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This paper investigates the absolute stability on §, of the zero solution of
Lurie-Postnikov systems with impulses and structural perturbation. A
number of absolutely stable on §, theorems of the Lyapunov type for
Lurie-Postnikov systems are proved, extending and generalizing previous
work on the subject. These results are applied to some fourth-order Lurie-
Postnikov type systems decomposed into two systems.
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1. Introduction

A system of the Lurie-Postnikov type can be considered complex for the great
number of its nonlinearities and/or for the nonstationarity and rich structure of its
form.

A system can be considered large scale due to several intrinsic features, among
which are included:

(a)  high dimensionality,

(5 manifold of the system structure (networks, trees, hierarchical strueture,

etc.),
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(¢)  multiple connections of the system elements (sub-systems, interconnection
in one level and between different levels of hierarchy),

(d)  manifold of the elements nature (machines, automata, robots, people-opera-
tors),

(¢)  recurrence of change of the system composition and state (variability of
the system’s structure, connections and composition),

(f)  multiple criteria of the system (difference between local criteria for sub-sys-
tems and global criteria for a system in the whole, i.e., their inconsisten-
cy).

A direct analysis of a dynamic property (such as stability, controllability, observa-
bility, optimality and robustness) of large-scale Lurie-Postnikov systems can be cum-
bersome, or even impossible. In the framework of stability analysis, this means that
the direct Lyapunov method, the most general and powerful for stability analysis, can-
not be effectively applied to large-scale Lurie-Postnikov systems, due to the lack of an
algorithm for the construction of a set Lyapunov function. This problem can be
somewhat diminished by the application of matrix-valued Lyapunov functions which
admit a broader class of auxiliary functions suitable for the investigation of stability
problems.

The aim of this paper is to apply some general results from [6-9] to the stability
analysis of large-scale Lurie-Postnikov impulsive systems under structural perturba-
tion. Sufficient conditions for absolute stability on §, are established.

2. Large-Scale Impulsive Lurie-Postnikov System

We consider the large-scale impulsive system
(1)
Z S Autet Z S0 (i),
aie:cﬁm, i=1,2,..,5 t£7(x), k=12,... (1)
S S
Az, = eZ Jkit®e +eE b:09:0(7%0),
=1 =1

0‘:‘2 = cﬁm(wr(x)), i=1,2,...,5 t=T1(x), k=12,...
where
-1 ,
o0 (o) €10, Kl C R,
(Ure) - 19,‘@(”?@) € [0’ K,g] CR +
Aié’ Jkié are constant matrices, z; € Rni, ntnyt..tn,=n, g, bi(l’ are con-

stant vectors and K. 0 K ;0 are positive constants, all of the appropriate dimensions.

The matrices S(E) 5(2) and the structural set §, are described in Appendix 1. The
lndependent subsystems correspondlng to system (1) are obtained by replacing z in
(1) with z*, where z* = (0,...,0,27,0,...,0)T € R"::
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d o .
= Az +;;fii(05), t# ()
” , 2)
Az =Jpim; +0;39:(F5), t=1i(z"),
where
G =iz O =Thri(ry(e), i=1,2,.
In order to simplify system (1), we introduce the designations
f; (:L") = A e, +q;,f:00:), 7, c?;wl, t# 'rk(:ci), k=1,2,...
Fi(x’ S) ZZ S( )A 0%y + Z Szﬂ q12f1e(aze)
C#i i3
+5Pg.f Ful =cla, t H, k=1,2,..;
944 u(Uu) 1 0'“)], il Cia(b‘t, :/: Tk(:c )’ 1HYee
9,(2') = J i@ + b;0,4(F5), t=r4(a"), k=1,2,...
Gi(z) = Z Jrie%et Z bie9:e(73)
2 ;6 i 2 ;é i
+b,:09,:(0%) — 9;:(G5)], t=Ti(2), k=1,2,....
Then system (1) becomes
dz. :
—;;-'Z fi&")+ Fy(x,S), t=r4(z), S€G, i=12,..,s k=12,... )

Az, = gi(:ci)+Gi(:c), t=T1i(x), k=12,... i=12,..,s

3. Matrix-Valued Lyapunov Function

Together with system (1) and subsystems (2) we consider the matrix-valued function
U(l’):[uzj(ml,wj)], U,“jzuj',i, i:j:1,2,...,5 (4)

the elements of which are determined as

uw(xl, z;) =g, P”:c], ,7=1,2,...,s (5)

where z; € R"i , r] € R , P,; are symmetrlc, positive definite matrices, and P
constant matrices for all ¢, j = 1 2,.
It is known (see [1, 3]) that the functions (5) satisfy the estimates

(a) An(Pid) L2 1% < wigly) < Mpp(Pi) 2411 % (6)



484 A.A. MARTYNYUK and I.P. STAVROULAKIS

Ve, € R™, i=1,2,...,5;
1/2 T 1/2 T
®) =X (PP llzill 1zl <uyjz;z;) < A (PiPi) ;I =l

Vo, € R™, 2, €R'7, V(i#7)=12..,s

where A_(P;;) are the minimal and A,,(P,;;) are the maximal eigenvalues of the

matrices P;;, and /\}VP(PUP;I;-) is the norm of the matrices P, ;.

Using the matrix-valued function (4) and the constant vector n = (1,1,...,1) €
®,, we construct the function

V(z,n) =0 U(z)n ©)
and consider its total derivative

DV (z,n) = " DU(z)n, 8)
where
DU(z) = [Du,-j(xi, a:j)], ,j=1,2,...,s

along the solutions of system (1).
Lemma 1: If the estimates of (6) are satisfied, then for the function (7) the two-
sided inequality

uT Au < V(z,n) < uIBu VzeR" 9)

holds true, where

T
ut =Nzl 2l 2 1D

A:[a'.’], B:(‘im, i,j:1,2,...,5

@ = An(Py), @ =Ap(Pyy)

(X3

— — = - 1/2 T
a ;== =8 = -8, = = Ay (PiPy).

Proof: The proof of Lemma 1 follows from Lemma 1 in [7].
Corollary 1: If inequality (9) is satisfied, then

Am(A) [ ]| 2 <V (z,m) < Apg(B) | u |
(10)
Yze R" n=(1,1,..,)) € R%,
and for

An(A) >0, Ap(B)>0,

(11)
g BV (@, n) < [lull® < An  (A)V(z,n).

Lemma 2: If for system (1) the matriz-valued function (4) is constructed with
the elements (5), then for the derivatives of functions (5) along with solutions of (1)
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for t #1(x), k=1,2,... the estimates

(a) (Dz U ) fi(a") < o 212 Ve € BY, i=1,2,...s
(b) Z(Dm,Un)TF (z,5) +2Z Z
i1=1 1i=1 j=2
7>

{(Dz,u”)T (Fie)) + F(2,9) + (D2 ju; )T (Fi(e)) + F |z, 5))}

S s s
<SPS Iz 42Y 3 s Nzl Nz

i=1 1=1 j3=2
1>

Y(z,, )ER'XRJ Vs € G,,

z’]

are satisfied, where pgl) and pzz)(S), i=1,2,...,s are mazimal eigenvalues of the
matrices r r ror
PllAil + A D + Pilqll ( il) + (qlik (cil) ) l;

1—1

{0+ (SHagkici pe
=1

+P eT,-[Sg)Aei +Sa0:k7e;) ]}

8

+3 {P ie[Sg)Aﬁi—l_S%z)qﬂz ez(‘fo)T]
l=i+1

+{sE A" + (5Pagki NP

+ Z{P S(2)qﬂk** )T+(S(2 qﬂk**(c )T)TP }

13" 71
1=2
>

respectively, pij(S), 1<j,1=12,..,5 J=2,...,5 are the norms of the matrices

A 1
Z[S( AT+ (SPagk7(ch) }Pej

H

[(S&?A )T+ (5Pagkg (b)) [Py,

+ 3 P[540+ 5Pay 1))
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S

_Z-Z:+ lPiZ [527)'4@] + S%])qejkej( e )T]

+ 1P (54, + (SDAGT P+ PSPy, i ed)T)

+ (5., 0 kTP + Pii(akii(el)T) + (‘Iﬁk?j(cfi)T)TPﬁ}

3PP A + (SPATP i+ PSPk
+ (SPak 55TV P j+ Pysla #5550 T) + (045,65 )TV TP 5}
t1=1,2,...,s, j=12,...5,
respectively.

Here
" _{ k;; fo1"0”(5U q,])TP x>0, 4,j=12,
=
0

in other cases;

k*. = kij for 0’,,q,,P“x, >0, :=1,2,.
- k"j for O'“Q“P"x, <0, 1=1,2,..,s

The proof is carried out the same way as in Lemma 2 in [7].
Lemma 3: If all conditions of Lemma 2 are satisfied, then for (8)

DV(z,n) < uTou, V(z,5) € R"x§, (12)
where

®=[0ij]’ L1 =12,..4s, 0;;=P£1)+P52)(S*),
01]:0]1:;)‘](5'*), S*egsi l#]: i,j:1,2,...,8
is the constant matriz such that

p$(S) < piP(5%)

and
Pi(S) < p;j(S™).

The proof of this lemma is similar to that of Lemma 3 in [7].
Corollary 2: If inequalities (10) and (11) are satisfied, then for (12)

-1
DV(z7) < An(©)A 3 (B)V (z,m) for Ap(©) <0, (13)
A (@) AWV (z,n) for Ap(©) > 0.
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The proof follows from Lemma 3 and Corollary 1.
Lemma 4: For the function (7) for t = 7, (z), k =1,2,... due to system (1), the
estimates

V(z+Ji(z),m) = V(z,1) < uf Auy, (14)
V(e +J3(z),n) < uk A%y, (15)
hold true, where
up = (e (k@) s 1l 2o(rr@)) oo 2, (re(@) 11

S S
Ji(z) = IZ gz + 12 baga(oh)
=1 =1

A:[ww], Q)l]:w']“ i,j:1,2,...,3;
:[61‘]’]) fijzgji; 5,7 =1,2,...,s;
wi; = Ap(Qy), wij= /Z(Q” ”), i#£7, ,7=1,2,...8

gii = AM(\I’ii)’ 5 ) 1/2(‘1’1] z])’ l# j; Z,] =12,..,s;

Q r Panu + JkuPn + Z JszPJJJsz + P ( Z b llk (?E)T)
~=
T S
(szek &) ) P+ Zl {J,cjinj (Eb ekje(c )
J =
s T
+(£Z biek5e(5e) > Pl kji
=1

J=1
S T L) ~ 3 T
+ {P i kji T Tkjilij + Pij (ZZ k5050 )
i=1 =1

T

5 T

(Zb,e’“ (@) ) Py; +ZZ(Jka,Pe Tiji+ TPl i)
=1

T
S S
Tx i \T T i \T
+ k5P (EZ bk () >+(EZ bk 50(e) ) P, kji
=1 =1
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S ~ . T T S ~ . T
* (™1 * (i
+< > bigkr(Eg) ) Py ( > bikse(@y) )
=1 =1

T . )
(Zb]ekja( 2) ) ( Zbek )}, 1—1,2,...,5,

T T

Q= Pydyij+ P+ (Zbgk W& >

T
8
T
+(22b “o(@y) )P +£Z(Jkﬂp 00l ke; T hePoed ko)
1

] T
Z{Jkn rr ( Z b Ekrz(cre ) ( Z b Qk*g(we) ) Prerri

r=1

———

{=1

+( i(”ie"keﬁerjBej))ﬂLPu (Eb k@) )
(sz’“ (@) ) (Ebe’“,e(c )

s N
+(£Z bkl e)T)P +Z Z"keﬂ’ 0Tk
=1

=1 r=1
T
8
+ ZI {ka m(zb,e’“,e(c e)T) (Zb,e’“ (&) ) p ierrj}
r=
Y

(Zbek ~,Z)T) (Zbaekﬂ ) P75 =1,2.. .,

Viy=Pu+Qy Vy=P+Q,, i#5=12..s
Here
T { ’l\c'ij if the corresponding multiplier is positive;

0 in other cases.

The proof is similar to that of Lemma 4 in [7].
Corollary 3: Under all conditions of Lemma 4 for function (7) when t = 7 (z),
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k=1,2,... the estimates

V(x + Jk(‘”),ﬂ) - V(:L', 77) S 7V(z’ 77)’ (16)
where
A B) for Ay(A) <0,
] A MAZYA)  for Ay(A) >0,
and
V(z + Ji(z),n) < v*V(e,n), (17)
where
B A(AAH(B)  for Ap(A%) <0,
T A (AAZYA)  for Ay (AF) >0,
hold true.

The proof follows from Lemma 4 and Corollary 1.

4. Absolute Stability of Impulsive Lurie-Postnikov Systems

For system (1), the following stability problem is formulated. It is necessary to form-
ulate conditions related to the coefficients which appear in the system and also to
introduce structural perturbation, such that the trivial solution of system (1) is asym-
ptotically stable in the whole on §, for an arbitrary function f of the class under con-
sideration.

In view of the results from [2, 6-9] we shall introduce the following notions.

Definition 1: The zero solution = 0 of (1) is absolutely stable under structural
perturbation (i.e., absolutely stable on §,) if it is absolutely stable for each S € §, in
the sense of Lurie-Postnikov [5].

The above lemmas and corollaries allow us to establish sufficient conditions for
absolute stability of the zero solution of system (1) on §,.

Theorem 1: Let system (1) be such that the matriz-valued function (4) is con-
structed with the elements (5) and

(1)  the matriz A in (9) is positive definite, i.e., A (A) > 0;

(%)  the matriz © in (12) is negative semidefinite or equals to zero, i.e.,

Ap(©) < 0;

(75%)  the matriz A in (14) is negative definite.

Then the zero solution of system (1) is absolutely stable on §,.

Proof: Under all conditions of Theorem 1,

(a)  the function V(z,n) (see (7)) is positive definite;

(b)  for the function V(z,n) and t # 74(x), k = 1,2,... we have

DV(z,n) <0 VSe€g,, and z€ R"™;
(¢)  for the function V(z,7) and t = 74(z), k = 1,2,... we have

V(l' + Jk(x), 77) - V(m’ 77) < ’\M(A))‘r; 1(B)V(:):, 77) Vz € R".



490 A.A. MARTYNYUK and I.P. STAVROULAKIS

By Theorem 1 from [7] for (a)-(c) the zero solution of system (1) is asymptotical-
ly stable in the whole on §,. Since here N;, = R™, i=1,2,...,s and N, =N, x...
xN,, =R"

Theorem 2: Let system (1) be such that the matriz-valued function (4) is con-
structed with the elements (5) and

(f)  the matriz A in (9) is positive definite, i.e., A (A) > 0;

(#1)  the matriz © in (12) is negative definite, i.e., Ay (©) < 0;

(#7)  the matriz A* in (15) is positive definite, i.e., Ap(A™) > 0;

(v)  the function T.(x), k = 1,2,..., satisfy the inequality

su min 7 z) —max 7.(z)Y=60 > 0.
kp(xGRn k+1( ) z€R" k( ))

If for some v > 0, the inequality

_w(B) | Au(A)
(@) T An(4)
is satisfied, then the zero solution of system (1) is absolutely stable on G,.
The proof follows from Lemmas 1-4 and Theorem 2 in [7].
Theorem 3: Let system (1) be such that the matriz-valued function (4) is con-
structed with the elements (5) and
(1)  the matriz A in (9) is positive definite, i.e., A (A) > 0;
(#7)  the matriz © in (12) is positive definite, i.e., Ay (©) > 0;
(117)  the matriz A* in (15) is positive definite, i.e., App(A*) > 0;
(tv)  the functions T, (x), k = 1,2,..., for some 0; > 0 satisfy the inequality

39—%

max 7.(x)—min T z)<6,, k=1,2,....
na, ry(e) ~ min, 7 _1() <6, k=12

If for some v > 0 the inequality
Anl4) | A(4)
Am(©) AL (A7)

is satisfied, then the zero solution of system (1) is absolutely stable on §,.
Proof: The statement of Theorem 3 follows from Lemmas 1-4 and Theorem 3 in

(7]
Example: Let system (1) be a fourth-order system of the Lurie-Postnikov type de-
composed into two subsystems determined by the following vectors and matrices:

-41\
Aii = 1 —4 y T = l)2a (18)
A A Lo ! (19)
e R i 0= 1T

2014‘7,
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J,m:dlag{—l,l}, Jk‘12 :Jk21 :diag{O,l;O,l},

0, 1\ 0, 1\ ~ ,
b.p = e v k=1, i,4r =12 (20)
S = diag{1,1}, S\ =s{1) diag{1,1},
wu<s <1, qgr=12 i#j

For this example, the elements of the matrix-valued function (4) are taken in the
form

wi(e;) = el Iz, i=1,%
Uyo(Ty,29) = Ugy(2y,25) = xfO, 1 ,z,,

where I, = diag{1,1}.
Let also n* =(1,1) € R2+ . It is easy to verify that the matrices

1 —o0,1 1 0,1
A= , B = ; (21)
—0,1 1 0,1 1

are positive definite because
Aa(A)=10,9 and Ap,(B) =1,1.

For such a choice of the matrix-valued function (4), we have

3,75 3,35 -0,917 0,502
0= , A= . (22)
3,35 —3,75 0,502 —0,917
It is easy to check that matrices © and A are negative definite. Therefore, all condi-

tions of Theorem 1 are satisfied and the zero solution of system (1) specified by vec-
tors and matrices (18) is absolutely stable on §,.
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Appendix 1

In order to describe the structurally variable, large-scale system (1) let the following
notation be introduced. The structural parameters S,;:[0,00)—{0,1} are binary
valued functions of t, or 55t [0,00)—[0,1], and represent the (i, j)-th element of the
structural matrix S; of the :-th interconnected subsystem S,

S;=lsplpsi0l 58,5, I; =diag{1,1,...,1} € R"i x R™.
Notice that it may be, but need not be, required that s;;(t) = 1 implies s;;(t) = 0 for
all k # j.
Let
.Xn -
S = diag[$,,Sy,..,5,), 0; €R™ I, i#j.

Matrix S(t) describes all structural variations of system (1) and will be called the
structural matrix of system (1). The set of all possible S(t) will be denoted by G,
and referred to as the structural set of system (1):

gs = {SZS = dia,g[Sl,Sz,. AT Ss], Sl = [silIi’ Siin,..., SinIi]}’ i] € {0, 1}.

For a detailed discussion of this notion, see [2] and references in this monograph.



