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Controllability of the quasilinear stochastic evolution equation is studied
using semigroup theory and a stochastic version of the well known fixed
point theorem. An application to stochastic partial differential equations
is given.
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1. Introduction

The fixed point technique for finite and infinite dimensional Banach spaces is widely
used and is one of several methods with which to examine the controllability of non-
linear systems. The controllability of classical nonlinear systems is examined by
means of the Schaefer theorem (Anichini [2]) and the Schauder theorem (Yamamoto
[11]). Several authors have extended finite dimensional controllability results to
infinite dimensional controllability represented by the evolution equations with
bounded and unbounded operators in Banach spaces (for example, see Balachandran
et. al [4] and Dauer and Balasubramaniam [5]).

Semigroup theory gives a unified treatment of a wide class of stochastic parabolic,
hyperbolic and functional differential equations. Much effort has been devoted to the
study of the controllability of such evolution equations (Rabah and Karrakchou [9]).
Controllability of nonlinear stochastic systems has been a well known problem and fre-
quently discussed in the literature (eg. Astrom [3], Wonham [10], and Zabczyk [12]).
Stochastic control theory is a stochastic generalization of classical control theory.
The purpose of this paper is to consider the controllability of quasilinear stochastic
systems represented by the evolution equations with bounded linear operators in
Hilbert spaces. The Banach fixed point theorem is employed to get suitable
controllability conditions. The considered system is an abstract formulation of the
stochastic partial differential equations discussed in Fuhrman [6].
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2. Preliminaries

Consider the stochastic equation
d:c(t)

+ Az(t) = (Bu(t) + f(2(t) + o)LL, 2(0) = zp,t € T=[0,1,). (1)

Here A is the infinitesimal generator of an analytic semigroup T'(t), t > 0 in a Hilbert
space X. State variable z(t) takes on values in Hilbert spaces X and F. F is assum-
ed to be separable. The control function u is given in LZ(J ;U), a Hilbert space of ad-
missible control functions with U a Hilbert space. B is a bounded linear operator
from U into X. Let (Q,%,%,,t >0, P) be a complete probability space furnished with
a complete family of right continuous increasing sigma algebras {¥,} satisfying ¥, C
F for t > 0. The process {w(t),t >0} is an F-valued ¥,-adapted Brownian motion
with P{w(0) =0} =1, and z; is an X-valued ¥, measurable random variable. For
any Banach space K, let L,(2, K) denote the space of strongly measurable K-valued
square integrable random variables equipped with the norm topology

el L LK) T {E|l €]l ";{}1/2 where E stands for integration with respect to the

probability measure P. L,(Q, K) is a Hilbert space if K is Hilbert space. For conven-
ience we shall denote LZ(Q K) as the class of K-valued ¥, measurable square integr-
able random variables. Let M(J,K) denote the space of ¥,-adapted stochastic pro-
cesses defined on J. M(J, K) takes on values in K, has square integrable norms, and
is continuous in ¢ on J in the mean square sense. This is a Banach space with respect
to the norm topology

1/2
€l .m0 ={ Bl E} " € € MUK )
Assume the following conditions:
(1)  For0<a<1/2 X, =[D(A%)]is a Banach space with respect to the graph
topology induced by the graph norm given by
€1l o= ITA%EN + |1 €]] for & € D(A®). 3)
(#1)  For the function f from X , to X, there exists a constant C' > 0 such that
I -FONlx<Cl§=C]l4and
I FON x <C{1+ 1<l o} for all §,¢ € X, (4)

(177) For functions ¢ from X, to L(F,X), there exists a constant C >0 such
that

16(6) = o(O) | pp,x) < C 1 €= C I o and
1o (O 1l 1, x) < CO+ 11N o (5)

(iv)  The linear operator W from U into X which is defined by
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£

Wu = [ T(t, — s)Bu(s)ds (6)

has an invertible operator W ~! defined on X\kerW (See Jousis and Wexler
[7]); there exist positive constants N, N, such that

| BI*<Nyand |W™1]|2< N,

Then for every z, € Lg(Q,X o)y w an F-valued ¥,-adapted Brownian motion hav-
ing a nuclear covariance operator @ € L, (F), and conditions (i)-(iii), there exists a
unique solution z € M(J, X ) of equation (1) which satisfies the following stochastic
integral equation (see Ahmed [1])

t t
2(0) = T(ng+ [ T(t=s)(Bu)(s) + fa(o)ds + [ T(t=s)o(a(s)du(s) o
0 0

Definition: The stochastic system (1) is controllable, if for some control u(t) on J,
the solution of (1) such that x(t,) = z, and z(t,) = z;, where z; and t; are the state
and preassigned terminal time respectively. If the system is controllable for all z; at
t =ty and for all z; at t = t;, the system is called completely controllable on J.

3. Main Result

Theorem 3.1: Suppose the conditions (i)-(iv) are satisfied, then system (1) is com-
pletely controllable on J.
Proof: Using the hypothesis, define the control

B!
u(t) =W ~ o, - T(t))z, - / T(ty —s)f(z(s))ds
0
. Q
- [ 1= s)etale)dus)o).

0
It will be shown that, when using this control, the operator defined by

t
(@2)(0) = T(V20+ [ T(t=0)BW 'z, ~ Tlt,)z,
0

ty ty

- [ Tt -9ra@)as— [ T(t - oE)ius)l (9)

0 0

t
+ [ T(t—s)f(z(s))ds + Z T(s—s)o(z(s))dw(s)
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has a fixed point. This fixed point is a solution of equation (1). Clearly (®x)(0) =
zy, which means that the control u steers the quasilinear differential system from
initial state z; to state z; in time ¢, provided a fixed point of the nonlinear operator
® can be obtained.

First we show that ® maps M(J,X ) into M(J, X ). Without loss of generality,
we assume that 0 € p(A4). If 0 ¢ p(A), add the term yI to A which gives A =
A+~I and 0€ p(A.). This simplifies the graph norm to || (||, = || A*¢|| for
¢ € D(A®). Since T(t), t >0 is an analytic semigroup and A is a closed operator,
there exist numbers C'; > 1 and C, such that

ts‘ell.)l | T) || ZI,,(X) < C, and || A°T(t) || L(x) SCat ™ @, for t > 0. (10)
Further, |a+b+c¢|2<9(|a|%+ |b|%+ |c|?) for any real numbers a,b,c. Hence,

for x € M(J, X ) with z(0) = z(, we have

t
| @2)(0)112 < 95up (1| T(0)a0 | 2) + 9B || [ Tt = wBW ~fa, - T(t)zg
telJ 0

ty ty

- [ =91 a@s = [ T(t - o((E)du()n) | 2du
0 0

t t
+9B || [ T(=9)f(e(o)ds |13+97,@ [ B 4°T(t = )o(2()) 131, x)ds
0 0

i
< 9sup B || AT (D2 [ 5)+ 9N,y [ 1 A°T(ty = 1) |}y
0
t t
}(E (|2 |12+ B[ ATtz 130+ ([ 1A% =5 I3 0d9)E [ 11 SGa(o) 11 5ds
0 0

ty

+E / | AT (t, — s)o(x(s))dw(s) || %]
0

t t
90 [ 1477 =5) 13 xd9)E [ 1 £2(6)) s
0

0

t
+97,Q [ B(I ATt =)o (a(s) 3 p, x))ds
0

<9CLE([l 2o 11 2) + (9N N,C2)/(1 = 2a)ty ~ 2
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*[Bll 2y 115+ CLE(1l 2o ) 3) +{IC.CP/(1 =200 = Nl sup B la()I12)
+T,Q{[2(C,C)/(1 - 2a)}{' =21 s EOLE
+9{[C,CI/(1-20)}* =1 +sup B | z(s) || 2}
0<s<t
+9T,Q{[2(C,C)2/(1 - 20)1t{" 201 Foup Blle(s) 15}

<9C,E( [l 2o || %) + (9NN, C2)/(1 - 2a)t] ~ 2
XLBC 20 112)+ C1B(ll2 1)+ (IC,CP/0 200} 20 =1 4 12 [, x )
+27,Q{(Ca0)/ (1= 2) )"~ N1+ N2 || 351, x )}
2(1 —
+9(CLCP/(1 =20} N1+ Y2l fr, x )
+18T,Q{(CoC)*/(1 =200} T2 {1+ [l 2 l134(r, x )
<9CLE(|l 2o 1| 2) + (9N N,C2) /(1 — 2a)t; ~ 2
X [E( | 2 112) + G112 1 2) + (T, Q)] +90(T,Q) (1)
where T' Q) represents the trace of the operator ) and
_ 2 (1-2a) 2
WT,@) = {[C.CP/(1 ~ 20}ty + 2T, Q4 21+ (|2 1 340 x ) (12)
Hence
sup || (®z)(t) || 2 < oo for z € M(J, X ), t € J.
telJ
To complete the proof, it remains to be shown that ® € C((0,1,),Ly(Q, Xa)). Let
t€(0,ty), h>0 and t+heJ. For analytic semigroups, there exists a constant
78>0 such that
(T(h)— D)€ || x < vgh? || AP¢ || x for all € € D(AP)
and for all 8> 0 and ¢ € X, T(t)¢ € D(A®) for t > 0 (see Pazy [8], Theorem 6.13).

Thus for ¢t > 0, the closedness of A®, the fact that T(¢) commutes with A% on D(A%),
and by choosing § > 0 such that 0 <a+ 3 <1/2,

E{|(@z)(t +h) — (22)(1) || 3}

SOE(||(T(h) = DT (1) A%, || 3)
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t B!
298| [ (X(0)~ DA~ )BW oy~ T(t)ag~ [ (1~ (el
0

0
t

= [ Tt = 9otas)dus) ) I 2dn

t+h 0 121
+9E | / ACT(t + h— ) BW = [z, — T(t,)zo / (4, — )f(a(s))ds
t tl 0
- [ 7t = )ote(s)duls))w | 2dn
0

t t+h
+9B || [ (W)= DAT(t-5)fe(e)is |5 +9E ]| [ AT(t+h)f(a()ds |
0 t

t
+9F || / (T(h) = I)A%T(t — s)o(x(s))dw(s) || %(F,X)
0

t+h
+9E | / AT (t+h = s)o(z(s))dw(s) | % . x)
t

t
<97Eh?P || APT(1) | °B || A%, || § + 9N, Ny75C% 1 gh*° / (10t — e+ P
0

x[E(|| 2y 1 3) +C1E(ll 2o | 3) + {[CoC1/(1 = 2a)Hty +2T,Q}t; ~ 2
t+h

x {1 ;)}—<sup< tE lz(s) ]| 21+ 9N1NZC§[/ [1/(t+h— p)Pdp
<s< t

X[E(l 21 11 2) + C1E(ll 20 | 2) + {[CoCP/(1 = 2e)}{t, + 2T, Q)11 ~ 2

4
x{ldsup Blla(s) 13+ 974CG W"E({ [1/(t= )P O £a(s)) 1 2)ds

t+h

+9CLE | / [1/(t+h— ) || f(2(5)) || 3ds
t

t
+9T,Qv5CE |, sh*PE( ] [1/(t = )P B o ((s)) | L(F, x))ds
0

t+h
HIT,QEAE([ [/t +h= )P Il oa() 13 1, x))ds
t
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(14C 4 + p)/1°)? P
<9((74C5)/1?)h?PE || 24 || 2 + 9N Ny (f_z;ff agy o T

+C2/(1—20)R* " OYE || 2, || 2+ CLE || 7 || 2 + 9(T,Q)}

(15CCa 4 )/ 1) 128,2(
T(1-2a-28)

1—a—ﬁ)(1+supE” z(s) || 31)
seJ

2h2(1 —a) 2
+9(CC) Tyt Hsup Bl a(s) ]l )

9T,Q(15CCa + )/, 3520 — - )

e (1+sw Bl 2(5)12)
2
I QAOCa) 1 ~2e(1 4 qup | as) | 2) (13)
(1 2“) seJ

for t € (0,¢;). Thus letting h—0, the desired continuity is followed and hence ® maps
M(J,X ) into itself.

Now we prove that for sufficiently small ¢,, defining the interval J is a contraction
in M(J,X ). Indeed for z,y € M(J, X ) satisfying x(0) = y(0) = z, it can easily be
seen that

sup E || (@2)(¢) — (@y)(1) || > < K sup B || 2(t) —y(t) || % (14)
teJ teJ
where
Ko = (ON1N,02)/(1 - 20){[C,CT/(1 - 2a)}(t, + 27, Q)1 ~2)
+9{(C CT/(1 = 2a)}{t, + 2T, Q}{! ~2),
Thus for sufficiently small ¢;,K , < 1 and ® is a contraction in S, and by the Banach
fixed point theorem, ® has a unique fixed point z € M(J, X ). Any fixed point of ®

is a solution of (1) on J satisfying (®x)(t) = z(t) € X for all z; and ¢;. Thus, the
system (1) is completely controllable on J.

4. Example
Consider the following nonlinear stochastic partial differential equation of the form

8,2(t,€) = ggiz(t,ﬁ)dt (et ) hy ) o (2t ), B )t
+ (Bu)(t)dt + io: Asin(k€)dB(t),€ € (0,7),t >0
k=1

z(t,0) =xz(t,m7)=0,t>0
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2(0,-) =zo(-) € X = H = L*(0, ). (15)

Here
(1)  Let domA = H%(0,7)NH0,7) and (A$)E = —;%qﬁ(ﬁ), ¢ € (0,7) € domA4,

and let B be a bounded linear operator from the control space U into H.
(2)  Define the function F: H—H by choosing hy,h,,...,h, € H and a function

f:[O, 7l'] x R"—R, (&a Y1:Y2r-- yn)_’f(ﬁ’ Y1:Yr- o0 yn)' Set
(Fg)(f) = f(€1 (ga h1>’(ga h2),.. ) (y, hn>)a€ € [O’W],g €H,

where (-, -) is the usual scalar product in H.
(3)  Also for yq,yy,...,9, €J and i = 1,2,...,n, assume

;01 0f 0°f
" 3¢' By, D€y,

are bounded and continuous on [0, 7] x R™ such that

f(an17y2a--~)yn) = f(ﬂ',ypym-- -7yn) = 0
and

[3f/5y,'](0,y1, yz, AR} yn) = [3f/3y,](7f, yl’ yz’ LR} yn) =0.

(4)  The functions e(§) = /2/wsinké, &£ € (0,7) form an orthonormal basis of
H consisting of eigenvectors of A which corresponds to the eigenvalues
ap = -k k=1,2,... etc. B(t) are standard real independent Wiener
processes. Take a sequence of numbers {);} and define the operator @ by
setting Qep = Aer, k=1,2,... Assume that A, >0, Sl;:p/\k < 00,

2
k—1/2€—tk

supk\ < 0o, for t > 0.
k

Then (15) has an abstract formulation of the following nonlinear stochastic
equation in a Hilbert space with a constant, but possibly degenerate, diffusion term
dz(t)

Y () + 1) + (Bu) + @220, 4> 0. (16)

The linear operator A is the infinitesimal generator of a strongly continuous
semigroup eAt,t >0 in H,Q is a continuous linear self adjoint nonnegative operator
inH, and the operators defined by

t

Q= / eSAQeSA*:vOds, rg€H,teJ (17)
0

are trace class. Further B is a bounded linear operator which maps from the control
space U into H, function f:H—H is Lipschitz continuous and w(t), t>0 is a
cylindrical Wiener process in H. Then (16) has the following unique solution (see,
Fuhrman [6]),
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t t
2(t) = etAzy + / et~ A(Bu)(s) + £(x(s)))ds + / et~ A 2 gy (s). (18)
0 0

Hence by Theorem 3.1, for T'(t) = e*4, the system (1) is completely controllable on J.
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