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ABSTRACT

The existence of random fixed points for nonexpansive and pseudocontractive
random multivalued operators defined on unbounded subsets of a Banach space is
proved. A random coincidence point theorem for a pair of compatible random
multivalued operators is established.
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1. Introduction

Random fixed point theorems for contraction mappings in Polish spaces were proved by
Spacek [20], Hans [7, 8] and many others. For complete survey, we refer to Bharucha-Reid [3].
Itoh [10, 11] established several random fixed point theorems for various commuting single and
multivalued random operators. Afterwards, Sehgal and Singh [18], Papageorgiou [17] and Lin
[15] proved different stochastic versions of well-known approximation result of Fan [4] and
obtained some random fixed point theorems. Recently, Beg and Shahzad [2] studied the structure
of common random fixed points and random coincidence points of a pair of compatible random
multivalued operators in Polish spaces. The purpose of this paper is to prove some random fixed
point theorems for random multivalued nonexpansive and pseudocontractive operators defined on
closed convex unbounded subsets of a Banach space. Section 2, is aimed at clarifying the termino-
logy to be used and recalling some necessary definitions. In Section 3, the existence of random
fixed points for nonexpansive random multivalued operators defined on an unbounded closed
convex subset of a Banach space is established. A random fixed point theorem for Lipschitzian
pseudocontractive operators is also proved. Section 4 contains a random fixed point theorem for
a A(w)-firmly nonexpansive random operator in separable Banach spaces. Section 5 deals with
random coincidence point theorems for a pair of compatible random multivalued operators satis-
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fying a contractive type condition.

2. Preliminaries

Throughout this paper, (2, A4) denotes a measurable space. Let (X,d) be a metric space,
P(X) the family of all subsets of X, %(X) the family of all nonempty compact subsets of X,
CB(X). the family of all nonempty closed bounded subsets of X and CBC(X) the family of all
nonempty closed bounded convex subsets of X. A mapping T:Q—%®P(X) is called measurable if
for any open subset C of X, T ~}C) = {we u:T(w)NC # ¢} € A. A mapping &Q—X is said
to be a measurable selector of a measurable mapping T:Q—%(X) if ¢ is measurable and for any
we, {(w)€T(w). Let M be a subset of X. A mapping f:QxM—X is called a random
operator if for any ¢ € M, f(-,z) is measurable. A mapping T:Qx M—CB(X) is a random
multivalued operator if for any ¢ € M, T(-,z) is measurable. A measurable mapping £:Q—M is
called a random fized point of a random multivalued (single-valued) operator T:Q x M—CB(X)
(f:QxM—X) if for every we Q, €(w) € T(w,&(w))(é(w) = f(w,€(w))). A measurable mapping
&Q—M is a random coincidence point of T: Q2 x M—CB(X) and f:Qx M—X if for every w € Q,
f(w,é(w)) € T(w,€(w)). A mapping T: M—CB(X) is upper (lower) semicontinuous if for any
closed (open) subset C of M, T ~!(C) is closed (open). A mapping T is called continuous if T is
both upper and lower semicontinuous. A mapping T:M—CB(X) is called Lipschitzian if
H(Tz,Ty) <k d(z,y) for any z,y € M, k>0, where H is the Hausdorff metric on CB(X),
induced by the metric d. When k<1 (k=1) then T is called contractive (nonezpansive). A
mapping T: M —CB(X) is pseudocontractive if for any z,y € M, u € Tz, v € Ty, r > 0, we have

le—yll <A +r)z-y)—r(u-2v)].

A random operator T:Q x M—CB(X) is pseudocontractive if T(w, - ) is pseudocontractive for each
w € Q (in this case, r:Q—[0,00) is a measurable mapping). Following Itoh [10], a measurable
mapping L:Q—[0,00) is called Lipschitz measurable mapping of T if, H(T(w,z),T(w,y)) <
L(w)d(z,y). Let T:Qx M—C®B(X) be a random operator and {¢, } be a sequence of measurable
mappings £,:Q—M. The sequence {{,} is said to be asymptotically T-regular if d(€,(w),
T(w,&,,(w)))—0 for each w € Q. Mapping T: M—CB(X) is said to be demiclosed if the conditions
that z, converges weakly to z,y, converges to y, and y, € Tz, imply that y € Tz. For any
A € CB(X), we denote with C'o(A) the closed convex hull of A.

3. Random Fixed Points for Random Multivalued Operators Defined on Unbound-
ed Sets

In 1978, Goebel and Kuczumov [5] proved that, if X is a closed convex subset of ¢, and
T: X— X is nonexpansive for which there exists a point £ € X such that the set

LS(z,Tz; X): ={z€ X:(z —x,Tx —z) >0}
is bounded, then T has a fixed point in X. Kirk and Ray [13] have shown that if X is an un-
bounded closed convex subset of a uniformly convex space and T: X— X is a Lipschitzian pseudo-
contractive mapping for which the set

G(z,Tz;z): ={z€ X: ||z=Tz|| < ||z—=z]}

is bounded for some z € X, then T has a fixed point in X. Subsequently, Marino [16] extended
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these results to the multivalued case and improved some known results.

Let X be a real Banach space and let K be a nonempty convex subset of X. We set (for any
z,y € X)

lz+tyll — ll= i
; :

T(z,y): =lim
’ t—0 +

Following [16] we define, for z,y € X, ¢ >0, AC X,
LS(z,y;K): ={z€ K:7(z — z,y — z) < 0}
LS(z,y,6;K): ={z€ K:1(z — z,y — x) < €}
LS(z,A;K): = {2 € K:Ja € A:7(z — z,a—z) < 0}

= U LS(z,a; K)
a€ A
and

LS(z,A,6;K): ={z € K:Ja € A:7(z — z,a — ) < €}

= U LS(z,a,€; K).
a€ A

The aim of this section is to establish random fixed point theorems for nonexpansive and
pseudocontractive random operators defined on unbounded sets in Banach spaces.

Theorem 3.1: Let X be a separable closed convex subset of a real Banach space, and let
T:Qx X—%(X) be a nonexpansive random operator. Suppose that for some bounded set W C X
the set LS(W,T(w,W);X): = (| LS(2,T(w,z2); X) is bounded for each w € Q. Then there erists

w

z €
a bounded sequence {¢,} of measurable mappings £, :Q—X which is asymptotically T-regular.

Proof: Choose an element y € X and a sequence {o,} of measurable mappings «,:Q2—(0,1)
such that a,(w)—1 as n—oo pointwise in w. For each n, define a contractive random operator
T,: QxX-%(X) by T,(w,z): = (1 —a,(w))y+a,(w)T(w,z). Then by Itoh [10], T, has a
random fixed point £,,. Assume that the set {£ (w)}, ¢ y is unbounded. Then it is possible to
choose k£ € N such that for each w € Q,

sup H({y},T(w,2)) < d(&x(w), W) (1)
zeW
and
sup el < Il €l (2)
p €ELS(W,T(w,W); X)

We will prove that for any z € W and w € 2, there exists z, € T'(w, z) such that 7(z — {(w),z,
—2) < 0. Indeed, by &;(w) € (1 — ap(w))y + ag(w)T(w, (w)), it follows that

Ep(w) = (1 = ap(w)y + ap(w)ng(w), M(w) € T(w, Ex(w))

for each w € Q. (The existence of measurable maps 7;:2—X is due to Kuratowski and Ryll-Nard-
zewski [14].) From the nonexpansivity of 7', there exists z, € T'(w, z) such that for any w €,
| np(w) =z, || < ||€x(w)—2]|| and therefore 7(z — £ (w),z, — z) < 0 for each w € Q [16, see proof
of Theorem 2]; that is, £i(w)€ LS(W,T(w,W);X), contradicting (2). Thus, M(w): =
sup{ || ¢, (w) —y|l:in€ N} <oo for all weQ, (the mapping M:Q—R * is measurable) and
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moreover,

1 —a,(w)

(6, T ) < (oD ) 1) < (S5 P ()=0 a5 nce

Theorem 3.2: Let X and T be as in Theorem 3.1. Suppose that, for some bounded set
W C X and € > 0, the set

LSW,T(w,W),e; X): = n LS(z,T(w,2),¢;X)
zeW
1s relatively compact for each w € Q. Then T has a random fized point.

Proof: Let y € X and A(w): =sup{||y—z||:x € T(w,W)}. Then, for each sequence {o,} of
measurable mappings «,,: 2—(0, 1) such that for any w € Q, o, (w) € I(w): = %, 1)” (0,1)
and o, (w)—0 as n—oo, we define a contractive random operator T, :Qx X—3¥(X) by
T, (wz): = (1-0a,(w))y+a,(w)T(w,z). Asin Theorem 3.1, T, has a random fixed point ¢,
that is, €,(w) € T(w,,(w)) for each w € Q. For any z € W, there exists z, € T(w, z), such that

” En(w) - T, ” < H(Tn(w’ fn(“’))7 T(w,2)),

for we Q. Therefore, 7(z—§,(w),z,—2) <€ [16, see proof of Corollary 3]. Hence, £, (w)€
LS(W,T(w,W),e; X) for each w€ Q. By Theorem 3.1, we have d(£,(w),T(w,&,(w)))—0 as
n—oo. For each n, define F:Q—%(X) by F, (w) = cl{{,(w):i > n}, where c£(C') is the closure of
C. Let F:Q—3%(X) be a mapping defined by F(w)= [)F,(w). The mapping F is measurable

by Himmelberg [9, Theorem 4.1]. Thus by Kuratowski and Ryll-Nardzewski [14] there is a mea-
surable selector £€* of F. Fix w € Q arbitrarily, then some subsequence {{ (w)} of {{,(w)}
converges to £*(w). Thus &* is a random fixed point of T'.

Corollary 3.3: Let X be a separable closed convezr subset of a reflexzive (real) Banach space,
T:Qx X—%(X) be a nonexpansive random operator, and for each w€ Q, I —T(w, -) be demi-
closed on X. Suppose that, for some bounded set W C X the set LS(W,T(w,W); X) is bounded
for each w € Q. Then, T has a random fized point.

Proof: As in the proof of Theorem 3.1, there exists a bounded sequence of measurable
mappings §,,:2—X such that

€n(w) = (1 = ay(W)y + oy (w)n,(w) with 7, (w) € T(w, &, (w))

for each we€ Q, {n,(w)} is also bounded, and || ¢, (w)—n,(w)|| = (1 —0a,(w)) || n,(w)] —0 as
n—oo. Fix w e Q. By reflexivity, there exists a subsequence {£,(w)} of {¢, (w)} such that & (w)
converges weakly to &(w), where £:Q—X is a measurable mapping. Since ¢, (w)—n,(w) € (I -
T(w, -)),both £ (w) and &, (w)—n,(w) converge to 0. Since I —T(w, - ) is a demiclosed mapping,
{(w) E T(w,f(W))

Corollary 3.4: Let X,T,W be as in Theorem 3.1 and suppose that there exists ¢ > 0 such
that LS(W,T(w,W),¢; X) is relatively compact for each w € Q. If I —T(w, -) is demiclosed on
X for every w € Q, then T has a random fized point.

Corollary 3.5: Let X, T,W, LS(W,T(w,W); X) be as in Theorem 3.1. If the Banach space
is reflezive and satisfies Opial’s condition (that is, if z,, converges weakly to z and z #v),

liminf || z,, — 2 || <liminf|| z, —v||), then T" has a random fized point.

Corollary 3.6: Let X, T,W,LS(W,T(w,W); X) be as in Theorem 3.1. If Banach space is uni-
formly bounded, then T has a random fized point.
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Theorem 3.7: Let Y be a reflexive real Banach space which satisfies Opial’s condition. Let
X be a separable closed convez subset of Y and let T:Qx X—%(Y) be a Lipschitzian pseudocon-
tractive random operator which satisfies the inwardness condition: for any z € X, T(w,z) C
Ix(z), for each w € Q. Suppose that there exist xy € X and ¢ > 0 such that LS(.’L’O,EO_(T(LU,J,‘O)),
6 X) is bounded for each we Q. If T(w,X)NB, is compact for any B, ={z€ X: || z|| <r}
then T has a random fized point.

Proof: Let L be a Lipschitz measurable mapping of T. Select a measurable mapping
a:Q2—(0,00) such that

0 < a(w) < min(L ™~ }w),e(2H ({20}, T(w, z0)) + L(w)e) ™ 1).
Then, for any y € X, define a contractive random operator Ty:Q x X—%(Y) by Ty(w,z) =(1-

o(w))y + a(w)T(w,z). The operator T, satisfies the inwardness condition: for any z€ X
T (w,z) C I x(x) for each w € Q.

Consider the mapping G:Q2x X—P(X) defined by G(w,y) = {z:z € T (w,z)}. For any
y€ X, G(-,y):Q—P(X) is measurable [11, see proof of Theorem 3.1]. Also G(w,y) is nonempty
and closed for every y € X and w € §2. It is easy to verify that

G(w,y) € (1 —a(w))y + o(w)T(w, G(w,y)) (3)

and

£(w) € G(w,E(w)) il £(w) € T(w, &) (4)
for each w € Q (where £:Q2—X is a measurable map). For u,v € X (fixed),
la=b]|| < ||u—v]|| for any a € G(w,u) and b € G(w,v), for each w € Q. (5)
Indeed a € G(w,u) and b € G(w,v) imply that
a=(1-aW)u+a(wn, n€T(wa) (6)
b=(1-a(W)+a(w), &eT(wb), (™)

and so, from pseudocontractivity of T, from (6) and (7) and choosing r(w) < a(w)/(1 — a(w)) for
each w € Q,

fa=bll < (1 +r(w))(a—b)—r(w)n-E)l

= |1 (1 + r(w))(a—b) —%[a (1 - a(@)u—b+ (1 a(@)] |

= 10+ r(@)a =)~ Z(a =)~ (1 —a(e)(u-)] |
= 10+ 7) - 2@ =) - Z1 - @)= |
< (14 r(@) - DD lla=b ]| + 21— o) u=v]].

Therefore 7(w)(1 — a(w))a " Y(w) [[a—b]] <r(w)(1l—a(w))a™ w)||u—"v]|, proving (5).
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It follows, in particular, that G(w,y) belongs to CB(X) for any y € X and w € . Besides,
T(w,G(w,y)) is bounded (since T is Lipschitzian), and by (3) we can conclude, under the
hypothesis, for each weQ, T(w,X)NB, is compact for any r, that, for any y€ X,
G(w,y) € %(X). From

H(G(w, ), G(w,y)) < sup{ ” a—b|l:a€ G(w,z),b € G(way)}v

and from (5) it follows that the random operator G:§2x X—3%(X) is nonexpansive, and by (4),
has the same random fixed point of T. The set LS(x,, G(w,zy); X) is bounded for each w € Q
[16, proof of Theorem 8], Corollary 3.5 implies that G has a random fixed point.

4. Random Fixed Points of Firmly Nonexpansive Random Operators

Let C' be a nonempty subset of a Banach space X, and let A € (0,1). Then, a mapping
T:C—X is said to be M-firmly nonezpansive if

| Tz —Ty|| < [[(1-2)(z-y)+MNTz—Ty)|| (8)

for all z,y € C. In particular, if (8) holds for every A € (0,1), then T is said to be a firmly nonez-
pansive mapping. It is clear that every A-firmly nonexpansive mapping is nonexpansive. Con-
versely, with each nonexpansive mapping T:C—C one can associate a firmly nonexpansive
mapping with the same fixed point set, whenever C is closed and convex [6]. A random operator
T:Qx C—C is said to be A(w)-firmly nonezpansive for some measurable mapping A:Q2—(0,1), if
T(w, -) is A(w)-firmly nonexpansive for each w € Q. The aim of this section is to obtain a
random fixed point theorem for a A(w)-firmly nonexpansive random operator which is a stochastic
analogue of the result by Smarzewski [19].

Theorem 4.1: Let X be a separable uniformly convexr Banach space, and let C:Q—P(X) be a
measurable mapping defined by C(w)= LnJ Cr(w), where C:Q—CRBC(X) are measurable
k=1

mappings for each 1 <k <n. Suppose for a:y we€Q, T(w, - ):C(w)—C(w) s Mw)-firmly nonez-
pansive for some measurable map A:Q—(0,1). Then T has a random fized point.

Proof: Let £&:Q—X be a measurable mapping such that {(w) € C(w) for each w € 2, and let
{€x(w)} be the unique asymptotic center of the sequence {T"(w, {(w))} for each w € Q with respect
to C}:Q—CBC(X) (1 <k <n). In other words, by the uniform convexity of X, the measurable
maps &;:Q—X, such that £, (w) € Cy(w) for each w € Q, are uniquely determined by the identity

f(w,&(w)) = inf w)f(w,l'), 9)

x € Ch(

where for x € X, the convex measurable map f(-,z):Q2—[0,00) is defined by f(w,z) = limsup
||z —T"(w,&(w))||. Since T is a nonexpansive random operator, we have 10

| T(w, €x(w)) = T* F 1w, W) || < || €x(w) = THw, &) || -
Hence,
f(w,T(wwfk(w))) S f(w,{k(w)) (10)

for all k¥ and w € Q. Now, if T(w, € (w)) € Cy(w) for each w € Q and for some k, the uniqueness
of an asymptotic center, in conjunction with (9) and (10), yields that T(w,&;(w)) = €(w) for
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each w € Q. Otherwise, if T(w,{(w) ¢ Ci(w) for all k and w € 2, then there exist integers {n,,

Ngy..unt C{1,2,..,n}, (m>2) such that T(w,{nk(w))ean+l(w) (k=1,...,m—1) and

T (w, Enm(w)) € Cnl(w) for each w € Q. Clearly, without loss of generality, one can rearrange the

sequence of measurable mappings C';: Q—CBC(X) in such a way that n; =k for all k. Hence one
can combine (9) and (10) in order to get, for each w € ,

F(0,61(9)) < F(0, T, E4n(@))) < F (0, En(®))
< F(0, T (@, €y 1(9))) < F(0, €y _1())-..
< F(0,65(w)) < F(, T(w,6,(w))) < F(w,64(w)).
Thus, we have
£ (0, T(w, 64())) = £, € 11(w))
for w € Q. This, in view of the uniqueness of asymptotic centers £;:Q2— X, yields that
€x 4+ 1(w) = T(w, €x(w)) for each w € R and k = (1,2,...,m). (11)
Here we denoted {m + 1(w) = & (w) for the simplicity. Hence we readily derive for w € €,
€k 1(@) = E(@) | = [l T(w, E()) ~ T(, & 11 (@) |
< 11 €6() — & 41 |
= (| T(, € — 1 (@)) — T(w, &x(@)) |
< 1) €4 _ (@) — &) || for every k,
and
16(0) = &) | = [l 65(w) — Eg(@) | = en ..
......... = [ €m - 1) = (@) || = 11€(0) = Em(@) | = (), (12)

where 7: Q@—R T is a measurable map.

Clearly, if y(w) =0 for each w€ Q, then & (w)=¢&,(w)=T(w,&(w)) by (11). Thus it
remains to show that the inequality y(w) >0 for each w € €, is impossible. Since T is Aw)-
firmly nonexpansive for some measurable map A:2—(0, 1), it follows from (11) that

Y(w) = 1 €g 41 (@) = W) | = | T (W, §g(w)) = T(w, & (@) ||
< = M) (Ep(w) = € — (@) + Mw)(§g 41 (w) = E(W)) |]
< (1= X)) [ €(w) = — 1 (@) | + M) [1 €5 4 1(w) = (@) |l

= 7(w).

Therefore, in view of the uniform convexity of the norm, we get
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E(w) = &k (@) = ap(W)(€x 4 1(w) = Ex(w))

(2<k<m€, 1(w) =& (w)) for any w € Q,
for some non-zero real-valued measurable map a;. Moreover, by (12), we have |ai(w)| =1 for
all k¥ and w € 2. Hence, the following two cases may occur.

Case I: If a)(w) = —1 for each w € 2 and for some k, then £, _,(w) = , 1(w). Therefore,
one can apply the definition of a A(w)-firmly nonexpansive operator and (11) to get, for each
w € Q,

| €p(w) =€k — (@) || = 1 T(w, &g _1(w)) = T(w, €(W)) |
< T = Mw)(Eg - 1(w) = €x(w)) + Mw)(Eg(w) = & 1 (W) |]

= 11 =2Mw) [ | €x(w) = €k —1(@) | < Nl €xlw) = Ex 1 (@) I -
This contradiction shows that y(w) = 0, for each w € Q.
Case II: If a;(w) =1 for each w € Q and for all k, we have

€y(w) = (§4(w) + £3(w))/9: €3(w) = (€3(w) + Eg(w))/5- -
------ Em - 1(0) = (€~ 2(W) + En(W))/ 22 (@) = (61(w) + €y _1(w))/ -

Clearly, the first m —2 identities mean that the points &,(w),&3(w),...,¢&,, _1(w) divide the
interval [£;(w), &,,(w)] into m — 1 subintervals [£;(w),&, ; 1(w)] (1 <k <m—1) of same length
y(w) > 0 for each w € Q. But this leads to a contradiction with the identity £ (w) = (§;(w)+
€ —1(w))/y for each we Q. Hence we have always y(w) =0 for w €, which completes the
proof.

5. A Random Coincidence Point Theorem

Jungck [12] gave the notion of compatible single valued mappings. Subsequently, Beg and
Azam [1] introduced th notion of compatible multivalued mappings and proved various Banach
type fixed point theorems for multivalued mappings. In this section we obtain a random coinci-
dence point theorem and random fixed point theorem for random operators satisfying a contrac-
tive type condition.

Throughout this section, let (X,d) be a Polish space, that is, a separable complete metric
space. Mappings T: X —CB(X) and f: X—X are compatible if, whenever there is a sequence {z,,}
in X satisfying nl_l’rgofxn enlergoTxn (providednli_’ngofxn exists in X andJergoTxn exists in CB(X)),

Aim H(fTz,,Tfz,)=0. For details we refer to Beg and Azam [1]. Random operators f:(2x

X—X and T:Q x X—CB(X) are compatible if f(w, -) and T'(w, ) are compatible for each w € Q.
(See Beg and Shahzad [2].)

Theorem 5.1: Let T:Qx X—CB(X) be a random multivalued operator and let f:Qx X—X
be a continuous random operator, such that T(w,X) C f(w,X) for every w€ Q. If f and T are
compatible and for all x,y € X and w € Q,

H(T("‘Jv .’L‘), T(wvy)) < /\(w)d(f(w,:c), f(wwy)) (13)
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(where A:Q2—(0,1) s a measurable map), then there is a random coincidence point of f and T.

Proof: Let £;:Q2—X be an arbitrary measurable mapping. Let £;:Q2—X be a measurable
mapping such that y;:Q—X defined by y,(w) = f(w,&(w)) € T(w,€y(w)). The existence of a
measurable map y,:Q—X is due to Kuratowski and Ryll-Nardzewski [14]. Using Itoh [10, Pro-
position 4] and the fact that T(w,X) C f(w,X) for every w € Q, we may choose a measurable
mapping £,:2—X such that for each w € €, it holds true that

Yo(w) = f(w,&5(w)) € T(w, &3 (w)) = 4,(w)

and

d(yl(w)a y2("‘))) = d(f(w’ E](w))) f(w, 62("‘))))
< H(T(w,€o(w)), T(w, &;(w))) + A(w).

Since for each w € Q, T(w, X) C f(w, X) by [10, Proposition 4], there exists a measurable selector
F(+,€3(7)) = y3:Q2—X of T(-,€y()) such that for any w € Q,

d(y,(w) y3(w)) = d(f(w, £3(w)), f(w, E3(w)))
< H(T(w,€4(w)), T(w, £3())) + N(w).
By induction, we form sequences of measurable mappings such that for each w € Q and n > 0,
Yn(w) = f(w,€,(w)) € T(w, &, _1(w)) = Ay, _y(w)-
Furthermore, for any w € €,
d(y, + 1(w), ¥, + 2(w)) = d(f(w, &, + (W), f(w, €, + 2(w)))
< H(T(w,€,(w)), T(w, €, 4 1(w))) + A" 1 (w)

and

(¥, 4 1(@), Y 4 3(W)) = A (W, €, 4 o(W)), f(w,€, 4 5(w)))
< H(T(w,€,, 4 1(), T(w, &, 4 o(w))) + A" T3(w).
Hence,
A (@ & 1)), (€, 4 5())) S M@ (@, €0(0)), (@ € 1 () + A" H ()
< MH{H(T(w,€, _ (), T(w,E,(@))) + A% (@)} + 2"+ (w)

<N (W)(f (w0, € 1 (), (w0, E4(w))) + 227 F H(w)

< AYW)A(f(w, (W), F(w, Eg(w))) +nA™ T (w). (14)
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Similarly,
d(f(w, &, 4 2(W)), F(w, &, 4 3(w)) < AT Hw)d(f (w, & (w)),
F(@,€(w)) + (n+ A"+ 2(w). (15)

Hence, {y,(w)} is a Cauchy sequence. Indeed, let w € Q be an arbitrary fixed point, let m < n.
Then,

(Y 4 1(@) Yn(W)) = d(f(w, & 4 1 (W), F(w, € (w)))
S d(f(ws & 41 (W), (w3 €1 4 2(w)))
+d(f(w, & 4 2(W)), F(@, €y 4 3(W))) + ..
------ +d(f(w &, _ (W) fw, €x(w)))-
Now, (14) and (15) imply that
(Y 4 1(9), Y(@)) < DA™(W)A(F (w,€3(w)), f(wy E3(w))) +mA™ T (w)}

F AT W)d(f(w, €4(W)), F(w,€5(w))) + (m + DA™ F2(w))

+{A" 7 2(W)d(f(w, €4(w)), F(w,€x(w))) + (n = 2)A™ " H(w)}.

It further implies that

n—2

At 110 9(0)) € 3 N (0,6, (), 0, Ex(@) + X+ 1)
1=m
Thus, {y,(w)} is a Cauchy sequence. By completeness of the space, there exists y(w) € X, such
that for each w € Q, d(y,,(w),y(w))—0 as n—oo. (The mapping vy:Q—X is a pointwise limit of
the measurable mappings {y,,}, therefore it is measurable.) The continuity of f implies that

d(f(w, yn(w)), f(w; 7(w)))—0.
It further implies that
H(T(w,yp(w)) T(w; 7(w))) < Mw)d(f (@, y (@), f(w,7(w)))
< d(f(w,yp(w)), f(w, 7(w)))—0.
Inequality (13) and the fact that {f(w,€, (w))} is a Cauchy sequence imply that there exists

n
A(w) € CB(X) such that T(w,§, (w))—A(w). (By Itoh [10, Proposition 1], A is measurable.)
Furthermore, for each w € Q,

d(v(w), A(w)) = lim d(y,(w), Ay (w)) <lim H(A, _(w), Ap(w)) = 0.

It further implies that



Random Fized Point Theorems for Nonezpansive & Contractive-Type Random Operators 579

i (w,€,(w)) = () € A(w) = lim T(w,E,(w)).

Hence by compatibility of f and T, we have

i (0, T, €@ T(w, £ ,(0) = 0,

for each w € Q. Therefore

nli_,lgod(f(w’ Yn + 1(@)), T(w, yp(w))) = 0.

Hence, d(f(w,7(w)),T(w,7(w))) =0 for every w € Q. That is, f(w,y(w)) € T(w,y(w)), for each
we Q.

Corollary 5.2: If in addition to the hypothesis of Theorem 5.1, the following condition is satis-
fied: for each w € £,

f(w,7(w)) € T(w,y(w)) 1mplies
Aim f(w, 7(w))" = H(w),

then t is a common random fized point of f and T'.

Proof: By Theorem 5.1, there exists a measurable map ¥:Q—X such that f(w,y(w))€
T(w,v(w)) for w € Q. Obviously,

flwlim_f(w,7(w))") = f(w, t(w)).

Thus, t(w) = f(w,t(w)) for each w € Q.
Therefore, by [2, Remarks 3.3], we have

f(w, 7)1 e T(w, f(w,7(w))")

for any w € Q. It further implies that ¢(w) € T'(w, t(w)) for each w € Q.
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