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We consider the existence and multiplicity of solutions for the p(x)-Kirchhoff-type equations without Ambrosetti-Rabinowitz
condition. Using the Mountain Pass Lemma, the Fountain Theorem, and its dual, the existence of solutions and infinitely many

solutions were obtained, respectively.

1. Introduction

The Kirchhoff equation

Pazu <@+£JL ou
ot? h 2L )

ox

2
ou dx)a”—o M

ox?

was introduced by Kirchhoff [1] in the study of oscillations
of stretched strings and plates, where p, py, h, E,and L are
constants. The stationary analogue of the Kirchhoff equation,
that is, (1), is as follows:

- <a +b L |Vu|2dx> Au = f(x,u). 2)

After the excellent work of Lions [2], problem (2) has received
more attention; see [3-10] and references therein.

The p(x)-Laplace operator arises from various phenom-
ena, for instance, the image restoration [11], the electro-rheo-
logical fluids [12], and the thermoconvective flows of non-
Newtonian fluids [13, 14]. The study of the p(x)-Laplace oper-
ator is based on the theory of the generalized Lebesgue space
LP®)(Q) and the Sobolev space W™P¥)(Q), which we called
variable exponent Lebesgue and Sobolev space. We refer the
reader to [15-19] for an overview on the variable exponent
Sobo-lev space, and to [20-29] for the study of the p(x)-
Laplacian-type equations.

Recently, there has been an increasing interest in studying
the Kirchhoft equation involving the p(x)-Laplace operator.

Autuori etal. [30, 31] have dealt with the nonstationary Kirch-
hoff-type equation involving the p(x)-Laplacian of the form

1 &)
u, — M (J'Q quP’ dx) A pu

+Q(6xuu) + f (xu) =0,

1 &)
u, — M (J'Q mwmp dx) Ayt

+ulVulP P+ Q(t x uu,) = f (1 x,u).

(©)

In [32-35], applying variational method and Ambrosetti-
Rabinowitz (AR) condition, Guowei Dai has studied the
existence and multiplicity of solutions for the p(x)-Kirchhoff-
type equations with Dirichlet or Neumann boundary condi-
tion. In [36], by using (S, ) mapping theory and the Mountain
Pass Lemma, Fan has discussed the nonlocal p(x)-Laplacian
Dirichlet problem with the nonvariational form

-A(u) A gy = B(u) f(x,u), inQ,
(4)

u=0, on 0Q,



and the p(x)-Kirchhoff-type equation with the variational
form

1
_ _ p(x) A
a (L ) [Vu| dx) P4

= b(JQF(x, u) dx)f(x, u), in Q, )

u=0, on 0Q,

under (AR) condition, where A, B are two functionals defined
on W, P*(Q), and F(x,1) = [} f(x,s)ds.

Motivated by the above works, the purpose of this paper
is to study the p(x)-Kirchhoft-type equation

- (a +b L ﬁqulp(x)dx> Ayt = f(xu), inQ,

u=0, onodQ,

(6)

without (AR) condition, where ) is a smooth bounded
domain in RY, a,b are two positive constants, A Pl =

div(|Vu(x) [P 2Vu(x)), p € C*P(Q) for some f € (0, 1), and

1<p :=inf p(x) < p" :=supp (x) < +oo0. )
Q Q

By taking the famous Mountain Pass Lemma, the Fountain
Theorem, and its dual, we obtain the existence of solutions
and infinitely many solutions for the p(x)-Kirchhoff-type
equation (6) under no (AR) condition.

2. Preliminary

We recall in this section some definitions and properties of
variable exponent Lebesgue-Sobolev space. The variable

exponent Lebesgue space LP™(Q) is defined by

1P Q)
= {u tu:Q — R is measurable, J lulP@dx < oo}
’ ®
with the norm
U [P
[l 0 = 1t = inf {a >0 JQ ECE 1} )

The variable exponent Sobolev space W"#*)(Q2) is defined by
WS (Q) = {u e LPY(Q) : [Vul € P ()} (10)
with the norm

leellwrecr = Nually, pey = 114l pay + VU] iy (11)
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Denote by WOI’P(x)(Q) the closure of C;°(Q) in WhPE ().
|VU|P(X)
use the notation |[|u| = |Vulp(x) foru e Wol"o(x)(ﬂ). Define

is an equivalent norm on WOI’P ®)(Q). In this paper we

Np (x) )
P e N,
P AN-p PO (12)
+00 if p(x) > N.

We refer the reader to [36-38] for the elementary properties
of the space W™ ().

Proposition 1 (see [38]). Set p(u) = IQ |u(x)|P(x)dx. For any
u € LFY(Q), then the following are given:

(1) fulpy = A & pu/2) = 1 if u#0;

(2) Iulp(x) <l(=L>1) e p(u) <1(=1;>1);

(3) |u|§(x) < P(H) < |u|§(x) lf |u|p(x) > 1

(4) [ul? < p(u) < Julf ) if Tulpey < 1;

(6) limy _, ;oo [l pxy = +00 © limy_, o p(1y) = +00.

3. Positive Energy Solution

In this section we discuss the existlence of weak solutions of
(6). For simplicity we write X = W, P (x)(Q).
First, we state the assumptions on f as follows.

(fo) Let f: QxR — R be a continuous function,
and there exist positive constants ¢;, ¢, such that

If (e, 1) < ¢ + et 13)

where a« € C(Q) and 1 < a(x) < p(x) forall x € Q.

(f) Let f: QxR — R be a continuous function,
and there exist positive constants ¢;, ¢, such that

If )] < g + 6t (14)

where « € C(Q) and p* < a(x) < p*(x) forall x € Q;
tf(x,t) > 0forallt > 0.

(f1) Let lim, , , (F(x, t)/|t|2p+) = +00, uniformly
for x € Q, where F(x,t) = jot f(x,s)ds.

(f,) There exists 0 > 1 such that 0G(x,t) > G(x, st)
for (x,t) € QxR and s € [0, 1], where

G(x,t) =tf (x,t) = 2p F (x,t). (15)

(f3) Letlim, _, o(F(x, t)/|t|p+) = 0, uniformly on x €
Q.

(f3') There exists § > 0, such that F(x,t) < 0 for x €
Q, |t < 6.



Journal of Applied Mathematics

(fy) Let f(x,t) = —f(x,—t) forx € Qand t € R.

(fs) Let lim, _, o(F(x, t)/|t|q+) = 0, uniformly on x €
Q, where qe€ C(Q) satisfies 1 < q(x) < p(x) for x €
Q.

Remark 2. Condition (f,) was first introduced by Jeanjean
[39] for the case p(x) = 2. Let f(x,t) = 2p*[t[*’ tIn|t],
then

Gxt) = [t

(16)

+ 1 +
F(x,t) = |t In|t| - guﬁp ,

It is easy to see that the function f does not satistfy (AR) con-
dition, but it satisfies ( f;)-(f5) and ( f3' ).
Define I(u) = J(u) — ®(u), where

_ b 1 p(x) ) 1 e
J(u) = <a +3 L o) [Vul" dx L o) [Vul""dx,
DO (u) = J F (x,u) du.

Q

(17)
Then I € CY(X,R).

Proposition 3 (see [38]). Assume that (f,) hold, then the
functional ] : X — R is sequentially weakly lower semicon-
tinuous, ® : X — R is sequentially weakly continuous, and 1
is sequentially weakly lower semicontinuous.

Proposition 4 (see [37]). Assume that (f,) hold, and let u, €
Wol’p(x)(Q) be a local minimizer (resp., a strictly local mini-
mizer) of I in the C' (Q) topology. Then uy is a local minimizer
(resp., a strictly local minimizer) of I in the WOI’P(X)(Q) topology.

Definition 5. We say that u € X is a weak solution of (6), if

<a + bJ ;|Vu|P(x)dx> J [Vu|P®2vuvy dx
ap() ¢ 18)

= J f(x,u)vdx
Q
forany v € X.

Definition 6. Let X be a Banach space and I € C'(X,R).
Given ¢ € R. we say that I satisfies the Cerami ¢ condition
(we denote by (C), the condition), if

(i) any bounded sequence {u,} ¢ X such that I(u,) — ¢
and I'(u,,) — 0 has a convergent subsequence;

(ii) there exist constants §, R, 3 > 0 such that

Wl |1’ @] =B Vuel [c-8,c+8], [ul=R.
(19)

IfI € C'(X,R) satisfies (C),. condition for every ¢ € R, then
we say that I satisfies (C) condition.

Remark 7. Although (PS) condition is stronger than (C)
condition, the Deformation Theorem is still valid under (C)
condition; we see that the Mountain Pass Lemma, the Foun-
tain Theorem, and its dual are true under (C) condition.

Lemma 8. Assume that conditions (f,)-(f,) hold. Then I
satisfies (C) condition.

Proof. From [36, Proposition 3.1], I satisfies (i) of (C) con-
dition.

Now we check that I satisfies (ii) of (C) condition.
Arguing by contradiction, we may assume that, for some ¢ €
J4a]| — oo,

I(u,) —c [, "I' (un)“ — 0.
2

Then we have

lim {aj (L— ! )qulP(x)dx
n— 0o Q (x) 2p+
1

1 px)
X JQ (p(x) = ) [Vul" dx (21)

+ ! J G(x,u)dx}
2p+ Q

1+ <I' (un),un>]> =c.

2p

= lim {I(un) -

Let v, = u,/|lu, |, then up to a subsequence we may assume
that
v,—v inX,

v, — v in L9 Q), (22)

v,(x) — v(x) ae xeQ.
If v = 0, inspired by [13, 14], then we define

I(tuy) = max I(tu,). (23)

For any m > 1/2p*, let w, = 2mp*)"/? v,. Sincew, — 0
in L“®(Q) and

IF (x, )] < ¢ + colt|*™, (24)

by the continuity of F(x, ), F(-,w,) — 0in L'(Q), thus,

n—0

lim J F(,w,)dx=0. (25)
Q



Then for n large enough, (2mp+)1/p_/||un|| € (0,1) and

I(tu,) 2 T (w,)

_ 1 plx)
_aJ —p(x)an] dx

l;) L p(x) >2_J
3 <L P [Vw, " dx QF (x, w,) dx

_ 1 +\1/p" P
=a J;) 7 ((2mp ) |an|> dx

N g(L Iﬁ«sz)l/p_ |an|>p(x)dx>

- L F(x,w,)dx

2

> Zﬂia J |an|P(x)dx
P Q

2 2
i 2<J |an|p(x)dx) —J F(x,w,)dx
(p) e 0
2
> 27}161 i 2 —J F(x,w,)dx.
P (pt) e

(26)

That is, I(t,u,) — oo.From I(0) = 0 and I(4,) — c, we
know that ¢, € (0,1) and

aJ |thun|p(x)dx
Q
+b <I ;|thun|p(x)dx> J |V, PP dx
o p(x) Q

[ 5 et

I(tu,) = 0.

t=t,

= (1 (b)) =1,
(27)

Therefore, from ( f,), we have

4<J“1NWM%X
a\p(x) 2p*

Vi, [P dx

bj 1

+ — —_—

2 Ja p(x)

X J‘ (L — L) |Vun|p(x)dx
a\px) p*

+ J G (x,u,)dx
o

2p*
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X J <L - L) |Vun|P(x)dx
a\p(x) p*

1 J’ G (x, t,u,
+ [ —
2p+ Q 0

a 1 1
> — )Wy PP gk
9L<p(x) 2p*>” [V

T I AR N
20 Ja p(x)

“ ( : ‘L>fﬁ(’“’l\7un|"(’“)dx
a\p()  pf

1 J' G (x, t,u,
2p* Ja 0

= é (I(tnun) - ﬁ (r (tnun)’tnun>>

dx

dx

1
= él(tnun) - 0o0.
(28)

This contradicts (21).
If v#0, from (20), when ||, || > 1,

a p+ b 2p+
— |, ||” + u, —(c+o(1))2j F(x,u,)dx.
» lesal ) ool L Flow)
(29)
Then from ( f;) we have
a 1 b c+o(l)
- e 2 2p*
Polu " 20p7)
F >
> J (v :ﬁ)dx
@ oo 0
F(x, N
([t ) T a
v#0 Jn=0/ y |7P
F(x, N
= J (x—u:l) vn|2P dx.
Vn#0 |un|2P

Forx € ©® := {x € Q : v(x) #0}, lu,(x)] — +00.By (f;) we
have

Wf — +oo. (31)
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Note that the Lebesgue measure of ® is positive; using the
Fatou Lemma, we have

[ Flow

2p*
7 vn| dx — +00. (32)
w0 |un|

This contradicts (30).
The technique used in this lemma was first introduced by
(39, 40]. O

Theorem 9. Assume that conditions (f,)-(f,) and (f;) (or
(f3')) hold. Then (6) has a nontrivial solution with positive

energy.

Proof. From Lemma 8, I satisfies (C) condition. Let us show
that the functional I has a Mountain-Pass-type geometry.

Note that I(0) = 0. By ( f3), there exists § > 0, and for any
u € X with |u]peq) <6,

I(u)= aj LIVuIP(x)dx

a p(x)
2
+9<J leulp(")dx> —J F (x,u)dx
2\Ja p(x) Q
a + 2p*
> —Jul” + lul? - J F(x,u)dx > 0.
p (r*)’ a

(33)

This shows that 0 is a strictly local minimizer of I in the C Q)
topology, and hence 0 is a strictly local minimizer of I in
the C'(Q) topology. By [37, Theorem L1], 0 is a strictly local

minimizer of I in the W,”*(Q) topology. Thus there exists
r > 0 such that I(u) > 0 for every u € X \ {0} with [lu] <.

We claim that infj,_.I(u) > 0. To prove this claim,
arguing by contradiction, assume that there exists a sequence
{u,} ¢ X with |lu,|| = r such that I(u,,) — O0asn — co. We
may assume that u,, — 1, in X. Since I is sequentially weakly
lower semicontinuous, we have that I(u,) = 0, and hence
u, = 0. Since @ is sequentially weakly continuous, then we
have that ®(u,) — ®(0) = 0, and hence J(u,) = I(u,) +
®(u,) — 0.Itfollows from thisthatu, — 0in X which con-
tradicts with [|u,, || = 7.

Let y € X with y > 0in Q and |y|| = 1. By (f,) and (f;),
for s > 1 we have

1
I(S)’)Zaj'gm

|Vsy|p(x)dx
1 p , \
- x - | Fix,
+ b( JQ 70 [Vsy| dx) L (x,sy)dx

a + b 2p*

T

—CISZP+ J |y|2‘l7 dx+c¢, — —00 ass — +00.
Q
(34)
We set e = sy. Then for s large, we obtain

llell > 7, I(e) <O. (35)

Hence by the famous Mountain Pass Lemma, problem (6) has
a nontrivial weak solution with positive energy. O
4. Infinitely Many Solutions

Since X is a reflexive and separable Banach space, then there
exists {e;} ¢ X and {e;} C X* such that

X = span {e]-:j: 1,2,...},

X* = span {e}‘ :j=1,2,...}, (36)
N _ L i=],
<e"’ef’>‘{o, i#].

. . _ _ ok _
For convenience, we write X; = spanfe;}, Y, = &, X, Z; =

(0e)
oL, X.

Lemma 10 (see [21]). Ifa € C(Q), 1 < a(x) < p* forany x €
Q, denote

By = sup {lulye : lull = L,u € Zi}. (37)

Then limy, _, , B = 0.

Proposition 11 (Fountain Theorem). Assume that I ¢
C (X, R) is an even functional. If, for any k € N, there exists
P > 1 > 0 such that

(A}) @ = maX,ey, juj=p [() <0,

(A,) b =inf,cz jyyr (W) — +00ask — oo,

(A3) I satisfies (C), condition for every ¢ > 0,
then I has an unbounded sequence of critical values.

Proposition 12 (Dual Fountain Theorem). Assume that I €
C!(X,R) is an even functional. If, for any k > k,, there exists
Pr > 1 > 0 such that

I(u) > 0,
I(u) <0,

(B ay = inquZk,"u”:Pk
(By) b = maxcy,

(By) d, = inf

sllull=ry

uEZk,IIMIISka(u) — 0ask — oo,

(By) I satisfies (c). condition for every c € [dko,o])
then I has a sequence of negative critical values con-
verging to 0.

Theorem 13. Assume that the conditions ( f(; ), (f1)-(f4) hold.
Then (6) has infinitely many solutions {u;} such that I(u) —
ocoask — oo.

Proof. By conditions (f;), (f), and (f3), for any e > 0, there
exists C, such that

Fxu) > Clu® —eul’, V(ou)eQxR.  (38)



For u € Y}, when [u] > 1,

I(u):aJ —1 IVl P™ dx

p(x)
b 2
+ —<J —|V |px)dx> —J F(x,u)dx
p(x) o
a b
< Sl + —— )
a 2(p7)
- Celulgi + elulii — —00  as |ul]| — +oo.
(39)
Then for some p, > 0 large enough,
a.:= max I(u)<0. (40)

u€Yp,llull=py

On the other hand, by ( fo') and (f3), there exists C, > 0 such
that

IF (o) < elul” +CJul*®, V(xu)eQxR.  (41)

Let B := sup,cz juj=p, [4lo-- From Lemma 10, B — 0 as
k — oo. Foru € Z;, when [ul| < 1 and € small enough,

I(u =aJ —VufWdx
(u) Qp(x)l |
+9<J ——|Vu |P(x)dx> —J F(x,u)dx
p(x) Q
> Ll Ll -l — el (42)
p 2(p") P
2 p+ Ll - clull-
> L ull? — cBilul®

/(e =p7)

If we choose r := (a/4cp™ ;") — ooask — oo,

then, for u € Z; with |lu| = r;,

I(u )_

N e N
( ) b, @)
4cp+/3k

which implies that b, := inf,cz, - [ (1) > l;k — +00 as
k — +o0. O

Theorem 14. Assume that conditions (f(;), (f1) (f2)s (fy), and
(fs) hold. Then (6) has infinitely many solutions {u, } such that
I(u) —» 0ask — oo.
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Proof . By conditions (f;), (f;), and (fs), for any & > 0, there
exists C, such that

Fou) > Clul® —elul?, V(ou) eQxR.  (44)

For u € Y}, when [ul is large enough,

I(u) = aJ- ?Wulp ) dx

b P )2_
+ (J p(x)IVu| dx LF(x,u)dx

o (45)

a +
< —Jul? +

b
(r)’
- C£|u|§p1 + s|u|q: — —00

P q
as |lu]| — +oo.
Then for some ;. > 0 large enough,

b= max I(u)<0O0. (46)

u€Yy,llull=ry

On the other hand, by ( f;), there exists C, > 0 such that

IF (x,u)| < elul? +CJul*™, V(ou) e QxR (47)

Let By = sup,cz, jujr, tlg> then B — Oask — oo. For
u € Zy, when |u| and & small enough,

I(u) = aJ- Tqulp ™) dx

b ) )2_
2<j p(x)Wul dx jQF(x,u)dx

a - +
>l - cClul- - celul . (48)

p*

>

T T CIqu

+ + +
=~ ey Nl

+_ ot

If we choose p;. := (4cp™ ﬂk /a — 0as k — 00, then,

for u € Z; with |lu| = p,

\q /P -q)
+ [ 4c + 34
I(u) = cp} <p7ﬁk> = ay, (49)

which implies that g;, := inf I(u) 2a, — O0ask —

ueZylull=pe
+00.

Furthermore, if u € Z; with |lu|| < p, then

I(u) > —cﬂzipzi — 0 ask — oo, (50)

which implies that d; = inf, I(u) —» 0ask — oo.

O

ueZp,lull<p.
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