Hindawi Publishing Corporation

Journal of Applied Mathematics and Stochastic Analysis
Volume 2008, Article ID 589480, 11 pages
doi:10.1155/2008 /589480

Research Article

Unbounded Solutions of a Boundary Value
Problem for Abstract nth-Order Differential
Equations on an Infinite Interval

Zhenbin Liu,? Lishan Liu,?3 Yonghong Wu,? and Jing Zhaoe?

ISchool of Sciences, Qingdao Agricultural University, Shandong 266109, Qingdao, China
2 School of Mathematical Sciences, Qufu Normal University, Shandong 273165, Qufu, China
3 Department of Mathematics and Statistics, Curtin University of Technology, Perth 6845, WA, Australia

Correspondence should be addressed to Lishan Liu, lls@mail.qfnu.edu.cn
Received 29 January 2007; Revised 28 May 2007; Accepted 17 October 2007
Recommended by Aizicovici Sergiu

The existence of unbounded nonnegative solutions of a boundary value problem for nth-order dif-
ferential equations defined on an infinite interval is obtained by means of the Monch fixed-point
theorem. An example is then presented to demonstrate the application of our results.

Copyright © 2008 Zhenbin Liu et al. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

1. Introduction

Over the last few years, many researchers have focused their research on the study of bound-
ary value problems for nonlinear differential and integral equations defined on an infinite in-
terval, and various theoretical results have been obtained [1-8]. In [4], the existence of multi-
ple positive solutions of a boundary value problem (BVP) for nth-order nonlinear impulsive
integral-differential equations defined on an infinite interval in a Banach space is obtained by
means of the fixed-point index theory of completely continuous operators. However, the result
requires the use of the measures of noncompactness condition a(f(t, P, ..., P;)) = 0 (where
P, = {x € P : |x|| £ r}) and the normal and solid cone P in a real Banach space. In [6], by us-
ing the Monch fixed-point theorem, a class of infinite boundary value problems for first-order
impulsive differential equations in a Banach space is considered and the existence of positive
solutions is obtained, but the solutions are limited to bounded solutions only.

To generalize and further develop the existing results in this field, in this paper we dis-
cuss the existence of unbounded solutions for a class of nth-order nonlinear differential equa-
tions defined on an infinite interval in a Banach space by using the Monch fixed-point theorem
under certain conditions weaker than those in [4]. The boundary value problemin question is
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as follows:
ul(t) = f(t,ut),u'(t),..., u" (D),
u®(0) = p1(0), i=0,1,...,n-2 (1.1)

u®™ (+o0) = pu(0),

where J = [0, +o0), u™ ™V (+00) = limy_,,,u" D (t), p>1,6>0(=01,...,n-2), feC[JxEx
---x E, E], in which (E, ||-||) is a real Banach space.

Let C[J, E] be the space of all continuous functions u : | — E, and let L[], E] be the
Banach space of all strongly measurable functions u : | — E with fj||u(t)||dt < 400, equipped
with the norm ||u||; = f]||u(t)||dt. Let C.[J,E] = {u € C[J,E] : et|ju(t)|| — O fort — +oo}, then
it is clear that C,[J, E] is a Banach space with norm

llulle = stu}n{e‘tllu(t)ll }. (1.2)

Let D' '[J,E] = {u € C"[JE] : limj_soe[u®(t)|| — 0,i = 0,1,...,n — 1}, then it is also
easy to see that D""1[], E] is a Banach space with norm

[ullp = max {[[ulle, I e, - - ., [, }- (1.3)

Let P be a cone of the Banach space E, C.[J,P] = {u € C.[JE] : u(t) > 6,t € J}, and
D J,P] = {u € D' [JLE] : u»(t) > 0,t € J,i = 0,1,...,n — 1}, where 0 denotes the,
zero element of E. Then, it is obvious that C.[], P] is a cone in space C.[], E], and D[], P]is
a cone in space D[], E].

Definition 1.1. A function u € D*"![], PN C"[], E] is called a nonnegative solution of BVP (1.1)
if u(t) satisfies (1.1) fort € J.

The rest of the paper is organized as follows. In Section 2, we give some lemmas which
provide a theoretical basis for the proof of our main results. The main theorem is presented
and proved in Section 3. In Section 4, an example is given to demonstrate the application of
our results.

2. Some lemmas

Here we first list some assumptions to be used throughout the rest of the paper.
(H;) There exist a(t) and b;(t) € C[J,R,] such that a(t), e'b;i(t) € L[J,R,]({i =
0,1,2,...,n—1) and

n-1

If (%0, %1, ., Xl S a(t) + D bi()|xill Vi€ T, xi € E,
i=0

n-1 -1 n-2 +o0
Zb;.* < ﬁ’i 7 p* = maxo<jcn2 {Hﬁ’}’ b! = f e'bi(t)dt < +c0, i=0,1,2,...,n—1.
0

i=0 i=j

(2.1)
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(Hy) There exists I;(t) € C[J,R,] such that e'l;(t) € L[J,R,] (i=0,1,...,n-1),

n-1
a(f(t,Do,Dy,...,Dy1)) < D li(ha(Di) Vte], D;CE,
Z(ﬂ +ﬁ) - >
Zl<1 li:j ellt)dt < +o0, i=0,1,...,n—-1,

0

where a(-) denotes the Kuratowski measure of noncompactness in E. For details on the
definition and properties of the measure of noncompactness, the reader is referred to [9, 10].

In the following, we give various lemmas which are to be used for the proof of the main
results to be presented in Section 3.

Lemma 2.1 (see [4]). Let (Hy) be satisfied. Then u € DI '[],P] n C"[],E] is a solution of
BVP (1.1) if and only if u € D*'[], P] is a solution of the following integral equation:

=0 2.3)

* ﬁ J: (t=9)"" f(s,u(s),1 (5),...,u" D (s))ds.

Proof. If u € D™ 1[J,P]NnC"[], E] is a solution of BVP (1.1), then by condition (H;) we have the
convergence of the infinite integral

I+wf(s,u(s),u'(s),...,u("‘l)(s))ds. (2.4)
0

Integrating the first equation in (1.1) from 0 to ¢, we have
t
U () — 4 () = J' F(s,u(s),1(s), ..., u"V(s))ds. (2.5)
0
By virtue of u""V (+00) = pu1(0), let t — +co in (2.5), we get
u™(0) = ﬂLJ f(s,u(s),u'(s),..., u"V(s))ds. (2.6)
—1Jo

From the second equation in (1.1), we have

n-2
®(0) = iuD(0) = BiBi1u™?(0) = fifin1 fuou® 1 (0) = [  pju1(0). (2.7)
j=i
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Substituting (2.6) into (2.7) yields fori=0,1,...,n -2,

u®(0) = —Hﬁ]f f(s,u(s),u'(s),. L u\nm 1)(s)) (2.8)
From (2.5) and (2.6), we have

um V() = 1 fm f(s,u(s),u'(s),..., u"V(s))ds + jt f(s,u(s),u(s),..., u" N (s))ds.
p-1Jo 0 29)
2.9

Integrating (2.9) from 0 to t and using (2.8) for i = n — 2, we have

u(n—Z) (t)

=u™2(0)+ t I+wf(s,u(s),u’(s),...,u("‘l)(s))ds+J‘t ds rf(w,u(w),...,u("‘l)(w))dw
o Jo

p-1)

'Bn 2 %)J‘ f(s,u(s),u'(s),..., u™N( s))ds+J‘ (t—s)f(s,u(s),u'(s),...,u"V(s))ds.
0
(2.10)

It is not difficult to show by mathematical induction that u satisfies (2.3). Conversely, if u €
D"1[J, P] is a solution of (2.3), then direct differentiation of (2.3) gives

(i)t ~ 1 n-2 / n- —i tnll +00 ) ) (n—l)( 4
u ()_ﬂT Hﬂs (n ol J’o f(s,u(s),u'(s),...,u s))ds

j=t

+— 11 1)lf (t—s)""" f(s,u(s),u(s),...,u"V(s))ds, i=0,1,...,n-2,
1),

(n—
(2.11)
u™ V(1) = ;;%1 f;w f(s,u(s),u(s),..., u"V(s))ds + ﬂ f(s,u(s),u(s),...,u"V(s))ds,
= f(tul),u(t),..., u"(t)) Vte].
(2.12)

Consequently, u € C"[],E], and by (2.11) and (2.12), it is easy to see that u(t) satisfies (1.1).
The proof of Lemma 2.1 is completed. O
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We now consider an operator A defined by

A - S (T ) | (7 : 1) (6))d
( u)()—pT1 Z 1;[,55 FJFW Io f(s,u(s),u(s),...,u"(s))ds

=0 (2.13)

L It(t—s)""lf(s,u(s),u'(s),...,u(""l)(s))ds Vte .

CENE

By Lemma 2.1, u € D*"![], PINC"[], E] is a solution of BVP (1.1) if and only if u is a fixed point
of the operator A inu € D" [], P].

Lemma 2.2 (see [10, 11, 13]). Let E be a Banach space, let Jo = [a,b] be a finite interval, and let
H ¢ Cl[Jo, E] be a countable set. Assume that there exists p € L[ Jo,R.] such that |lu(t)|| < p(t), t €
Jo, u € H. Then a({u(t) :u € H}) € L[Jo, R, ] and

u<{ jjou(t)dt ‘uUE H}) < ZIJOa({u(t) cu€ H})dt. (2.14)

Lemma 2.3. Let E be a Banach space, and H C C[],E]. If H is a countable set and there exists
p € L[J,R,] such that |u(t)|| < p(t), t € ], u € H, then a({u(t) : u € H}) is integrable on |, and

a({ I+w u(t)dt :u € H}) < 2J‘+°° a({u(t):ue H})dt. (2.15)

0 0

Proof. By |lu(t)|| < p(t) for any u € H and t € |, we get u(t) € L[], E] for all u € H and
a({u(t) :ue H}) <2p(t). As p(t) € L[J,R.], a({u(t) : u € H}) is integrable in J. For any € > 0,
from p(t) € L[], R,], there exists Ty > 0 such that ft+°° p(s)ds < € forany t > T. So for any t > Ty
and u € H, we have

JZ u(s)ds — J‘:O u(s)ds|| = | j:w u(s)ds|| < J‘:m p(s)ds < e. (2.16)
Let
S(t) = {ﬂu(s)ds:uéH}, T= {L:wu(s)ds:ueH}. (2.17)

By (2.16) for any t > Ty and u € H, we obtain

d( J‘; u(s)ds, T> = ;212{ f u(s)ds — me u(s)ds

0 0

<g,

(2.18)

It u(s)ds — J‘;w u(s)ds

0

}<
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where d denotes the distance of a point to a set. Using the same method, we have

d( J:w u(s)ds,S(t)) <g t>Ty, ueH. (2.19)
So
il;gd( j:) u(s)ds, T> <g, i2§d< J‘:O u(s)ds, S(t)> <e. (2.20)

Hence, for any t > Tj, we have

dh<{ J;u(s)ds TUE H}, { J:oo u(s)ds:ue H})

t (2.21)
+0o0
= max {supd(f u(s)ds, T>,supd<f u(s)ds,S(t)> } <g,
ueH 0 ueH 0
where dj, (D, D;) denotes the Hausdorff distance of the sets D, and D», that is,
dy(D1,D;) = max {supd(x, D,), supd(x, D) } (2.22)
xeD; x€D
So, by (2.21), we obtain for any ¢ > T,
t +0o
a<{f u(s)ds:ueH}) —a({f u(s)ds:ueH})‘
‘ ’ (2.23)

t +00
§2dh<{ju(s)ds:ueH},{f u(s)ds:ueH})SZe.
0 0
Hence, we have

tEﬂ“({ f(: u(s)ds:ue H}> = a({ J:oou(s)ds ‘uUE H}) (2.24)

By Lemma 2.3 for any ¢ € [0, +o0), we have

a({ Itu(s)ds ‘u€ H}> SZIta({u(s) cu € H})ds. (2.25)

0 0

Hence, from (2.24) and (2.25), we have

a({ J:OO u(s)ds:ue H})

:tliﬁrlo"‘({ J‘;u(s)dS ‘uUE H}> < 2tli£r;o Jt)zx({u(s) ‘uUE H})cls:ZJ‘0 a({u(s) :ue H})ds.
(2.26)

Therefore, (2.15) is satisfied. The proof of Lemma 2.3 is completed. O
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Remark 2.4. Lemma 2.3 generalizes Lemma 2.2 from a finite interval to an infinite interval, and
it plays an important role in studying the differential equations defined on an infinite interval.
It should be emphasized that Lemma 2.3 has no counterpart in the existing literature.

Lemma 2.5 (see [2, Lemma 7]). Let (H) be satisfied, and let V = {u,,} C D*7'[], E] be a countable
bounded set. Then

ap(AV) = max {sup [eta((AV)P(t)] :i=0,1,...,n- 1}, (2.27)
te]

where ap(-) denotes the Kuratowski measure of noncompactness in D" 1[], E], (AV)(i) ={(Aup) ® (t):
un€V,m=12,...1(=012,...,n-1).

Lemma 2.6. If condition (Hy) is satisfied, then the operator A is continuous and
A(D;'(J,P]) c D[], P). (2.28)

Proof. For any u € D""1[], P], we have

(Au)(t)-ﬁi["22<1‘[ﬁs> (nnl),]f F((6),u(s), € (5), . 1" (5))ds

1 t n-1 ’ n—
+mf0(f—s) f(s,u(s),u(s), ..., u" "V (s))ds,

(2.29)
(Aw)V (1) = L "ZZ Hﬂ m f+wf(s u(s) u"N(s))ds
_ﬂ_l ]_:i S] S . . ( _1_1)' 0 7 Jeeey
(n_l_l)'f (t-s)"""f((s),u(s),...,u"V(s))ds, i=1,...,n-1,
(Aw) ™ (t) = f(tult),d'(t),...,u"D(E).
(2.30)
So, by (2.30) and condition (H;) fori=0,1,...,n -1, we have
t i * tn—l ti_i n—
e[ (Aw)? (1)]| < [; fe ]Z T f £ ((s),u(s),u(s),..., u"V(s))||ds
(2.31)

F +ﬂe-fnz v <a +Zb ||u||D>

where a* = fgma(t)dt. Hence, lim;_.,ce || (Au) ) (£)|| = 0. Therefore, (2.28) is satisfied.
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Now we show that the operator A is continuous. Let u,,, u € D[], P, |lum — ullp —
0. Then r = sup,llumllp < +oo and |[u] < r. By the integrability of a(t) and e'b;(t)
(i=0,1,...,n-1) for any € > 0, there exists T > 0 such that

[Zjlﬁ [2 J‘;m a(t)dt +2rn J‘;m e'b;(t)dt

On the other hand, by the continuity of f, it is easy to see that

£
<5 (2.32)

T
f £ (s, ttm(s), ..., ul 0 (s)) = f(s,7(s),..., 7" V(s))||ds — 0, m — +co. (2.33)
0

Hence, for the above ¢ > 0, there exists a natural number m such that for any m > my,

* T
ﬂﬁjf fo £ (5, 1tm(s), ..., ull(s)) = (s, 1(s),..., 7"V (s))||ds < g (2.34)

Thus, from (2.13), (2.32), (2.34), and (H;) for any m > my, we obtain

|| As,, — AT, < b= I f (s, ttm(s),...,ul M (s)) = f(s,7(s),..., 7"V (s))||ds

p-1Jo
* 4 +00 n-1 +00
<ty pep ZJ a(t)dt + Z(”um”D + |lullp) f e'b;(t)dt (2.35)
2 ﬂ -1 T i=0 T
<EL PP Izj a(t)dt + 2rnj e'bi(t)dt| <e.
2 p-11lJs T
Therefore, the continuity of A is proved. So, the proof of Lemma 2.6 is completed. O

Lemma 2.7 ([10, 12] (Monch)). Let V be a closed and convex subset of E and xy € V. Assume that
operator A : V — V has the following property:

C c V countable, C cco({xo}UA(V)) = Vis relatively compact. (2.36)
Then A has a fixed point in V.
3. Main result
In this section, we present the main results we obtained.

Theorem 3.1. Suppose (H1) and (Hy) hold. Then BVP (1.1) has at least one nonnegative solution.

Proof. Choose

e -1
R> a<ﬂﬂ;+1ﬂ - Zlb;‘> ) (3.1)
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and let V = {u € D*'[],P] : |lullp < R}. Obviously, V is a bounded convex closed set. For any
u €V, by (2.28), (H;) and the definition of the norm ||-||, we have

[l (Aw @], —sup et (AP} < ﬂ<a +Zb* |u||D> <R i=01,...,n-1,
(3.2)
from which and the definition of the norm ||-||p, we obtain
| Aul|, = max {||(Aw)?||,:0<i<n-1} <R (3.3)

Therefore, by Lemma 2.6, we conclude that A is a continuous operator from V to V.

Next, we prove that C is a relatively compact set if C C V is a countable set satisfying
C cco({u} U AC) for some u € V. From this and the properties of the Kuratowski measure of
noncompactness in D*"![], E], we have

ap(C) < ap(AC). (3.4)

On the other hand, by (2.28), Lemmas 2.2-2.5, and (H;) forany ¢t € Jand 0 <i < n-1, we have

e—f(x((AC)(i)(t)) < @2 Jﬂroo a(f(s, C(S), C’(S), o C(n—l)(s)))ds

(3.5)
2(ﬁ "‘ﬁ) le ap(C).
Thus, by (3.4), (3.5), and Lemma 2.5, we get
ab(C) < ap(AC) < [ Gild) Zl]a ©. (36

Hence, by (H>), we have ap(C) = 0, that is, C is a relatively compact set in D" '[], E]. There-
fore, by Lemma 2.7, we conclude that A has at least one fixed pointin V C D" 1[], P], that is,
BVP (1.1) has at least one solution in D[], P] N C"[], E]. O

4. An example

Example 4.1. Consider the following boundary value problem for a second-order differential
equation defined on an infinite interval:

" —14t

n

un(t) + e, (), te],

wt)y=et+e -
1, (0) = u),,,(0), (4.1)

u,(+o0) =2u,,(0), n=1,23,....
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5. Conclusion

BVP (4.1) has at least one nonnegative solution.

Proof. Let

E211:{u:(ul,uz,...,un,...):Z||un||<oo} (5.1)
n=0

with norm |[u|| = 3% llunll. P = {u = (u1,ua,...,un,...) €1 1, >0,n=1,2,...} is a cone in
a Banach space E and BVP (4.1) is in the form of BVP (1.1) in E with n = 2. In this situation,
J=1[0,00)u=(ui,...,upn,...),v="(01,...,04,...),and f = (f1,..., fu,...) in which

fult,u,0) =™ + e Hu, (t) + e (t). (5.2)
Itis clear that f € C[J x Ex E,E]. Forany t € J, u,v € P, we have

|fu(tu,0)| < e +e Mu,(t) + e (). (5.3)

n+1

So we get
£t u,0)|| < a(t) +bo(t)||ull +bri(®)]|o]l, (5.4)

where ag(t) = e, by(t) = e ¥, by (t) = e '%. From (4.1) and (5.3), we have

+o0o +o0o 1
at = f efdt=1, by = f ele ¥ dt =

0 0 13’
(5.5)
* e t 716i’dt 1 * 1
bl—fo ee =5 p=po=1
So, we have
p-1 2-1 1 _ 1 1 . .
[5*+ﬂ_1+2_3>13+15_bo+b1' (5.6)
Hence, the condition (Hj)is satisfied. By (5.3) for any bounded sets D;, D, C I', we get
oc(f(t, Dy, Dz)) <h (t)b‘((Dl) + lz(t)lx(Dz), (57)
where [;(t) = e, I,(t) = 7. So
+oo ; 1 +o0 ; 1
11 = '[0 e ll(t)dt = E < +oo, lz = fo e lz(t)dt = E < +oo,
(5.8)

2 *
(z_"‘lﬁ) (ll +12) - (11_3 + %) x6<1.

Hence, the condition (H;) is satisfied. Therefore, our conclusion follows from Theorem 3.1. [
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