 4 (1-2) + (2m - )]
= Vrvs—4

+ \j(n—z)

Inequality (19) follows now from (20) and (21).

Clearly, equality in (19) holds if and only if y; = --- =
t,_,. Suppose that y; = --- = p' . Then, the number
of distinct signless Laplacian eigenvalues of G is at most 3.
From the result, “the number of distinct signless Laplacian
eigenvalues of a connected graphs with diameter d is at least
d + 1 [1], we know that the diameter of G is at most 2. Note
that G is bipartite graph. If the diameter of G is 1, then G
must be K. If the diameter of G is 2, then G is a complete
bipartite graph K, ; with exactly 3 distinct signless Laplacian

(n=3)(r+s)—4(mn-2)+2"5].
r+s

(1)




eigenvalues. It is well known that the signless Laplacian
eigenvalues of K, . are p + g, p?T', g?7!, and 0. Thus, G =
K, ,-1,ornisevenand G = K, 5 (,/2) Withn > 4.
Conversely, if G = K, |, then #(G) = K,_,. Note that
the signless Laplacian spectrum of complete graph K, [4] is

t—2 2t-2
(23 77%) (22)

It follows from (2) and (22) that
IE(Z(G) =1E(K, )= V2n—4+(n-2) Vn—3. (23)

That is, the left-hand side of (19) is equal to V2n—-4 +
(n-2)Vn - 3.Inthiscase,r = n—1ands = 1.Itis easy to check
that the right-hand side of (19) is also equal to V2n — 4+ (n—
2)Vn=3.1t G = K, 13) 2)> then Z(G) = L,(n/2), where
n > 4 is even. Note also that the signless Laplacian spectrum
of lattice graph L,(p) [31] is

(2p—4 4p—-4 3p-4
(p-1" 1 2p—2>'

Similarly, it follows from (2) and (24) that the left-hand
side of (19) is equal to (n/2 - D*Vn—4 + \2n-4 +
(n — 2)/3n/2 —4. Note that K,y /) is an (n/2,n/2)-
semiregular graph. Substituting r = s = n/2 into (19), we get
the right-hand side of (19) is still equal to (1/2 — D*Vn-4+
\V2n—4+ (n—-2)+\/3n/2 - 4.

Hence, we complete the proof of Theorem 8. O

(24)

Now, we consider the case for paraline graph. Let G be a
simple graph. A paraline graph, denoted by C(G), is defined
as a line graph of the subdivision graph s(G) (the subdivision
graph s(G) of a graph G is the graph obtained from G by
inserting a vertex to every edge of G) of G (e.g., see Figure 1).
The concept of the paraline graph (or clique-inserted graph
[32]) of a graph was first introduced in [25], where the author
obtained the spectrum of the paraline graph of a regular
graph G with infinite number of vertices in terms of the
spectrum of G.
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Remark 9. The subdivision graph of an r-regular graph is
(r,2)-semiregular. Hence, the paraline graph of an r-regular
graph is the line graph of an (r, 2)-semiregular graph.

The following result is well known [5, 6].

Lemmal0. The spectra of L(G) and L*(G) coincide if and only
if the graph G is bipartite.

Let pg(x) be the Laplacian polynomial det(xI — L(G)) of
G.

Corollary11. Let G be an r-regular graph with n vertices. Then

oo ()= O =) - re2)™

X pg ((2r =) (u—7+2)).

Proof. Note that s(G) is a (2,r)-semiregular graph with n +
nr/2 vertices and nr edges. By Lemma 7, we obtain

ME‘(G) (M) =(u-r+ Z)m_n.”:(c) (u-r+2). (26)
It is shown in [33] that

b (1) = V"= MU (u(r+2-w). @7
It follows from (27) and Lemma 10 that

bao (1) = D™= Tug (u(r+2-p).  (28)
Combining (26) with (28), we have

nr/2-n

o () = D" ((r =) (u—r+2))

X g ((2r =) (p =7 +2)).

(29)

O

It follows from Corollary 11 that the signless Laplacian
spectrum of C(G) is

r r=2  u (CG) w (C@Q) - uy (C@) w (CG)
n(ir-2) n(r-2) ) ! I , (30)
2 2
where Theorem 12. Let G be a connected r-regular graph with n
vertices. Then
" G 3r—2+(r +2)° — 4y,
Hi = >
2 BCG) < (5 +V2=1)vr+ V2(n-1) V=T
e 3r—-2-— \/(r+2)2—4yi (32)
U (CG) = . : +(§_n+1)m;

(31)

and y;,i = 1,2,...,nare the Laplacian eigenvalues of G.

the equality holds if and only if G = K,,.
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FIGURE 1: (a) The graph G. (b) The graph s(G). (c) The graph C(G).

Proof. Ifr = 1,then G = K,,. Note that C(K,) = K. Itis easily
seen that

IE (C(K,)) = V2. (33)

In this case, r = 1 and n = 2. Hence

(%+ 2—1>\/7+\/§(n—1)\/r—_1
+<g—n+1>\/rT=\/§. o

Suppose now that » > 2. For convenience, let m = nr/2
be the edges of G. Note that G is an r-regular graph. It follows
from the definition of paraline graph that C(G) is still an r-
regular graph. Note also that ¢,(G) = r — A,_;,,(G), i =
1,2,...,nand A,(G) = r. Then by (2) and (30), we have

IE(C(G))
=(m-n)Vr+(m-n)r-2

n \}3r—2+\lr2+4()t,-+1)
1

Y :

i=

n |3r—2-+/r2+4(A; +1)
.
i=1

2

(35)

=(m-n+V2)Vr+(m-n+1)Vr-2
r2+4(A;+1)

\j3r—2+
i=2 2

5

rP+4()+1)

\j3r—2—
+
2

Note that —r < A,(G) < r, i = 2,3,...,n, by the Perron-
Frobenius theorem. Consider the function

900 = \]3r—2+ Vr? + 4t +4

2
(36)
\j3r N T
+ , —r<t<r.
2
The derivative function of g(¢) is
, 3r-2-Vrk+4t+4
g )= 5
_\j3r—2+ Vr? +4t+4
2
-1
X (2\/(2r2 - (Br+1))(r? +4t+4)> , —r<t<r.
(37)

It is clear that g(t) is decreasing for —r < t < r. Therefore

IE(C(G) < (m-n+V2)Vr

+(m-n+1) r—2+ig(—r)

i=2

=<g+ 2—1>\/?+\/§(n—1)\/r—1

(38)

+<%—n+1> Vr—2.

That is, IE(C(G)) = (m—n+ V2)\r+(m—-n+1)Vr -2+
Y, g(-r) if and only if G is regular graph and A,(G) =
7, A5(G) = --- = 1,(G) = —r. It follows that G is a regular
graph with two distinct adjacency eigenvalues r and —r with
multiplicities 1 and #n — 1, respectively. Then by Proposition
1.3.3 [31], G must be a complete graph. Note that the sum
of the adjacency eigenvalues of G is equal to zero; that is,
r+ (n—1)(-r) = 0. It follows that G is a complete graph with
two vertices; that is, G = K. This is impossible since > 2.

Summing up, we complete the proof. O



Theorem13. Let G be an r-regular graph with nvertices, r > 2.
Then

n(r+2v2-2
IE(C(G)) > Q«/ﬂ %\/_r—z, (39)
Proof. From the proof of Theorem 12, we know that the
function g(t) is decreasing for —r < t < r. Therefore

IE(C(G)) > (m—-n+ V2) Vr

n

+(m-n+1) r—2+Zg(r)

(40)

:M\/;*_g\/r_z_
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