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We construct a family of martingales with Gaussian marginal distributions. We give a
weak construction as Markov, inhomogeneous in time processes, and compute their in-
finitesimal generators. We give the predictable quadratic variation and show that the
paths are not continuous. The construction uses distributions G, having a log-
convolution semigroup property. Further, we categorize these processes as belonging to
one of two classes, one of which is made up of piecewise deterministic pure jump pro-
cesses. This class includes the case where G, is an inverse log-Poisson distribution. The
processes in the second class include the case where G, is an inverse log-gamma distribu-
tion. The richness of the family has the potential to allow for the imposition of specifica-
tions other than the marginal distributions.
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1. Introduction

It is hard to overestimate the importance of the Brownian motion. From the stochastic
calculus perspective, the Brownian motion draws its status from the fact that it is a mar-
tingale. From the modeling perspective, the Brownian motion has the desirable property
of having the Markov property as well as Gaussian marginals. In an attempt to uphold
these basic requirements, we construct a rich family of Markov processes which are mar-
tingales and have Gaussian marginals. We also exhibit some properties of this family of
processes, which has the potential to find applications in many fields, including finance.
Let us first, give a brief survey of related results and ideas found in the literature.
Kellerer gave conditions for the existence of a Markov martingales with given marginals
in [1], but offered no explicit construction. He proves the existence of such processes
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under two conditions: the first one is that the targeted marginal densities, g(x,t), must
be increasing in the convex order (E[f(X;)] = E[f(X,)] for s <t and f convex), sec-
ondly, that the marginal densities must have means that do not depend on t. Madan and
Yor in [2], inspired by the above result, gave three different constructions: a continuous
martingale, a time-changed Brownian motion, and a construction that uses Azeéma-Yor’s
solution to the Skorokhod embedding problem.

The continuous martingale approach looks for a process of the form

t
Xt: J O-(XS’S)dBSJ (11)
0

where B; is a Brownian motion. When applied to the case of N(0,t) marginal densities,
this methodology simply produces a Brownian motion. Indeed, writing the forward par-
tial differential equation for these densities, one can see that 0> must be identically equal
to 1 (see [2]).

In the time change approach, one looks for a process of the form

Xt :BL,) (12)

where L is an increasing process, assumed to be a Markov process with inhomogeneous
independent increments, independent of the Brownian motion B;. Using the indepen-
dence of B and L, and the assumption of Gaussian marginals, we have

e~ V)t [E[ei/lxr] _ [E[e—()tz/z)L,]. (1.3)

This implies that L; = ¢ and X; = B;.

However, the Skorokhod embedding approach, which we do not review here, yields an
example of a discontinuous and time-inhomogeneous Markov non-Gaussian martingale,
see [2].

Our approach is different to all of the above and produces a rich family of processes
rather than a single process. The richness of the family has the potential to allow for
the imposition of specifications other than that of prescribed marginal distributions. Al-
though our method can be extended to include other types of marginal distributions,
we choose to focus solely on the Gaussian case. Finally, we comment that all existing
approaches yield discontinuous processes (barring the Brownian motion itself), and the
question of the existence of a non-Gaussian continuous martingale with Gaussian mar-
ginals remains open.

The starting point of our construction is an observation that for any triple (R,Y,&) of
independent random variables such that R takes values in (0,1], & is standard Gaussian
and Y is Gaussian with mean zero and variance «?, the random variable

Z =o(VRY +a/T-RE) (1.4)
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is Gaussian with mean zero and variance o?a?. However, the joint distribution of (Y, Z)
is not bivariate Gaussian, as can be verified by calculating the fourth conditional moment
of Z given Y = 0. In fact,

E[Z*|Y =0] - 3E[Z% | Y =0]” = 30*a*(E[(1 - R)?] - E[1 — R]?) (1.5)

and (Y,Z) is a bivariate Gaussian pair if and only if R is nonrandom. The martingale
property of the two-period process (Y,Z) holds if and only if

Y=E[Z|Y]=E[o(VRY +a1—RE) | Y] = o YE[VR], (1.6)

in other words, if and only if

E[VR] = (1.7)

1
-
Furthermore, the conditional distribution of Z given Y = y is

Fziy-,(dz) = P[R = 1&g, (dz) + E[¢(0VRy,a20*(1 = R),2) 1gci Jdz,  (1.8)

where ¢, is the Dirac measure at x and ¢(y,02, -) denotes the density of the Gaussian
distribution with mean y and variance o?.

This construction of a two-step process is extended to that of a continuous time
Markov process as described in the following section.

2. A family of non-Gaussian martingales with Gaussian marginals

In this section, we construct a family of Markov martingales, X;, the marginals of which
are Gaussian with mean zero and variance t. The result is stated as Theorem 2.5, the proof
of which is broken into several preceding propositions. The process X; is constructed as an
inhomogeneous Markov process with transition function given by (1.8). In other words,
it admits the following almost sure representation, see (1.4). For s < t,

X, = E \/EJXS + \/E\ I- Rs,tfs,t > (2-1)
N

where X, Ry, and &, are assumed to be independent, R;; is assumed to take values
in (0,1] and to have a distribution that depends on (s,f) only through +/#/s for which
E[\/Rs] = +/s/t. Finally, &, is assumed to be a standard Gaussian random variable.

As we will shortly discover (see Proposition 2.3), for a family of transition functions
given by (1.8) to define a (Markov) process, we will require that the distribution of R,
generates a so-called log-convolution semigroup.

Definition 2.1. The family of distributions on (0,+) (G,)e=1 is a log-convolution semi-
group if G; = ¢ and the distribution of the product of any two independent random
variables with distributions G, and G; is Gg-.
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The following result shows the relationship that exists between log-convolution and
convolution semigroups. The proof is straightforward and is left to the reader. Recall that
(Kp)p=0 is a convolution semigroup if

Ko=ep,  Kp*Ky=Kpig (2.2)

ProposiTiON 2.2. Let (Gg)s=1 be a log-convolution semigroup on (0,1] and, for o = 1,
let Ry be a random variable with distribution G,. If K,, p = 0, denotes the distribution of
Vy, = —InRe, then (K,)p=0 is a convolution semigroup.

Conversely, let (Kp) =0 be a convolution semigroup and, for p > 0, let V,, be a random
variable with distribution K,. If Go, 0 = 1, denotes the distribution of R, = e Vo, then
(Gg)o=1 15 a log-convolution semigroup.

In the next proposition, we check that the Chapman-Kolmogorov equation is satisfied,
thus, guarantying the existence of the process X;. In view of Proposition 2.2 and the well-
known Lévy-Khinchin representation, we will later give a simple condition on the family
(Gg)g=1 for it to generate the desired result (see Theorem 2.5).

PrROPOSITION 2.3. Define, forx € R, s >0and t = 0%s > s, Ps,(x,dy) as

1 (y —x)?
Po,t(x,dy)—mﬁexp<— 57 )dy,

M)Gg(dr)]dy,

1
Putwdy) = y@eldn+ || mmren (- 25
(2.3)

where y(0) = G,({1}).
If (Gg)g=1 is a log-convolution semigroup on (0, 1], then the Chapman-Kolmogorov equa-
tions hold. That is, for any u >t >s >0 and any x,

JPs,z(x, dy)Piu(y,dz) = Ps,(x,dz) (2.4)

and, for any u >t >0,

JPo,t(O,dy)Pt,u(y,dz) — Pou(0,d2). (2.5)

Proof. Let us first observe that, if R, has distribution Gy, R, has distribution G, and, R,
and R; are independent, then R,; and R,R; share the same distribution G,,. Then we
have

y(07) = P[Ryr = 1] = P[R,R; = 1] =P[R, = 1, R, = 1] = y(0)y(7) (2.6)
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and, for any bounded Borel function A,

J J h(ab)G,(da)G.(db)
(0,1) J(0,1)

= E[h(RsR:) 1R, 41, R, 41]
= E[h(RoRe) 1, 1] = E[A(RR:) 1, -1, k1] =~ E[A(RR:) 1, 1, 1 1] (27)

= E[h(Ryr) 1R, 21] = y(@)E[R(R) 1R, 41] — p(1)E[h(Ry) 1R, £1]
= |, O [Garldr) = y(@)Ge(dr)  y()Go(d)).

Next, let t = 025, u = 72t, and

_ 1 _ oy
Pul®y) = J(o,n V2T =1 exp( 2t(1—r) )Gg(dr), (28)

so that by (2.4),
P (x,dy) = y(0)esx(dy) + psi(x, y)dy, (2.9)
and for any bounded Borel function 4,
[ Putsdy) [Pty dome)
= fPs,t(x,dy) [y(r)h(ry) + Jh(z)pt,u(}’)z)dz]
— (o) [y(‘r)h(fax) + I h(z) pt,u(ax,z)dz]
(2.10)
+ [ | + [ Hopiu(n2)dz| e ydy

= y(oD)h(oTx) + y(0) Jh(z) (0%, 2)dz + () Jh(‘ry) pea(%,y)dy

n j h(z) j pra(0,2) psa(e, y)dy dz.



6 Journal of Applied Mathematics and Stochastic Analysis

However,

Jps,r(x,y)pt,u(y,Z)dy

[y rrmctirmaee (- St S oo

1 (z—1Vby)?
% U«m NN < T u(1-b)

)GT(db)]dy (2.11)

1
- ,[(0,1) J(o,n 2n/tun/(1 —a)(1 - D)

(y = Vit/s\Jax)?  (z—u/t\/by)?
XH"'XP(_ 2(1-a)  2u(l-b)

)dy] Go(da)Gi(db).

Next, we reformulate the expression in the exponential term above using the following
identity which can be easily checked:

—mx) (z—ny)> —k)? — mnx)?
(y=—mx)? (z-ny?_ (=K (z — mnx) o ymxtpnz (2.12)
" v w/vpnd) | veun? v un?

Thus,

J Dt (%) pru(y,2)dy

1
- J(o,u J(O,l) 2nvtu (1 —a)(1-Db)

(¥~ k(s t,%,2)" (2~ Vuls/abx)’
XUeXP<_z(tu(l—a)u—b)/u—ab)u)_ 21— ab)u )dy]G"(d“)GT(db)

_J J 1 (_(z—\/u_/s\/a_bx)z)
o Joy vV2rJ(1 = ab)u xp 2(1 —ab)u

y [ (1—ab)u (_ ()/—k(s,t,x,z))2
\ L2 A =1 =0) P\ 2tu(1 —a)(1 - b)/(1 —ab

Y

=1

)u>d)’] Go(da)G,(db),

(2.13)

where k(s,1,x,2) is some quantity, given by (2.12), that does not depend on the integrating
variable y.
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It follows that

Jps,t(x,y)pt,u(y,Z)dy

(z - o+/abx)

1
N .[(0,1) J(o,n V2r/(1 - ab)u exp ( ~ 2(1—ab)u )GJ(da)GT(db)

= J J ¢(otvabx, (1 —ab)u,z) Gy(da)G,(db)
(0,1) J(0,1)
- J (077, (1 — Pty 2) G (dr) — y(a)J $(07+/7%, (1 — 1), 2) G (dbr)
(0,1) (0,1)
- y(T)J $(0T/rx, (1 = 1)uy2) Gy (dr)
(0,1)

= psu(x%,2) = y(0) pru(ox,z) — y(1) o ¢(o1Vrx, (1 = r)u,z) Gy (dr).

(2.14)
Therefore, continuing from (2.10),
JPS,t(x, dy) th,u( y,d2)h(2)
— YoDh(owx) +(0) | W@ pra(ox, 2z + y(0) [ W) partx )y
" Jh(z) Peul,2)dz — (o) Jh(z) pralox,2)dz (2.15)

() Jh(z) L $lor (1 - u2) Gyldrde
0.1
— YoDh(ow) + [ HD)pau(n )z,
where in the last equality, we have used the change of variables z = 7y to show that

Jh(ry)J ¢(orx, (1 =1)t,y)Gs(dr)dy = Jh(z)J d(ot/rx, (1 = 1), 2) Gy (dr)dz.
o,1) ©o,1) 216

Equation (2.4) immediately follows. Equation (2.5) is shown in a similar way. O
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The convolution semigroup K in Proposition 2.2 defines a subordinator (process with
positive, independent and stationary increments, i.e., an increasing Lévy process). The
proof of the following proposition uses this observation and is a straightforward applica-
tion of the classical Lévy-Khinchin Theorem on subordinators (see, e.g., [3, Section 1.2]).
It is left to the reader.

ProrosITION 2.4. Let the family (Gy)o=1 be a log-convolution semigroup on (0,1]. De-
fine, for R, with distribution G,, Uy = —InR,, and let Ly(A) = E[e V7 ](= E[e*"Re] =
E[(Ry)"]) be the Laplace transform of the (positive) random variable U,. Then for any o > 1,
U, is infinitely divisible. Moreover,

InLy(A) = — [ﬂ)H j (1- e’“)v(dx)] Ino, (2.17)
0
where the Lévy measure v(dx) satisfies v({0}) = 0 and [, (1 A x)v(dx) < co.
Conversely, any function L, of the form (2.17) is the A-moments of a log-convolution
semigroup (Gg)g=1.

In what follows, we denote by y the so-called Laplace exponent of the log-convolution
semigroup (Gy)o=1:
Wy = L+ J (1= e M) p(d). (2.18)
0

As observed earlier, the requirement that X be a martingale translates into condition (1.7)
which in turn, taking A = 1/2 in (2.17), reduces to

w(%) .Y (2.19)

Now we finalize the construction of the process X. Starting from a function y of the form
(2.18) which satisfies (2.19), we construct the family G, and the transition probability
function P, (x,dy) given in (2.3). We conclude by invoking the Chapman-Kolmogorov
existence result (see, e.g., [4, Theorem 1.5]) and state the main theorem of this paper.

THEOREM 2.5. Let the family (Gy)s=1 form a log-convolution semigroup with Laplace ex-
ponent

v(A) = A+ J: (1-e™™)w(dx). (2.20)

Assume that y(1/2) = 1. Then the coordinate process starting at zero, hereby denoted (X;)s=o,
is a Markov martingale with respect to its natural filtration (F,)¢=0 and with transition
probabilities P (x,dy) given by (2.3). Furthermore, the marginal distributions of X, are
Gaussian with mean zero and variance t and, for 0 < s< t,

X, = ﬁ (VRoXe+/5y/1 = Roski ), (2.21)

where Ry, and &, are independent of each other and of Fs, Ry, has distribution G sz and
&1 is standard Gaussian.
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3. Path properties

As amartingale X; admits a cadlag version. In the sequel, we assume that X; itself is cadlag.

THEOREM 3.1. The process X; is continuous in probability
Ve>0, 1in}[P’[|Xt—XS| >c|=0.
P

Proof. Using Lemma 3.2 below, we write

t—s

1 1
P[|X; - X, | >c] < C—Z[E[(X,—Xs)z] = S[t—t 0L 00 — 5] = =,

c c2

Lemma 3.2. Let 8 = y(1)/2 so that L,(1) = 0=2°. Then
E[(X, - X,) | X,] =t — ! 00 4 1057149 x2 _ x2
Proof. Using representation (2.21), we see that, with ¢ = \/#/s,

E[(X - Xo)7 | Xo] = E[E[(X: - Xo)* | X Rr] | X(]

= tE[1— Ry] + E[ (o/Rys - 1)2]X3
=1t(1-Ly(1)) + (0°E[Ry ] — 1) X7
=1(1=Ly(1)) + (6°Lo(1) = 1) X?

— 2-20 L 2-20y2 _ 2
=t—so +o° X - X¢.

TueoreM 3.3. The (predictable) quadratic variation of X is

ty2
X 4
s >

(X,X)t=8t+(1—6)J

0
where § = y(1)/2. Furthermore, it can be obtained as a limit,
n—1

(X, X)) = %Ln}o Z [E[(thﬂ _th)z | th]
k=0

in L2, where ty <t < - - - < t, is a subdivision of [0,1].

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

Proof. First note that X; is a square integrable martingale on any finite interval [0, T]. In

fact, since E[X}] = t, sup,_; E[X}?] = T.

To obtain the first statement, we show that X? — 8t — (1 — ) fot (X2/u)du is a martin-
gale, thus establishing that §t+ (1 — &) fot (X2/s)ds is the predictable quadratic variation of

X; (see [5, Theorem 4.2]).



10  Journal of Applied Mathematics and Stochastic Analysis
Now, with ¢ = /t/s,
E[X? | %] = E[t(1 — Ry;) + 0*R,:XZ | X;] = £(1 = Le(1)) + 0°Le (1) X7
Since Ly(1) = 072 = %+9, we find
E[X? | F] =t—t' 700 + 1057192,

It follows that

E[(l—a)ﬂ)%duwfs]

s 2 t
=(1- 8)J )%dbl-f—(l —8)J (1—u0° +u0s1"0X2)du

0

=(1- 6)J5§du+(l —O)(t—s) =2 (1 —s1X2) (!0 —s'79)

0
st
— (- 5)J Pt (1-8)(t—9) — 10510 HOX2 - X2,
0
th
[E[Xf _8t-(1 —5)J " | 9»1]
0

s y2
Iy YS 5)[ ‘%du (1= 8)(t—s)
0

+504170 g 10T IHOX2 4 X2

sx2
:t—6t—(1—8)J P gy (1= 0)(t - 5) s+ X2
0
s yv2
:xg—ss—u—a)J&du.
0o u

Since (X, X); is continuous and
tx2 2
E[(X,X)?] =62t2+26(1—6)t2+(1—6)2E[<J fds) ]
0
t 4
s62t2+26(178)t2+(176)2tj EIXCT 4

0o

<+,

it follows, by application of the dominated convergence theorem, that

n—1

(X,X)0 = lim > E[(X,X) 4, = (X,X)e, | Fy ]
k=0

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)
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in L?, where ty < t; < - - - < t, is a subdivision of [0, t]. The second statement of the theo-
rem now follows from the fact that

[E[(thﬂ _th)z |th] = [E[<X7X>tk+1 - <X1X)tk | gzk]- (3.12)
(]

The next result states that the only continuous process that can be constructed in the
way described in Section 2 is the Brownian motion.

TaEOREM 3.4. The process X; is quasi-left-continuous. It is continuous if and only if G, =
&2 (i.e., Rgy = s/t), in which case X; is a standard Brownian motion.

Proof. The quasi-left continuity of X; immediately follows from the continuity of (X, X),
(see [5, Theorem 1.4.2, page 38]). Obviously, if R = s/t so that X; is a Brownian motion,
then it must be continuous. Conversely, if X; is continuous, then, Itd’s formula for eMXe
gives
, A2t
M =1 M - L M d (X, X)s, (3.13)

where M, = [} ile?:dX, is a true martingale. In fact,

E[ | (M,M),]] = [EH - J;Aze"Z)‘Xsd(X,X)s

]

t . XZ
- [EH - J 22X, <8ds+ (1- 8)T5ds)
0

]

(3.14)
<ot+(1 mzj [fsz]ds

=8A%t+ (1 - 8)A%t
= \’t.
Taking expectations in (3.13), we obtain that 8(,t) = E[e*¥] = =42 must satisfy

O\, t) =1 — ’;[&Jg@(hs)d&L (1-9) J(:[E[steﬂxs]%]

(3.15)
19%0 ds
—1——[ J Oh.s)ds - (1-9) | S50
Differentiating in ¢, we get that 6(A,t) must satisty
A2 A2 8 0°0
~Zo0. = -5 | - 228000, (3.16)
that is,
2 2
—A—:—)L—[(S—(l—é)(/lzt—l)]. (3.17)

2 2
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This, of course, can only occur if § = 1, which corresponds to L,(1) = 072 and R;; being
nonrandom equal to s/¢. O

X, being quasi-left-continuous, AXr = 0 (a.s.) for every finite predictable time T. In
particular, X; does not have any fixed points of discontinuity. One of the aims of the
constructions given in the following section is to describe the jumps of the process X;.

4. Explicit constructions

Before we engage in the explicit construction of the processes outlined in the previous
sections, let us observe that they fall into one of two classes according to whether or not
Gy({1}) is nil, uniformly in ¢ > 1.

Indeed, if R, has distribution Gy, then

Le(A) = E[(R,)"] = P[R, = 1]+ E[(R,)", R, < 1],
(4.1)
y(0) = PR, = 1] = imLs(}) = limexp (- y(V) Ino).

That is, uniformly in o > 1,

y(0)=0<= %ml’u()t) = +00, (4.2)

4.1. The case y(c) > 0. In this section, we apply our construction to the case where
y(0) = G4({1}) > 0. The processes thus obtained are piecewise deterministic pure jump
processes in the sense that between any two consecutive jumps, the process behaves ac-
cording to a deterministic function. Examples of such processes include the case where
G, is an inverse log-Poisson distribution.

The interpretation of these processes as piecewise deterministic pure jump processes
requires the computation of the infinitesimal generator.

ProrosiTioN 4.1. Let G5 be a log-convolution semigroup. Assume that y(o) = G4({1}) >0,
y is differentiable at 1 and limy,o (L) = 0. Then the infinitesimal generator of X; on the set
of C}-functions is given by
l rr
Aof(x) = S f"(x),
_ X _Y’(l)
Asf(x) = Z—Sf (x)+725 [f(x+2)— f(x)] (4.3)

XJ (7= 1D)x,s(1 —1),z)G(dr)dz  fors>0,
(0,1)

where

Gldr) = lim Sl4r 0 (D)

im = (o) (44)

is a probability measure on (0, 1), and the limit is understood in the weak sense.
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Thus the process X starts off as a Brownian motion (A, f (x) = (1/2) f"'(x)) and, when
in x at time s, drifts at the rate of x/(2s), and jumps at the rate of —y’(1)/(2s). The size
of the jump from x has density f(o,l) ¢((/r = 1)x,5(1 — r),z)G(dr), the mean of which is
I(O,l)(\/F —1)G(dr)x (see [6, Section 4.2] for a detailed study of Markov jump processes).
In other words, while in positive territory, X; continuously drifts upwards and has jumps
that tend to be negative. In negative region, the reverse occurs; X; drifts downwards and
has (on average) positive jumps.

Proof. First note that the conditional moment generating function of U, given U, >0 is

Lry = N0 (45)
1-y(0)
and converges to
limLr (1) = 1+ Y% (4.6)

ol y' (1)

By the (Laplace) continuity theorem, if limy,o (1) = 0, then there exists a probability
measure on (0,1), G(dr), such that

Gy (drn (0,1))

é(d?’) = lgll’lilw (47)
Next, with o = /t/s,
L (ELF(X) [ X = 2] - )
. %[f ox)y 0_)1 fe) = (y)LO’l)(p(a\/?x,t(l—r),y)G(,(dr)dy]
- %[f 0x)y o_)l flx )i(flf)Jf(y)Lm)(;)(g rx,t(1—1),y) 1G—U(yd(%d ]
’ (4.8)
Letting o decrease to 1, we see that
AFG) = lim T (E[F(X) | X, = 2] - £(x)
:é["f WL VD[ 1) [ (st =,y Gldndy |
Erwe L (100 fa [ | g(mnsti = 0. Glandy
= %f,(x)-i- —)’25(1) J [f(x+2)— f(x)] J(O,l)qS((\/?— Dx,s(1—1),z)G(dr)dz.

(4.9)
(]
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] /
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Figure 4.1

Note that the domain of A, can be extended to include functions that do not vanish
at infinity, such as f(x) = x2. Indeed by Theorem 3.3, g(x) = 8 + (1 — §)x%/s solves the
martingale problem for f(x) = x2.

The next proposition immediately follows from the observation that the process X

does not jump between times s and ¢ if and only if X, = /u/sX; for u € (s,t).

ProposiTioN 4.2. Let T denote the first jump time after s > 0. Then, for any t > s,
P[T; > t] = y(o), (4.10)
where 0 = \/t/s.

4.2. The Poisson case y(0) = 07°. In this case, § = 0, v(dx) = ¢b;(dx) with ¢ = 1/(1 —
e 12), and y(1) = c(1 —e™*) (see 3, Section 1.2]). In other words, U, = —InR, has a
Poisson distribution with mean clno.

The assumptions of Proposition 4.1 are clearly satisfied with y(0) = 07¢, y'(1) = —¢,
lim,;; L¥(A) = e7*, and G(dr) = e,1(dr), so that X, has infinitesimal generator

A = 2+ j [FGe+2) = FO0)b( = x/c,s(1 —e 1), 2)dz. (4.11)

It jumps at the rate of ¢/2s with a size distributed as a Gaussian random variable with
mean —x/c and variance s(1 — e!). Figure 4.1 shows a simulation of a path of such a
process.

Furthermore, the law of the first jump time after s is given by

c/2
P[T,>t] = y(\E) - ;7 (4.12)

In other words, T; is Pareto distributed (with location parameter s and scale parameter
¢/2 ~ 1.27). In particular,

E[T,] = > E[T?] = . (4.13)
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4.3. The case y(0) = 0. We give the infinitesimal generator for functions of a specific

type, which include polynomials. But for specific cases, such as the gamma case, the gen-
erator is given for much wider class of functions.

ProPOSITION 4.3. Assume that 5 = 0 so that

y() = Lw (1 - e v(dx). (4.14)

Let f be a C'-function with the following property: there exist a function Ny and a (signed)
finite measure My such that

floe™x+0+/s\V/1—e¥z) = Nf(a)J e MMy (s,x,2,d)), u>0,

(4.15)
() -
Then, for any s >0,
Af) = X )+ if[f(x+ ) - f)] rmfp((e-wﬂ “Dxs(1—e ), y)n(dw)d
s T 2s 2s ) 0 ’ 4 Y
(4.16)
Proof. Let
Cof(u) =Cof(s,x,z,u) = f(oe *x+0+/s3v/1—e4z) (4.17)

and t = o”s. Then, since y(0) = 0, U, is almost surely strictly positive and

1
L (ELF(X) 1 X, = 5] = f(x)
= | €l oo s VT 02) | - £ g1z
- %021_ 1 {J (E[Cof (Us)] = Co f(0))$(2)dz + (f (0x) _f(x))}

S e [T e - nmpanig@dzs (o0 - e}

so2—1

_ (N [ [ ¥ 1)@ p(erde+ (o - ) |

502—1
11 N(a)la © p=y(Wno _ () (x)

(4.18)
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Taking the limitas o | 1 (i.e., t | 5), we get

A = 2 f(x) - Zis ”: YO)M;(s5,5%,2,dA) $(2)dz. (4.19)

Y= [ (=) uda),
A =2/~ o ”: U: (1- e**w)v(dw)]Mf(s,x,z, AN)p(2)dz

_ 2% IJOOO [J: (1- e’*“’)Mf(s,x,z, d)t)] (dw)d(z)dz

o [ ], e sV T=e2) - fwnderp(aids,

(4.20)

and the proof is completed by a change of variables in z. O
LemMa 4.4. Let f(x) = x", then

floe ™ *x+0+/sv/1—euz) =o" Jo e"‘“Mf(s,x,z, dl), (4.21)

where

n n—k

My (s,%,2,dL) = Z Z W( 1) xks=R2nk (g0 % mj) (dA)  (4.22)

and m;(dA) is the j-order convolution of the probability measure

1 Erm-11)
> =

m(dL) = NG "
n=1 :

eq(dA). (4.23)
Proof. First, write the Taylor series of the (analytic on (0,1)) function 1 — /1 —x,

_ I'(n— 1/2)
T x= Z W) (4.24)

It immediately follows that

I'(n—1/2)

—nu _ ” —Au
e E nT(1/2) ¢ ‘JO e”"m(d}), (4.25)
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where m(dA) = (1/2/m) 315 (T(n — 1/2)/n!)e,(dA) is a probability measure. Now,
floe ™ x+a+/s7/1—e¥z)

n
—g" Z (Z) e—ku/zxks(n—k)/Z(l _ e—u)(n—k)/Zzn—k

k=0
— " i (Z) ekw2ykn=k)2[ ) _ (1 — /T = e,u)]n—kznfk (4.26)
k=0
_ "< S n! ik gn=k)2 -k —ku/2 (| _ [T g-u)l
aké)]:ok T k_)(l)xs (1 1—eu)’,
The proof is ended by observing that
e k2 (1 T—e ) = r e M (expkm;) (dA). (4.27)
' O
The following theorem is now proven.
THEOREM 4.5. Assume that 8 = 0. For any polynomial f and any s >0,
Asf(x)
= % "(x) + % J [fx+y)— f(x)] J'Oerd)((e*“’/2 —1)x,s(1—e®),y)v(dw)dy.
(4.28)

4.4. The gamma case y(0) = 0. Here, 8 = 0, (dx) = ax 'e ?*dxwitha=1/In(1+(1/2b))
and y (1) = aln(1+ (A/b)) (see [3, Section 1.2]), that is, U, has a gamma distribution with
density

balna

_ alno—1 ,—bu
he(u) = 7F(alna)u e " u>0, (4.29)

and R, has an inverse log-gamma distribution with density

balna

_ alno-1,.b-1
F(alna)( Inr) r’7, 0<r<l1. (4.30)

go(r) =
See Figure 4.2 for a simulation of such a process.
In this case, it is possible to compute the generator for a much wider class of functions.

ProposiTION 4.6. Let G, be the log-convolution semigroup of the inverse log-gamma dis-
tributions. Then (4.28) holds for any bounded function with bounded first derivative.

Proof. In the proof of Proposition 4.3, we write

LR 1 X =x] - fx) = LT

t—s so2-1

[ ELCaf U1 - FeN gz a3
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0.8 1
0.6 1
0.4 1
0.2 1
0 -
—0.2 1
—0.4 1

0 0.2 0.4 0.6 0.8 1
Figure 4.2

where o = \/t/s. Denote by 6(u) the quantity e *?x + ,/s\/1 — e “z. Then, inserting
E[C1f(Us)] = E[f(6(Us))], we get

1

:([E[f(xz) | X5 =x] = f(x))
[Cof (Ua)] ~ E[ ] E[ ] -
11 E[Cof(Us)] —E[Cif(Us)]  E[Cif(Us)] - f(x)
_§o+1H o1 " o1 }‘p(z)dz'
Since
Cof (U) =G (Ue) _ F00UD) ~1 00D g ry (a
o—1 o—1
for some 7, between 6(U,) and 00(Uy,). 6 and f’ being bounded, we obtain that

To compute the limit of the second term in (4.32), we use Lemma 4.7, which shows that

hmJ [E[le(UU)] _f(x)(/)(Z)dZ

oll o—1

_ ajjooo f(E*U/Zx‘F NG 1/1l* 67“2) 7f(x) e_b”dugb(z)dz (4.35)
m —bu
:J[f(x-i—y)_f(x)] JO ¢(x(eiu/2_1)’5(1_6714)’}/)“6” dud)’

O

Note that since v((0,0)) = +oo0, [;° ¢(x(e™*? = 1),s(1 — e ), y)v(du) cannot be re-
scaled to produce a density for the jumps of the process.
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LEmMmA 4.7. Let V,, have a gamma distribution with density

bp b
hy(v) = Tp)vp_le_ V. v >0. (4.36)
Let g be such that g(v)/v is bounded. Then
I;F&%E[g(vp)] = JO g(Tv)e*dev. (4.37)

Proof. First observe that

1 1 g(Vp+1) ]
—E[g(V, :_[5[7 . 4.38
S Ela(vy)] = e[ 55 (439)
Taking the limit as p | 0, we obtain by dominated convergence
1 l — l w] — Jw ‘M —bv
l;?ng[g(Vp)] = b[E[ 7 Rl e "dv. (4.39)
O
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