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ABSTRACT

A theorem about a system of strong impulsive degenerate nonlinear parabolic
functional-differential inequalities in an arbitrary parabolic set is proved. As a

consequence of the theorem, some theorems about impulsive degenerate nonlinear
parabolic differentia] inequalities and the uniqueness of a classical solution of an

impulsive degenerate nonlinear parabolic differential problem are established.
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1. Introduction

In this paper we prove a theorem about strong inequalities for the following diagonal system
of degenerate nonlinear parabolic functional-differential inequalities

F(t,x,u(t,x),ut

i(t x) x), x), v) (i-1 m),> Fi(t,x,v(t, x), v v(t, vxx(t,i (1.1)

where (t,x) eD\[.J ({tj}xNn), 0<tl<...<ts<to+T and D is a relatively arbitrary set
3--1

more general than the cylindrical domain (to, o + T) x D0 C Nn + 1. In the expressions

t wix(t,Fi(t,x,w(t,x),wt( ,x), x), wxx(t,x),w) (i- 1, ...,rn)

the symbol w denotes a function

w: ) 9 (t, x)---w(t, x) (wl(t, x),..., wm(t, x)) G rn,

where ) is an arbitrary set such that Dfl[[to, o+T) xNn]C) C(-oc, to+T) xNn,

Wix(t,x) gradxwi(t,x) (i-t,...,rn)and -[.02_wi!t. 1 rn). Wewx(t’x)" L cOxJO’[c2) (i- 1,...,
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assume that the limits w(t-,x), w(t-,x)(j- 1, ., s) exist for all admissible x e Rn, they are

finite, all different and w(tj, x): w(tj+ ,x) (j 1,..., s) for all admissible x e Rn.

System (1.1) is studied together with impulsive and boundary inequalities. The impulsive
inequalities are of the form

u(tj, x) u(t-, x) <_ v(tj, x) v(t-, x) (j 1,..., s). (1.2)

As a consequence of the theorem about the strong inequalities for system (1.1), we establish
theorems about impulsive degenerate nonlinear parabolic differential inequalities and the uniqu-
eness of a classical solution of an impulsive degenerate nonlinear parabolic differential problem.

The results obtained in the paper are direct generalizations of those given by the author in
[2]. To prove the results of this paper, theorems of [2] are used. The paper is a continuation of
author’s publication [3] about impulsive parabolic problems. The impulsive conditions in the
present paper are quite different from those considered in [3]. They are similar to the impulsive
conditions used by Bainov, Kamont and Minchev in [1].

2. Preliminaries

We use the notation" NO -{0,1,2,...}, N+ -[0, oc). For any vectors z- (Zl,...,Zm)E m,
_(l,...,m)Emwewritez< ifzi<’i (i -1,. m).
By f2 we denote an arbitrary open subset of (to, o / T) x [m, where to O{ and T R

such that the projection of f on the t-axis is the interval (to, to + T).
+\{0},

Next, by D we denote the subset of the set f2 N [(to, o + T) x n] satisfying the condition that
for ahy ( , G D there exists a number p > 0 such that

{(t,z):(t-7 ) + (z-i) < p, t <7 } c .
i=1

It is clear that f2 C D.

We define the sets

St: -{xn’(t,x) ED} for t[to, o+T]

and

at" D N ({t} n) for [to, to + T].

By s we denote a fixed number belonging to N.

Let tl, t2,..., s be arbitrary fixed real numbers such that

o < <... < < o + T.

We introduce the following sets:

Dj" D V [(tj, tj + 1) x n] (j 0, 1,..., S 1),
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Ds: DN[(ts, to+T)n],

D,:-ODj and a,’- 0 at..
j=0 j=l

Let D be an arbitrary set such that

Da[[to, to+T) xRn]C D C(-oc, to+T) xn, to+T <_

By E we denote the part of OD\(rto 12 r. 12 (rto+ T) disjoint with D.

Assumption (A): For each G {1,..., rn} let E be a subset (possibly empty) of E and let, for
each (t,x)E Ei, i(t,x) be a direction. We assume.that t is orthogonal to the t-axis and some
open segment, with one extremity at (t,x), of the ray with origin at (t,x) in the direction of t is
contained in D.

Given a subset E of a U a, 12 E [E of r,] and a function w:D,---R, we say that w has finite
t-right-hand [t-left-hand] si’aed limits in E U {oc} if for every ( ,7 e E and every 7 e P.E), and
for each sequence (t’,x) D, such that u >7 [t <7], t---,t and (t,x’)--(t,7)or
xul+oc, the limit lmmw(t,x) is finite; here P(E)is the projection of E on the t-axis.

Obviously, this limit does not depend on the choice of the sequence (t,x) and it will be denoted
by w(+,) and w(+,oc)[w(-,) and w(-,oc)], respectively.

Let E be a subset of at0 12 or, 12 E. If for P(E) there is a sequence (t,x) D, such that
’ > 7, t and x ---,oc then we denote by (, oc) the class of all such sequences. By a func-
tion : E 12 {oc}--R we mean a function defined for (t, x) E E and (t, oc) with t P(E).

By PCm(D) we denote the space of mappings

w" ) 9 (t,x)-.w(t,x) (wl(t,x),..., wm(t,x)) G m,

such that, for every i. {1,...,rn}, w is continuous in (D 12 Ei)\r,, has finite t-right-hand sided

limits w’(t + x), w’(t+,cx)in atn12_a,U(E\Ei) U{c}, has finite t-left-hand sided limits

w.(t-,x), wiit-,oc) in .U{}, nd wi(t,x): wi(t +,x) for (t,x)toU.U(EEi) and
w’(t, )" w’(t +,) for t e P[ato . (EEi)].

For, G PCm(D and for every fixed < 0 + T, we write w if wi(r,x) i(r,x) for
(r,x) D, t (i 1,...,m). Given the sets E (i 1,...,m) and the directions gi (i 1,...,

1,2m) satisfying Assumption (A), a function w PCm(D is said to belong to PCm, E(5 if

(i 1 m) are continuous in D and the derivatives dwi (i- 1 m) are finiteWt Wx Wxx
on i (i- 1,...,m), respectively.

By Mn x n() we denote the space of real square symmetric matrices r -[Vjk]n x n" For each

{1,...,m} by F we denote the mapping

1,2ri" D, m x n x In Mn x n(n) x PCm,()
(t,x,z,p,q,r,w)--Fi(t,x,z,p,q,r,w) [,

where q (ql,’",qn) and r -[rjk]nxn.
We use the notation

 x(t,  xx(t, (i
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1,2for all (t,x)E D, and w e PCm, E( ).
1,2By Z we denote a fixed subset of PCm, E(D). Functions u and v belonging to Z are called

solutions of the system

Fi[t x, u] > Fi[t, x, v] (i 1,..., m) (2.1)

in D,, if they satisfy (2.1) for all (t,x)e D,.
The functions F (i- 1,...,m) are said to be parabolic with respect to w e PCz()) in D,

if for every r [rjk], 7 [jk] Mn x n(R) and (t,x) D, the following implications hold:

<_ u(t, u (t, u (t,

where r <7 means

(/1"’" "n) e n.

i(t x) ui(t,x) 7 u) (i-1 m),<_Fi(t,x,u(t,x),u

that the inequality (rjk jk)AjAk <_ 0 is
j,k--1

(2.2)

satisfied for each

3. Theorem about Impulsive Functional-Differential Inequalities

Theorem 3.1. Assume that:
1. The functions F (i- 1,...,m) are weakly increasing with respect to Zl,...,Zi_ 1’

Zi+ 1,...,Zm (i- 1,...,m), respectively. Moreover, F (i- 1,...,m) are weakly increasing with

respect tow in the sense of the relation <_ for all t (to, to + T) and

Fi(t,x,z,p,q,r,w >_ Fi(t,x,z, ,q,r,w) (i-1,...,m)

for all (t,x) e D,, z e Rm (), w e Z.P<P, qE,n, rMnx n

2. For the given sets El(i-1,...,m) and the directions i (i-1,...,m) satisfying
Assumption (A), for the given functions ai’Ei---N +(i- 1,...,m) and for the given functions
i’EixN--,R(i-1,...,m) of the variables (t,x,) and weakly increasing with respect to ,
functions u and v belonging to Z satisfy the inequalities

u(t,x) < v(t,x) for (t,x) e D\D, (3.1)

ui(t,x) < vi(t,x) for (t, x) e rto U (E\Ei)U {cx} (i 1,..., rn),

u(t,x)- u(t-,x) < v(t,x)- v(t-,x) for (t,x)

(3.2)

(3.3)

i(t,x, ui(t,x)) i(t,x, vi(t,x)) < ai(t,x
d[ui(t,x)-vi(t,x)]

for (t,x) eEi (i 1,...,m)

(3.4)

and the condition

ui(t, x) 7 vi(t, x) for (t, x) e E (i 1,..., m). (3.5)
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3. F (i 1,...,rn) are parabolic with respect to u in D, and u,v are solutions of
system (2.1) in D,.

u(t, x) < v(t, x) for (t, x) e D. (3.6)

Proof. To prove Theorem 3.1 consider the following problem:

Fi[t,x,u > Fi[t,x,v for (t,x) E DO (i 1,...,rn),

u(t,x) < v(t,x) for (t,x)E (D\D)Ul((-cx,tl)Nn),

ui(t, x) < vi(t, x) for (t, x) 6 [rto U (E\Ei)U {c}]
[[to, 1) x n] (i 1,..., rn),

i(t,x ui(t,x))-i(t,x, vi(t x)) < ai(t x)d[ui(t’x)-vi(t’x)]di

for (t, x) G E A [(to, tl) x W] (i 1,..., m).

(3.7)

According to the assumptions of Theorem 3.1 corresponding to problem (3.7), by Theorem
2.1 from [2] applied to set Do, we obtain the inequality

u(t,x) < v(t,x) for (t,x)G Do.

By (3.8) and by the fact that u, v PCm(D),

From (3.3)and (3.9), we have

u(t- x) < v(t- x) for (t x) Eat (3.9)

u(t x) < v(t,x) for (t x)e r

Inequalities (3.1), (3.8), (3.2) and (3.10)imply that

(3.10)

ui(t,x) < vi(t,x) for (t,x) (5\i) ["] [( -(x),tl] x[n] (i- 1,...,m). (3.11)

By (3.11), (3.5) and the fact that ui(i- 1,...,m)is continuous in E (i- 1,...,m), we get

u(t, x) < v(t, x) for (t, x) G D N [( c, tl] n]. (3.12)

Now, set the following problem:
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Fi[t, x, u] > Fi[t, x, v] for (t, x) E D1 (i 1,..., rn),

u(t, x) < v(t, x) for (t, x) E[ R (( oo, t2) x n)]\D1,
ui(t, x) < i(t, x) for (t,

r lit1, t2) x n] (i 1,..., m),

i(t,x, ui(t x))- i(t x vi(t,x)) < ai(t,x),d[ui(t’x)- vi(t’x)],,

for (t, x) E r [(tl, t2) x n] (i 1,..., rn).

(3.13)

According to the assumptions of Theorem 3.1 corresponding to problem (3.13), by Theorem
2.1 from [2] applied to set D1, we arrive at the inequality

u(t,x) < v(t,x) for (t,x) D1. (3.14)

By (3.14) and by the fact that u, v PCm(D),

From (3.3)and (3.15), we have

u(t-, x) v(t- x) for (t,x) rt2. (3.15)

u(t,x) < v(t,x) for (t x)e r (3.16)
2

Inequalities (3.1), (3.12), (3.14), (3.2) and (3.16)imply that

ui(t,x) < vi(t,x) for (t,x) [ V[(-c,t2]xn]J\[EiV[(tl,t2)x n]]. (3.17)

By (3.17), (3.5) and the fact that u (i- 1,...,m)is continuous in Ei (i- 1,...,m), we get

u(t, < for

Repeating the above procedure s- 2 times, we obtain

(3.18)

and

<

u(t,x) < v(t,x) for (t,x)e D R [(- oo, ts] x n].

(3.19)

Finally, consider the problem
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Fi[t,x,u > Fi[t,x,v for (t,x) Ds (i- 1,...,m),

u(t,x) < v(t,x) for (t,x) e D \Ds,

ui(t, x) < vi(t, x) for (t, x)

r[ Its, to + T) x ’*] (i 1,..., m),

el(t, x, ui(t x)) i(t, x, vi(t x)) < ai(t x)d[ui(t’ x) vi(t
d

for (t, x) G i r [(ts, to + T) x n] (i 1,..., m).

(3.21)

According to the assumptions of Theorem 3.1 corresponding to problem (3.21), by Theorem
2.1 from [2] applied to set Ds, we get the inequality

u(t, x) < v(t, x) for (t, x) Ds. (3.22)

Inequalities (3.1), (3.20), (3.22), (3.2) and (3.19)imply that

ui(t, x) < vi(t, x) for (t, x) @ ) \[E rh [(ts, o + T) x n]] (i 1,..., m). (3.23)

By (3.23), (3.5) and the fact that ui(i- 1,...,m)is continuous in E (i- 1,..., m), we have

u(t,x) < v(t,x) for (t,x) D. (3.24)

4. Theorems about Impulsive Differential Inequalities

From the proof of Theorem 3.1 it is easy to see that the following theorem is true"

Theorem 4.1. Assume that"
1. D D and the functions

Ci:D, xmxxx Mnxn(R (t,x,z,v,q,r)--+ai(t,x,z,p,q,r) e

are weakly increasing with respect to Zl,...,zi_ 1,zi + 1,...,Zm (i- 1,...,m), respectively, and

c(t..z.v.q.) > a(t...z. ,q,) (i 1,. m)

for all (t, x) p<p, qERn, rGMnxn(R).
2. For the given sets Ei(i-1,...,m) and the directions .i(i-1,...,m) satisfying

Assumption (A), for the given functions ai:Ei---, + (i- 1,...,m) and for the given functions
i’Fi-- (i- 1,...,m) of the variables (t,x,) and weakly increasing with respect to

1,2functions u and v belonging to Z C PC,E(D) satisfy inequalities (3.2)-(3.4).
3. Gi(i- 1,...,m) are parabolic with respect to u in D., and u,v are solutions of the

system
x(t.). (t.x))c(t. xx
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vi(t,> a(t, , v(t, ), v(t, ) ), t,Vxx(x)) (i-l,. m)

Then
()

and
()

Moreover,
(iii)

if (3.5) holds.

ui(t,z) < vi(t,x) for (t,x) e (D\Ei)O([to, to+ T)xRn) (i--l,...,m)

ui(t, x) < vi(t, x) for (t, x) E E (i 1,..., m).

u(t, x) < v(t, x) for (t, x) E D f3 ([to, to + T) x Rn)

As a consequence of Theorem 4.1, we obtain the following theorem"

Theorem 4.2. Assume that:

D D and the function

G:D. xR xR xRnx Mn x n() 9 (t,x,z, p,q,r)--G(t,x,z, p,q,r) G

is weakly decreasing with respec to z and p in D,.
2. For the given set E C E and the direction , satisfying Assumption (A), for the given

function a:E-+ and for the given function :ER-4 of the variables (t,x,) and strictly
increasing with respect to , functions u and v belonging to Z C PC’,(D) satisfy the inequalities

,(t. ) < (t. ) fo. (t.) e O-,oU (s\)u

(t.)- (t- .) < (t.)- (t- .) fo (t.)

and

(t,x,u(t,x))-(t,x,v(t x)) < a(t,x)d[u,t,x)t v(t, x)]
de fo(t,)r.

G is parabolic with respect to u in D, and u, v are solutions of the inequality

c(t., u(t.). (t.). ,(t. ). u.(t. ))

Then

Proof. Let > 0 and let

> c(t. . v(t. ). v(t. ). Vx(t. ). v..(t. ))

u(t,x) <_ v(t,x) for (t,x) e D,.

(4.1)

(4.2)

’(t, z):

v(t, x) + for (t, x) e Do\rta,
v(t, x)+ 2e for (t x) G D1\o"

2

v(t, x) + se for (t, x) e Ds \O’ts’
v(t,x) + (s + 1) for (t,x) e Ds\crto + T"

(4.3)
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By (4.1), (4.3) and by the fact that G is weakly decreasing with respect to z, we obtain

a(t, , u(t, ), u(t, ), u(t, ), (t, ))

e(t x)v(t,x),vxx(t,x))-C(t,x, ve(t,x),vt

> G(t,x,v(t,x),vt(t,x),vx(t,x),vxx(t,x))

"(t ) v.(t, ), ;.(t, ))a(t, v’(t, ), v
for (t,x) D..

Moreover, from assumption 2 of Theorem 4.2 and from (4.3) it follows that

u(t, x) < ve(t, x) for (t, x) O’to U (\) U {c<},

(t, , (t, )) (t, , v(t, ))

< (t, , ,(t, )) (t, , (t, ))

x)d[u(t, x) v(t, x)]<__ a(t, d

a(t x)d[u(t’x) v(t’x)] for (t x) ’d

and

(t,)- (t-,) < v(t,)- v(t)-,)

< [v(tj, x) + (j + 1)el- [v(t-,x) + je]

v<(tj, x)- ve(t-,x) for x e S (j 1,2,...,s).

Then we have the inequality

(t,) < v(t,) for (t,)e v.
because functions u and v satisfy all the assumptions of Theorem 4.1. Hence (4.2) holds.

Remark 4.1. From the proof of Theorem 4.2 it is easy to see that if function G from
Theorem 4.2 is strictly decreasing with respect to z and weakly decreasing with respect to p in D,
then Theorem 4.2 is truc if strong inequality (4.1) is replaced by the weak inequality

a(t,, (t,), (t,), (t,), x(t,))

> a(t, , (t, ), (t, ), x(t, ), vx(t, )), (t, ) D..

Theorem 4.2 and Remark 4.1 imply the following theorem about the uniqueness of a classical
solution of a mixed impulsive parabolic differential problem:
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Theorem 4.3. Assume that:

1. D D and the function G from Theorem .2 is strictly decreasing with respect to z
and weakly decreasing with respect to p in D,.

2. The set 2 C 2 and the direction satisfy Assumption (A), a:2N+ is a given
function, the function " x NN of the variables (,x,) is strictly increasing with respect to ,
and f: rto t_j (E\E)t.J {oo}---,, g: r,---, h: ---, are given functions.

Then in the class of all functions w belonging to PCI:(D and such that function G is

parabolic with respect to w in D, there exists at most one function satisfying the following mixed
impulsive parabolic differential problem:

G(t,x, w(t,x), wt(t,x), wx(t,x), wxx(t,x)) O, (t,x) E D,,

5. Remarks

Pmark 5.1. Since the functions F (i 1,...,m) from Theorem 3.1 are weakly decreasing
with respect to p then these functions may be, particularly, defined by the following formulae:

Fi(t,x,z,p,q,r,w): fi(t,x,z,q,r,w)-ci(t,x)p (i 1,...,m),

where (t,x)D,, z m, p , q n, r E Mnxn(), w Z, and ci(t,x) _> O (i=l,...,rn) for
(t,x) eD,.

The same remarks are true for functions Gi(i 1,..., m) and G from Theorems 4.1-4.3.

Therefore, the degenerate parabolic problems from this paper are more general than the
parabolic problems, in the normal form with respect to p, corresponding to the considered
degenerate parabolic problems.

Remark 5.2. Theorems 4.2 and 4.3 arc formulated only for the differential parabolic
problems and for m 1 because assuming, simultaneously, that Fi(i 1,...,m) from Theorem
3.1 are weakly increasing with respect to Zl,... zi_ 1,zi + 1,...,zn, w and weakly decreasing with
respect to zl,..., zn, w we can consider only the differential problems, where m 1.
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