Journal of Applied Mathematics and Stochastic Analysis
8, Number 1, 1994, 59-68

A SYSTEM OF IMPULSIVE DEGENERATE NONLINEAR
PARABOLIC FUNCTIONAL-DIFFERENTIAL INEQUALITIES

LUDWIK BYSZEWSKI

Cracow University of Technology
Institute of Mathematics
Cracow 31-155, POLAND

(Received April, 1994; revised June, 1994)

ABSTRACT

A theorem about a system of strong impulsive degenerate nonlinear parabolic
functional-differential inequalities in an arbitrary parabolic set is proved. As a
consequence of the theorem, some theorems about impulsive degenerate nonlinear
parabolic differential inequalities and the uniqueness of a classical solution of an
impulsive degenerate nonlinear parabolic differential problem are established.
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1. Introduction

In this paper we prove a theorem about strong inequalities for the following diagonal system
of degenerate nonlinear parabolic functional-differential inequalities

F(t,z,u(t,z), ui(t, z), u;(t, z), uéz(t, z),u)
> F(t,z,0(t,z),0i(t,z), 0t (¢, @), 0t _(t,2),0) (i=1,..,m), (1.1)

S
where (t,2) € D\U ({t;}xR"), ty<t;<...<t,<t3+T and D is a relatively arbitrary set
) =1

more general thaﬂ ‘the cylindrical domain (t,,t,+ 1) x Q, C R" *1. In the expressions
F(tz,w(t,z), wi(t, e),wi(t,2),wt (t,z),w) (i=1,..,m)
the symbol w denotes a function
w: D 3 (t,z)—w(t,z) = (wi(t,z),...,w™(t,z)) € R™,
where D is an arbitrary set such that D N[ty to+T)xR"]C D c(—o0,ty+T)xR",

4 . , 2,4
wi(t,z): = grad w'(t,z) (1 =1,...,m)and w (t,z): = |:§B_1g_£at,_x):| (i=1,...,m). We
x‘? xk nxn
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assume that the limits w(tj_,m), w(tj',:c) (7=1,...,s) exist for all admissible z € R", they are
finite, all different and w(tj,:c): = w(t;",x) (7 =1,...,s) for all admissible z € R™.

System (1.1) is studied together with impulsive and boundary inequalities. The impulsive
inequalities are of the form

u(t,e) —u(ty ,z) <o(tyz)—o(ty,z) (F=1,...3) (1.2)

As a consequence of the theorem about the strong inequalities for system (1.1), we establish
theorems about impulsive degenerate nonlinear parabolic differential inequalities and the uniqu-
eness of a classical solution of an impulsive degenerate nonlinear parabolic differential problem.

The results obtained in the paper are direct generalizations of those given by the author in
[2]. To prove the results of this paper, theorems of [2] are used. The paper is a continuation of
author’s publication [3] about impulsive parabolic problems. The impulsive conditions in the
present paper are quite different from those considered in [3]. They are similar to the impulsive
conditions used by Bainov, Kamont and Minchev in [1].

2. Preliminaries

We use the notation: Ny = {0,1,2,...}, R, =[0,00). For any vectors z = (zy,...,2,,) € R™,
Z =(Z,..0Z,) ER™ we write 2 <% if 2; <Z;, (i=1,...,m).

By Q we denote an arbitrary open subset of (ty,?y+7") xR™, where ¢, € R and T' € R \{0},
such that the projection of {2 on the t-axis is the interval (t,,t,+T').

Next, by D we denote the subset of the set Q N[(ty, ¢, + T') x R™] satisfying the condition that
for any (? ,T ) € D there exists a number p > 0 such that

{(te):(t =T+ (2;-%) <p, t<T}cCQ.
i=1
It is clear that Q C D.

We define the sets
Sy ={z €R™(t,z) € D} for t € [ty, o+ T)
and
o = DN ({t}xR") for t € [ty,ty+ T)
By s we denote a fixed number belonging to N.
Let t,,1,,...,t, be arbitrary fixed real numbers such that
tg<ty<..<ty<ty+T.

We introduce the following sets:

D :Dﬁ[(tj,tj+1)xR”] (1=0,1,...,s 1),
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D.;: =Dn([(t,ty+T)xR"],

D*::ODj and a*::Oat

0 j=1 17

Let D be an arbitrary set such that

DN [[tyto+T) xR C D C(—o00,ty+T)xR", t,+T < co.

By ¥ we denote the part of (9D\(crt0U o U Ut0+T) disjoint with D.

Assumption (A): For each i € {1,...,m} let ¥; be a subset (possibly empty) of ¥ and let, for
each (t,z) € X;, {,(t,x) be a direction. We assume.that ¢; is orthogonal to the t-axis and some
open segment, with one extremity at (t,z), of the ray with origin at (¢,z) in the direction of ¢, is
contained in D.

Given a subset £ of ¢, Uo, UX [E of ¢,] and a function w: D, —R, we say that w has finite
t-right-hand [t-left-hand] sided limits in E U {oo} if for every (f ,%) € E and every T € P(E), and
for each sequence (t“,z”)€ D, such that t*>7 [t*<7], t'—1 and (t*,2%)—(i,%) or
| z¥ | —oo, the limit {IiLnoow(t",:c") is finite; here P(E) is the projection of E on the t-axis.
Obviously, this limit does not depend on the choice of the sequence (¥, z") and it will be denoted
by wG+ ,T ) and w(?"" ,00) [w(?_ ,Z ) and w(?— ,00)], respectively.

Let E be a subset of 0, Uo, UX. If for 7 € P(E) there is a sequence (t,2") € D, such that
tY>1t, tY>t and |z¥| —& then we denote by (7 ,00) the class of all such sequences. By a func-
tion ¢: E'U {oo}—R we mean a function defined for (¢,z) € E and (¢,00) with ¢t € P(E).

By PCm(T)) we denote the space of mappings
w:D 3 (t,2)—w(t,z) = (w'(tz),..., 0™t z)) € R™,

such that, for every i € {1,...,m}, w' is continuous in (DUX;)\o,, has finite ¢-right-hand sided
limits w'(tt,z), w'(tT,00) in o, Uo,U(Z\Z;)U{oo}, has finite t-left-hand sided limits
w'(t ™ ,z), w'(t~,00) in o, U{oco}, dnd w'(t,z): = w'(tt,z) for (t,z) €0, Uo, U(X\E;) and
w'(t,00): = wi(tt,00) for t € P[Ut0 U o, U(E\L,)] 0

~ t . o
For w,w € PC,,(D) and for every fixed t < t,+ T, we write w < @ if w'(r,z) < W'(r,z) for
(rye)e D, 7 <t (i=1,...,m). Given the sets ¥, (i =1,...,m) and the directions ¢; (1 =1,...,

m) satisfying Assumption (A), a function wEPCm(IN)) is said to belong to PC}T;?E(T)) if

o 2
wy, w,wy, (i =1,...,m) are continuous in D, and the derivatives %—7— (i=1,...,m) are finite
on ¥, (i = 1,...,m), respectively. i

By M, , .(R) we denote the space of real square symmetric matrices r = [rjk]n x n- For each
i €{1,...,m} by F, we denote the mapping

F,-:D*mexIRx[R"anXn([R)xPC’i;hzz(b)
B (t,x,z,p,q,r,w)—>Fi(t,;L‘,z,p,q,r,w) € R,

where ¢ = (¢y,...,9,,) and r = [rjk]n X n'

We use the notation

Fltz,w) = Fi(t,x,w(‘t,w),w;:(t,x),w;(t,x),wiz(t,x),w) (i=1,...,m)
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for all (t,z) € D, and w € PC},’E’ZE(INj).
By Z we denote a fixed subset of PC},;?E(T)). Functions v and v belonging to Z are called
solutions of the system

Flt,z,u] > F[t,z,v] (i=1,...,m) (2.1)

in D, if they satisfy (2.1) for all (¢,z) € D,.
The functions F; (i =1,...,m) are said to be parabolic with respect to w € PC},’I?E(b) in D,

if for every r = [rj], ¥ =[F;;] € M, ,(R) and (¢,2) € D, the following implications hold:

nxn
r<?% =F(t,z,u(t,z), ui(t, ), u;(t, z),r,u)
< F(tyz,u(ty2),ul(t,z) ul(t,2),7 ,u) (i=1,...,m), (2.2)

n
where 7 <7 means that the inequality Y (T'jk _?"jk)’\j)‘k <0 is satisfied for each
(Apy--aA,) ER™ Jk=1

3. Theorem about Impulsive Functional-Differential Inequalities

Theorem 3.1. Assume that:
1. The functions F; (i=1,...,m) are weakly increasing with respect to zy,...,2; _q,
Ziy 11-on 2y, (1=1,...,m), respectively. Moreover, F; (i=1,...,m) are weakly increasing with

t
respect to w in the sense of the relation < for all t € (ty,t,+T) and
Fl-(t,a:,z,p,q,r,w) > F,‘(taxazai »(I’T,U)) (2 = 1’-~-am)

forall (t,z)eD,, zeR™, p<P,q€R™, reM (R), we Z.

nxn

2. For the given sets L,(i =1,...,m) and the directions ¢; (i=1,...,m) satisfying
Assumption (A), for the given functions a;X,—R, (i=1,...,m) and for the given functions
$;: L, xR-R(i =1,...,m) of the variables (t,z,€) and weakly increasing with respect to &,
functions u and v belonging to Z satisfy the inequalities

u(t,z) < v(t,x) for (t,z) € D\D, (3.1)
ui(t,z) < vi(t,z) for (t,z) € 0, UE\E) U{oo} (i=1,...,m), (3.2)
u(t,z) —u(t = ,z) <v(t,z) —v(t~,z) for (t,z) € o, (3.3)

6t 2,1(0,2) = 64, 2,0(1,2)) < a1, ) L2 D) (3.4)

for (t,x) € X, (i=1,..,m)

and the condition

wi(t,x) # vi(t,z) for (t,z) €X; (i=1,..,m). (3.5)
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3. F, (i=1,..,m) are parabolic with respect to u in D, and u,v are solutions of
system (2.1) in D,.
Then, N
u(t,z) < v(t,z) for (t,z) € D. (3.6)

Proof. To prove Theorem 3.1 consider the following problem:

F[t,z,u] > F [t ,z,v] for (t,z) € Dy (i=1,...,m),
u(t, ) < v(t,z) for (t,z) € (D\D) N (( - oo, ;) xR™),

ui(t,¢) < vi(t,a) for (t,z) € [0‘0 U (X\x;)u {oo}]
(3.7)

N[lito ) xR (i =1,...,m),
6,01, ,1(0,2)) = 81,1, 2)) < a2y L) = (02)]

k3

for (t,z) € X;N[(ty, ;) xR"] (i =1,...,m).

According to the assumptions of Theorem 3.1 corresponding to problem (3.7), by Theorem
2.1 from [2] applied to set D, we obtain the inequality

u(t,z) < v(t,z) for (t,z) € D,,. (3.8)
By (3.8) and by the fact that u,v € PC, (D),
u(t™,z) <o(t~,z) for (t,z) € Ty (3.9)
From (3.3) and (3.9), we have
u(t,z) < v(t,z) for (t,z) € Ty (3.10)
Inequalities (3.1), (3.8), (3.2) and (3.10) imply that
ul(t, ) < vi(t,z) for (t,2) € (D\E;)N[(—o00,4,] xR (i =1,...,m). (3.11)

By (3.11), (3.5) and the fact that u'(i = 1,...,m) is continuous in ¥; (i=1,...,m), we get
u(t,z) < v(t,z) for (t,z) € Dnl(- 00,1, ] x R™]. (3.12)

Now, set the following problem:
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F[t,z,u] > F[t,z,v] for (t,z) € D; (i=1,...,m),
u(t,z) < v(t,2) for (t,2) €[ D N ((—o0,15) xRM\Dy,

ui(t,z) < vi(t,z) for (t,2) € [atl U(Z\Z,)U {oo}]
(3.13)
N[lt,t2) xRY) (i =1,...,m),

ity (1, 2)) — (1, 2,01 2)) < ag(t, 2) L 2 V()]

for (t,z) € ¥, N[(t1,t5) xR"] (i=1,...,m).

According to the assumptions of Theorem 3.1 corresponding to problem (3.13), by Theorem
2.1 from [2] applied to set D;, we arrive at the inequality

u(t,z) < v(t,z) for (t,z) € Dy. (3.14)
By (3.14) and by the fact that u,v € PCm(T)),
u(t ™ ,z) <wv(t”,z) for (t,z) € % (3.15)
From (3.3) and (3.15), we have
u(t,z) < v(t,z) for (t,z) € X (3.16)
Inequalities (3.1), (3.12), (3.14), (3.2) and (3.16) imply that
w(t,z) < v(t,2) for (t,2) €] D N [(~ o0, t,] x RT\[E; N[(ty, 1) xR™]] (3.17)
By (3.17), (3.5) and the fact that u' (i = 1,...,m) is continuous in L, (i=1,...,m), we get

u(t,z) < v(t,z) for (t,z) € Dn [(—o0,ty] xR™]. (3.18)

Repeating the above procedure s — 2 times, we obtain
u(t,z) < v(t,x) for (t,z) € o, (3.19)
8

and
u(t, ¢) < v(t,z) for (t,z) € D N[( —o0,t,] xR"]. (3.20)

Finally, consider the problem
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F [t z,u] > F [t,z,v] for (t,z) € D, (i=1,...,m),
u(t,z) < v(t, ) for (t,z) € D\D,,

ui(t,z) < vi(t,z) for (t,z) € [ats U((E\X;)uU {oo}]
(3.21)
N[ [tyto+T)xRY (i =1,...,m),

$,(t,2,ui(t,2)) — (1, 2,v'(1,2)) < a(t, :c)d[Ui(t’ ”;Z_ V()]

for (t,2) € ¥,N[(t,,to+T)xR"] (i=1,...,m).

According to the assumptions of Theorem 3.1 corresponding to problem (3.21), by Theorem
2.1 from [2] applied to set D, we get the inequality

u(t,z) < v(t,z) for (t,z) € D,. (3.22)

Inequalities (3.1), (3.20), (3.22), (3.2) and (3.19) imply that
ui(t,z) < v'(t, @) for (t,z) € D\[Z;N[(t, Lo+ T)xR™) (i = 1,...,m). (3.23)
By (3.23), (3.5) and the fact that u'(i = 1,...,m) is continuous in ¥, (1= 1,...,m), we have

u(t,z) < v(t,z) for (t,z) € D. (3.24)

4. Theorems about Impulsive Differential Inequalities

From the proof of Theorem 3.1 it is easy to see that the following theorem is true:

Theorem 4.1. Assume that:
1. D = D and the functions

G;:D xR"xRxR"xM, , (R)>(tz,z, p,q,7)—G,(t,z,2,p,q,7) ER
are weakly increasing with respect 1o zy,...,2; _1,2; 4 1y %y, (i=1,...,m), respectively, and
Gi(t,a:,z,p,q,r)ZGi(t,w,z,'ﬁ,q,T) (l: 1a---’m)

for all (t,x) € D,, z€R™, p<P,qeR", re M, .(R).

2. For the given sets L, (i=1,...,m) and the directions £;(i=1,...,m) salisfying
Assumption (A), for the given functions az¥X;—R , (i=1,...,m) and for the given functions
¢;: 2, xR-R (i=1,...,m) of the variables (t,z,€) and weakly increasing with respect to &,
functions u and v belonging to Z C PC},;?E(D) satisfy inequalities (3.2)-(3.4). '

3. G,(i =1,...,m) are parabolic with respect to u in D, and u,v are solutions of the
system ‘ . '

G,(t,z,u(t,z),uy(t, ¢ ), ul(t, z),uy (¢, x))
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> Gz, v(t,x),vi(t,x),vi(t,:c),vfw(t,x)) (i=1,...,m)

in D,.
Then ' . B
; (1)  u'(t,x) <'(t,z) for (t,x) € (D\Z;) N([tg, tg+ T)xR™) (i =1,...,m)
\ (i) u'(t,z) < v'(t,z) for (t,z) €E; (i=1,...,m).
(i) u(t,z) < o(t,z) for (t,2) € DN ([t to + T) X R")

if (3.5) holds.
As a consequence of Theorem 4.1, we obtain the following theorem:
Theorem 4.2. Assume that:
1. D = D and the function
G:D xRxRxR"xM_, .(R)>(tz2p,qr)-Gzz2pqr) ER
1s weakly decreasing with respect to z and p in D,.
2. For the given set ¥ C X and the direciion € satisfying Assumption (A), for the given
function a:¥—>R | and for the given function ¢:XxR—R of the variables (t,z,£) and strictly
increasing with respect to €, functions u and v belonging to Z C PC{’%(D) satisfy the inequalities

u(t,z) < u(t,z) for (t,z) € % U (Z\E) U {oo},

u(t,z) —u(t ™ ,z) <v(t,z)—v(t ~,z) for (t,z) €0,

and
— ot ~
d(t,z, u(t, ) — d(t, z, v(t, ¢)) < a(t,x)d[“(t’””)d : W2 o (1,0) € 5
3. G 15 parabolic with respect to u in D, and u,v are solutions of the inequality
G(tvx7u(t7‘r)’ut(t)m))ux(t’x)?uxz(t’z))
> G(t,z,v(t, z),v,(t, x),v,(t, ), v,,.()) (4.1)
i D,.
Then
u(t,z) <wo(t,z) for (t,z) € D,. (4.2)

Proof. Let ¢ > 0 and let
v(t,z) + € for (t,z) € DO\Utl’

v(t,z) + 2¢ for (t,z) € Dl\at2,

v(t,x) + se for (t,z) € Ds _ 1\ots,

v(t,z) + (s + 1)e for (t,z) € l—)s\at0+ T
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By (4.1), (4.3) and by the fact that G is weakly decreasing with respect to z, we obtain
G(t,z,u(t,z),u,(t,z),uy(t, ), u (1, z))
— G(t,z,v(t, z),v§(t, ), v (t, x), v (L, z))
> G(t,x,v(t,z),v,(t, 2), v, (L 2),v,,(t2))
— G(t,z,v(t, z),v§(t, ), v (t, x), v (L, z))
>0 for (t,z) € D,.
Moreover, from assumption 2 of Theorem 4.2 and from (4.3) it follows that
u(t,z) < v(t,2) for (t,z) € 7, U (Z\E) U {oo},
8(t, 2 u(t,2)) — 6(t, 2,05(4, )
< ¢(t,z,u(t,z)) — ¢(t,z,v(t,z))

< a(t,x)d[u(t,x)d—e— v(t,z)]

= a(t,x}d[u(t’m)d_e vi(t,2)] for (t,z) € £
and
u(tj,z) —u(t; ,z) <o(t,z) =t ,z)
<[o(tjz) + (5 + De] = [v(t], 2) + je]
=v(t ,2) —v(t; ,z) for z € Stj (7=12,...,9).
Then we have the inequality
u(t,z) < vé(t,z) for (¢t,z) € D,

because functions u and v® satisfy all the assumptions of Theorem 4.1. Hence (4.2) holds.

Remark 4.1. From the proof of Theorem 4.2 it is easy to see that if function G from
Theorem 4.2 is strictly decreasing with respect to z and weakly decreasing with respect to p in D,
then Theorem 4.2 is true if strong inequality (4.1) is replaced by the weak inequality

G(t,z,u(t,z),u,(t, z),uy(t, ), uy (1, ))

> G(tyz,v(t,x),v,(t,x), v (L, x) (t,2)), (t,x)eD,.

) vz‘z

Theorem 4.2 and Remark 4.1 imply the following theorem about the uniqueness of a classical
solution of a mixed impulsive parabolic differential problem:



68 LUDWIK BYSZEWSKI

Theorem 4.3. Assume that:

1. D =D and the function G from Theorem 4.2 is strictly decreasing with respect to z
and weakly decreasing with respect to p in D,.
2. The set ECE and the dzrectzon  satisfy Assumption (A), a: E—»IR+ is a given

function, the function ¢: £ xR-R of the variables (t,z,€) is strictly increasing with respect to &,
and f: 9, U(E\Z)U{oo}-—»lR, g:0,—R, h: SR are given functions.

Then in the class of all functions w belonging to PCL (D) and such that function G is
parabolic with respect to w in D, there exists at most one function satisfying the following mized
impulsive parabolic differential problem:

G(t,z,w(t,z),w,(t, ), w,(t,z),w,(t,z)) =0, (t,z)eD,,
w(t,z) = f(t,2), (t,2) €y U (Z\E) U {o0},

w(t,z) —w(t™,z) =g(t,z), (t,z) €0,

dw(t )

g(t, z, w(t, z)) — a(t,@)—— = h(t,z), (t,z)€ .

5. Remarks

Remark 5.1. Since the functions F'; (i =1,...,m) from Theorem 3.1 are weakly decreasing
with respect to p then these functions may be, particularly, defined by the following formulae:

Fi(t,z,z,p,q,r,w): = f(t,2,2,q,7,w) —c;(t,x)p (1=1,..,m),
where (t,z) € D,, z€R™, peR, ¢€R", re M, .(R), we Z, and c,(t,z) >0 (i =1,...,m) for
(t,z) e D,.
The same remarks are true for functions G;(¢ = 1,...,m) and G from Theorems 4.1-4.3.

Therefore, the degenerate parabolic problems from this paper are more general than the
parabolic problems, in the normal form with respect to p, corresponding to the considered
degenerate parabolic problems.

Remark 5.2. Theorems 4.2 and 4.3 are formulated only for the differential parabolic

problems and for m =1 because assuming, simultaneously, that F;(i =1,...,m) from Theorem

3.1 are weakly increasing with respect to zy,..., z; _q,2; 4 1,.. 2, w and weakly decreasing with

respect to zq,...,2,, w we can consider only the differential problems, where m = 1.
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