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Recently, an innovative algorithm has been proposed by the authors for the identification of structural damage under unknown
external excitations. However, identification accuracy of this proposed deterministic algorithm decreases under high level
of measurement noise. A probabilistic approach is therefore proposed in this paper for damage identification considering
measurement noise uncertainties. Based on the former deterministic algorithm, the statistical values of the identified structural
parameters are estimated using the statistical theory and a damage index is defined.The probability of identified structural damage
is further derived based on the reliability theory. The unknown external excitations to the structure are also identified by statistical
evaluation. A numerical example of the identification of structural damage of a multistory shear-type building and its unknown
excitation shows that the proposed probabilistic approach can accurately identify structural damage and the unknown excitations
using only partial measurements of structural acceleration responses contaminated by intensive measurement noises.

1. Introduction

Structural damage detection is an important task for struc-
tural health monitoring [1–5]. Usually, it is straightforward
to identify structural damage based on tracking the changes
of the identified values of structural physical parameters, for
example, the degrading of element stiffness parameters. In
practice, it is often impossible to deploy so many sensors that
accurately measure all excitation inputs and response outputs
of systems. It is highly desirable to deploy as few sensors
as possible, so it is essential to explore efficient algorithms
which can identify structural damage utilizing only a limited
number of measured responses of structures subject to some
unknown (unmeasured) excitations.

In the past decades, some researchers have proposed algo-
rithms for simultaneous identification of structural parame-
ters and unknown excitation, for example, the iterative least-
square estimation approach [6, 7], the statistical average
algorithm [8], the recursive least-square estimation [9],
genetic algorithms [10], hybrid identification method [11],
the dynamic response sensitivity method [11], the extended
Kalman filter with unknown excitation inputs (EKF-UI) [12],

the sequential nonlinear least-square estimation (SNLSE)
[13], and structural parameters and dynamic loading identifi-
cation from incomplete measurements [14]. However, these
approaches suffered the deficiencies of either all structural
response being assumed available or the analytical and
numerical identification procedures being rather complex.

Recently, an innovative algorithm has been proposed by
the authors for the identification of structural damage under
unknown excitations using limited measurements of struc-
tural acceleration responses [15, 16]. The proposed algorithm
is based on the sequential utilization of the extended Kalman
estimator [17] for the recursive estimation of the extended
state vector of a structure and the least-square estimation
of its unknown excitation; that is, recursive solution for
extended state vector is initially estimated followed by the
subsequent estimation of the unknown excitation via least-
square estimation. Thus, proposed algorithm simplifies the
identification problem compared with previous simultane-
ous identification approaches [18, 19]. Structural damage is
detected from the changes of structural parameters at the
element level, such as the degradation of identified element
stiffness parameters. Such a straightforward derivation and
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analytical solution are not available in the previous liter-
ature. However, former numerical examples indicated that
the identification accuracy of this proposed deterministic
algorithm decreased with the increase of the measurement
noise level [15, 16]. Therefore, it is necessary to develop an
approach which can avoid the false identification of damages
in the deterministic identification algorithm induced by the
relatively high level of measurement noise.

Since the inevitable measurement noises are intrinsically
uncertain, the identification of structural parameter and
external excitation using measurements with intensive mea-
surement noises is essentially an uncertain problem [20, 21].
The identification performed by deterministic methods often
leads to incorrect identification results of structural damages
and a disagreement between the identified unknown excita-
tion and its true value while consideration of uncertainties
has received more and more attention in recent years [22–
26]. In this paper, a probabilistic approach is proposed for the
identification of structural damage under unknown external
excitations and with measurement noise uncertainties. Based
on the deterministic algorithm, the statistical values of the
identified structural parameters are estimated, and the prob-
ability of identified structural damage is further derived using
the statistical theory and probability method. The rest of the
paper is organized as follows. Section 2 briefly introduces
the former deterministic algorithm for the identification
of structural damage under unknown external excitations,
Section 3 presents the proposed probabilistic identification
approach based on the improvement of the determinis-
tic algorithm using the statistical and probability theory,
Section 4 shows a numerical example of the identification of
structural damage of a multistory shear-type frame building
and its unknown excitation to demonstrate the proposed
probabilistic approach, and Section 5 gives the conclusions of
the paper.

2. Brief Introduction of the Deterministic
Algorithm for Identification of Structural
Damage under Unknown Excitations

The equations of motion of a linear structural system subject
to unknown external excitation can be written as

Mẍ (𝑡) + Cẋ (𝑡) + Kx (𝑡) = B𝑢f𝑢(𝑡) , (1)

in which x(𝑡), ẋ(𝑡), and ẍ(𝑡) are the vectors of displacement,
velocity, and acceleration response, respectively; M, C, and
K are the mass, damping, and stiffness matrices, respectively;
f𝑢(𝑡) is an unmeasured external excitation vector; and B𝑢 is
the influence matrix associated with f𝑢(𝑡). Usually, the mass
of a structural system can be estimated with accuracy based
on its geometry and material information.

2.1. Estimation of the Extended State Vector. The extended
state vector of the system is defined as

X = [X𝑇
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where 𝜃𝑇 is a vector of the 𝑛-unknown structural parameters,
such as damping and stiffness parameters. As the structural
parameters are constant, (1) can be written in the following
general nonlinear differential state equations [15, 16]:

̇X = g (X, f𝑢) . (3)

Usually, only a limited number of accelerometers are
deployed in structures to measure acceleration responses.
Therefore, the discretized observation equation can be
expressed as

y [𝑘] = h (X [𝑘]) + G𝑢f𝑢 [𝑘] + v [𝑘] , (4)

where G𝑢 = DM−1B𝑢; h(X[𝑘]) = DM−1{−(C𝜃)X2[𝑘] − (K)𝜃
X
1
[𝑘]} in which y[𝑘] is observation vector (measured accel-

eration responses) at time 𝑡 = 𝑘 × Δ𝑡 with Δ𝑡 being the
sampling time step, (C)𝜃 represents elements in the damping
matrix C composed by the unknown parameters of damping
in the parametric vector 𝜃, (K)𝜃 represents the constitution of
stiffness matrixK analogously, f𝑢[𝑘],X

1
[𝑘] and X

2
[𝑘] are the

corresponding discretized values at time 𝑡 = 𝑘 × Δ𝑡, D is the
matrix associated with the locations of accelerometers, and
k[𝑘] is the measured noise vector assumed to be a Gaussian
white noise vector with zero mean and a covariance matrix
E[v
𝑖
v𝑇
𝑗
] = R
𝑖𝑗
𝛿

𝑖𝑗
, where 𝛿ij is the Kronecker delta.

Based on the extended Kalman estimator [15, 16], the
extended state vector at time 𝑡 = (𝑘+1)×Δ𝑡 can be estimated
with the observation of (y[1], y[2], . . . , y[𝑘]) as follows:

̂X [𝑘 + 1 | 𝑘] = ̃X [𝑘 + 1 | 𝑘] + K [𝑘]

× {y [𝑘] − ℎ (̂X [𝑘 | 𝑘 − 1] , f [𝑘])

−G𝑢̂f𝑢 [𝑘 | 𝑘]} ,

(5)

in which

̃X [𝑘 + 1 | 𝑘] = ̂X [𝑘 | 𝑘 − 1] + ∫
𝑡[𝑘+1]

𝑡[𝑘]

g (X, f𝑢) 𝑑𝑡, (6)

where ̂X[𝑘+1 | 𝑘] and ̂f𝑢[𝑘 | 𝑘] are the estimation ofX[𝑘+1]
and f𝑢[𝑘] given (y[1], y[2], . . . , y[𝑘]), respectively, andK[𝑘]
is the Kalman gain matrix [15, 16].

However, since the external excitation f𝑢(𝑡) is unknown, it
is impossible to obtain the recursive solution for the extended
state vector by the classical extended Kalman estimator alone.

2.2. Identification of the Unknown Excitations. Under the
conditions: (i) the number of output measurements is greater
than that of the unknown excitations and (ii) measurements
(sensors) are available at all DOFs where the unknown
excitation f𝑢(𝑡) acts; that is, matrix G𝑢 in (4) is nonzero; the
unknown excitations at time 𝑡 = (𝑘+1)×Δ𝑡 can be estimated
from (4) by the least-square estimation as [15, 16]

̂f𝑢 [𝑘 + 1 | 𝑘 + 1] = [(G𝑢)𝑇G𝑢]
−1

(G𝑢)𝑇

× {y [𝑘 + 1] − h (̂X [𝑘 + 1 | 𝑘])} ,
(7)



Journal of Applied Mathematics 3

in which ̂f𝑢[𝑘 + 1 | 𝑘 + 1] is the estimation of f𝑢[𝑘 + 1] given
the observation of (y[1], y[2], . . . , y[𝑘 + 1]).

Therefore, the proposed algorithm can identify structural
parameters and unknown excitation in a sequential manner,
which simplifies the identification problem compared with
other simultaneous identification work. Structural damage
is detected from the changes of structural parameters at the
element level, such as the degradation of identified element
stiffness parameters. Such a straightforward derivation and
analytical solution are not available in the previous literature
[15, 16].

However, former numerical examples indicated that the
identification accuracy of this proposed deterministic algo-
rithm decreases under high level of measurements noise [15,
16]. The identification performed by using the deterministic
algorithm leads to incorrect identification results of struc-
tural damages and a disagreement between the identified
excitation and its true value. Consequently, it is necessary to
develop an approach for identifying the structural damage
and unknown excitation when the measurements are con-
taminated by intensive measurement noises.

3. A Probabilistic Approach for
the Identification of Structural Damage
with Intensive Measurement Noises

Since the inevitable measurement noises are intrinsically
uncertain, identification of structural parameter and un-
known excitation using measurements with intensive mea-
surement noises is essentially an uncertain problem. A
probabilistic approach is proposed herein based on the
deterministic algorithm described in Section 2.

3.1. The Statistical Results of Identification Values. In the
observed equation, (4), themeasured noise vector is assumed
to be a Gaussian white noise vector; that is, uncertainties in
the measured responses are assumed as normally distributed
random variables. Then the measured acceleration response
vector y is an observation vector with uncertainties. In
practice,many sets ofmeasured accelerations can be obtained
by repetitious experiments or long-term measurement of
structures. In the numerical simulation, many sets of mea-
sured accelerations can be obtained by the theoretically
computed responses superimposed with many sets of mea-
surement noise with uncertainties. Then, each set of the
measured accelerations is used as an observation vector to
identify the structural parameters and unknown excitation by
using the deterministic identification algorithm in Section 2.
Therefore, many sets of identified results can be obtained.The
statistical parameters of the identified parameters can then be
estimated by the statistical theory for example, the mean and
standard deviations of identified structural element stiffness
can be calculated, respectively, by
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in which 𝜇i and 𝜎i are the mean and standard deviations of
the 𝑛-sets of identified stiffness of the 𝑖th structural element
𝑘

𝑖
, respectively.
Then, a damage index𝐷

𝑖
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in which 𝜇𝑑
𝑖
and 𝜇𝑢

𝑖
are the mean values of the identified 𝑖th

structural element stiffness in the damaged and undamaged
structure, respectively. Thus, the damage index 𝐷

𝑖
tracks the

degrading of the identified 𝑖th structural element stiffness and
can also reflect its damage severity.

Analogously, the effect of uncertainties on the identified
unknown excitation can be decreased by using the statistical
average of multisets of identified input time histories, that is,

f
𝑢

=

1

𝑛

𝑛

∑

𝑗=1

f𝑢
𝑗
, (10)

where f
𝑢

is the mean value of the 𝑛-sets that identified
unknown excitation time histories and f𝑢

𝑗
is the 𝑗th set of

identified unknown excitation.

3.2. The Identification Probability of Structural Damage.
Structural damage is assumed as the degrading of the identi-
fied 𝑖th structural element stiffness; a random variable of the
relative change of the identified 𝑖th structural element stiff-
ness in the damaged and undamaged structures is introduced
as

𝑟

𝑖
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where 𝑘𝑑
𝑖
and 𝑘𝑢
𝑖
are the identified values of the 𝑖th structural

element in the damaged and undamaged structures, respec-
tively.

Then, the probability of structural damages in this study
is estimated based on the reliability theory; that is, the
probability of structural damages of the 𝑖th structural element
𝑃

𝐷𝑖
is identified as

𝑃

𝐷𝑖
= ∫

𝑟𝑖≤0

𝑝 (𝑟

𝑖
) 𝑑𝑟

𝑖
, (12)

where 𝑝(𝑟i) is the probability density function of the random
variable 𝑟i in (11).

The random variable 𝑟i can be assumed as a normal ran-
dom variable. Then, damage probability 𝑃

𝐷𝑖
can be estimated

based on the definition of the standard normal distribution
as

𝑃

𝐷𝑖
= 1 − Φ(

𝜇

𝑟𝑖

𝜎

𝑟𝑖

) , (13)

where Φ(∙) denotes the probability of a standard normal
distribution.
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Based on the probability 𝑃
𝐷𝑖
defined in (13), the 𝑃

𝐷𝑖
value

presents the probability of whether the 𝑖th structural element
is damaged, and it is in the range of 50%–100%. A value of
50% indicates that the structural element has no damage,
whereas a value of larger than 50% means the occurrence of
damage. The closer to 100% of the 𝑃

𝐷𝑖
value, the larger the

damage probability.

4. A Numerical Simulation Example

In this paper, a numerical simulation example of the iden-
tification of structural damage of a 10-story shear building
model and its unknown excitation at the top floor is used
to demonstrate the efficiency of the proposed probabilistic
approach.The following structural parametric values are used
in the numerical study of the 10-story shear building: each
story stiffness 𝑘

1
= 𝑘

2
= ⋅ ⋅ ⋅ = 𝑘

10
= 6.79 × 10

3 kN/m,
the concentrated mass at each floor level is 𝑚

1
= 3.45 ×

10

3 kg, 𝑚
2
= 𝑚

3
= 2.65 × 10

3 kg, 𝑚
4
= 𝑚

5
= ⋅ ⋅ ⋅ = 𝑚

10
=

1.81 × 10

3 kg. Rayleigh damping assumption is employed in
this study and the two Rayleigh damping coefficients are 𝛼 =
2.88 and 𝛽 = 5.65.

The building is excited by a randomGaussian white noise
at the top floor; however, this excitation is assumed unknown
in the identification process. Partial structural acceleration
responses at the 1st, 2nd, 3rd, 5th, 7th, 9th, and 10th floor
levels are used as the observation vector.

The uncertainties of measurement noises on the results
of system identification are considered by superimposition
of noise process with the theoretically computed response
quantities, that is,

y
𝑗
= y
𝑗0
+ 𝜂

𝑗
]
𝑗
𝜎 (y
𝑗0
) , (14)

where y
𝑗
and y

𝑗0
are the 𝑗th set of measured acceleration

vector and calculated acceleration vector, respectively, ]
𝑗

is the 𝑗th random vector with standard normal random
distribution, 𝜎(y

𝑗0
) is the standard deviation of the calculated

accelerations y
𝑗0
, and 𝜂

𝑗
is the level of noise inmeasurements,

which is an important parameter representing the level of
uncertainties in the measured accelerations.

Structural damages of the building are assumed as follow:
the 3rd story stiffness 𝑘

3
is reduced by 5%, the 5th story

stiffness 𝑘
5
is reduced by 20%, and the 8th story stiffness 𝑘

8
is

reduced by 10%.
Each set of the measured acceleration responses with

uncertainties of measurement noise is used to identify
structural physical parameters, structural damage, and the
unknown excitation to the building using the deterministic
identification algorithm in Section 2. In the probabilistic
approach as shown in Section 3, the measured accelerations
contaminated by noises are taken as the uncertain variables
as shown by (14). The Mote Carlo method is performed with
sample size equal to 100. Two measurement noise levels,
5% and 20%, are simulated to examine the effectiveness of
proposed algorithms.

Figures 1(a)-1(b) show the comparisons of the identifi-
cation results by the deterministic identification algorithm
and the probabilistic approach when the measurement noise

levels are equal to 5% and 20%, respectively. It is seen
from Figure 1(a) that the identification values of the relative
stiffness change by the deterministic and the probabilistic
approach are very close to the true values, indicating that both
approaches can identify structural element damage when the
measurement noise level is low. However, Figure 1(b) shows
that when measurement noise level is quite high, which is
equal to 20%, the identification error by the deterministic
algorithm increases and the false positives of damages occur
in several undamaged floor stiffness, especially the false
damage identification of about 7% reduction of k

1
. On

the other hand, the damage index 𝐷
𝑖
in the probabilistic

approach can still accurately indicate the location and severity
of structural damage as shown in Figure 1(b) and Table 1.This
demonstrates that the proposed probabilistic approach can
avoid the false identification of damages by the deterministic
algorithm.

Figures 2(a)–2(c) compare the identification results of
unknown excitation by the deterministic algorithm and the
probabilistic approach. Form these comparisons, it is shown
that the identification accuracy on the unknown excitation
by the deterministic algorithm decreases with the increase of
the measurement noise level. There is an obvious deviation
between the identified and the true excitations. However,
Figure 2(c) demonstrates that the effect of uncertainties of
measurement noise on the identified unknown excitation can
be diminished by using the statistical average of multisets of
identified unknown excitation time histories.

The identification results of structural damage probabili-
ties defined in Section 3.2 for all the elements are summarized
in Table 1. It is shown that the damage probabilities of
elements 3, 5, and 8 are close to 100%, which are much larger
than 50%. The damage probabilities of all the undamaged
elements are very close to 50%. This indicates that the
proposed identification probability of structural damage can
accurately indicate all the structural damages locations.

5. Conclusions

In this paper, a probabilistic approach is proposed for the
identification of structural damage and unknown external
excitations using only limited measurements of structural
acceleration responses contaminated by intensive measure-
ment noises.The probabilistic approach is an improvement of
the deterministic identification algorithm recently proposed
by the authors. Structural parameters and unknown excita-
tion are identified in a sequential manner, which simplifies
the identification problem compared with other simulta-
neous identification algorithms. The statistical parameters
of the identified structural parameters are estimated using
the statistical theory, and a damage index is defined to
indicate the location and severity of structural damage.
The probability of identified structural damage is further
derived based on the reliability theory.The unknown external
excitation on the structure can also be derived by statistical
average of multisets of identified unknown excitation time-
histories. Therefore, the novelty of the research is that it pro-
poses a probabilistic approach which can accurately identify
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Figure 1: Comparisons of identification stiffness with different measurement noise levels.
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Table 1: Comparisons of identified damage indices and damage probabilities.

Story
no. Actual damage (%)

Noise level
5% 20%

𝐷

𝑖
(%) Error (%) 𝑃

𝑖
(%) 𝐷

𝑖
(%) Error (%) 𝑃

𝑖
(%)

1 0.00 0.01 0.01 49.2 0.34 0.34 49.4
2 0.00 −0.58 0.58 50.3 −0.97 0.97 56.6
3 −5.00 −4.32 0.68 99.2 −4.27 0.73 90.8
4 0.00 −0.45 0.45 50.3 −0.51 0.51 54.2
5 −20.00 −19.32 0.68 100 −18.63 1.37 100
6 0.00 0.01 0.01 49.9 −0.53 0.53 55.7
7 0.00 −0.900 0.900 51.8 −1.30 1.30 61.4
8 −10.00 −9.00 1.00 100 −8.58 1.41 92.1
9 0.00 −0.58 0.58 50.7 −0.67 0.67 56.5
10 0.00 −0.75 0.75 51.4 −0.73 0.73 57.2
Total error — — 0.88 — 0.85

structural damage and the unknown excitations more than
the deterministic identification algorithm under high-level
measurement noises. The proposed probabilistic approach
is clear and simple compared with other previous algo-
rithms. A numerical simulation example demonstrates that
the proposed probabilistic approach can accurately identify
structural damage and the unknown excitations using only
partial measurements of structural acceleration responses
contaminated by intensive measurement noises.

It is important to investigate the efficiency of the proposed
probabilistic approach for the identification of other types
of structural systems. Moreover, damage identification is
only verified by the numerical simulation in this paper.
Experimental studies to fully assess the performances of the
proposed algorithm are needed. Such work is investigated by
the authors and the results will be reported in future.
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