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ABSTRACT

This paper discusses the convergence of random Ishikawa iteration scheme to
a random fixed point for a certain class of random operators.
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1. Introduction

In recent years the study of random fixed points have attracted a great amount of attention.
Discussions on random fixed points may be found in works such as [1], [2], [6], and [7]. We
review the following concepts which are essentials for the purpose of our discussion. Throughout
this paper, (T,%) denotes a measurable space, and H denotes a separable Hilbert space.

A function f:T—H is said to be measurable if f ~(B) € X for every Borel subset B of H.

Let C be any subset of H. A function f:T—C is said to be measurable if f ~}(BNC)€ T
for every Borel subset B of H.

A function F:T x H—H is said to be H-continuous if F(t,-): H—H is continuous for every
teT.

A function F:T x H—H is said to be a random operator if F(-,z):T—H is measurable for
every x € H.

A measurable function g:T—H is said to be a random fized point of F:T x H—H if
F(t,g(t)) = g(t) for all t € T

The Ishikawa iteration scheme was obtained in [5]. We define the random Ishikawa iteration
scheme in an analogous manner as follows:

Let go:T—H be any measurable function. The functions below are iteratively defined as
follows:

I 1() = 0 F(L Ry (0) + (1= a,)g, (1), >0, teT. (1)
where

ha(0) = B, F (6, 9,(0) + (1= B)an(t), n >0, LET. (2)

and {o,} and {8, } are sequences of real numbers such that
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0<a, B,<1lforalln>0 (3)
Jim supf, =M <1 (4)
and 0
Y anB, =00 (5)
n=1

Let C C H, k: C—C is said to satisfy Tricomi’s condition in C if p € C and k(p) = p imply
lk@)—pll < lle—p| forall zC. (6)
The following lemma was proved in [5]:
Lemma: H is a Hilbert space; therefore for any z,y,2 € H and any real A
e+ (1-Xy-z=Mz—z2+1-Nlly=zI2=2X1=N [z =y[|>  (T)

2. Main Result

Theorem 1: Let H be a separable Hilbert space. F:T x H—H is an H-continuous random
operator in which case there exists f:T—H (not necessarily measurable) such that

| F(tz) = fON < lle—F@) I (8)
forallteT and x € H.

Then, for any measurable function g,:T—H, the sequence of functions {g,,} defined by the
random Ishikawa iteration scheme, if convergent, converges to a random fized point of F.

Proof: For any t €T,
I 9041 = F) 1|

= [l o F(t hy(1) + (1= a)g,(t) = £(1) || 2
= o, [| F(t,ho(0) = FO 112 + (1= ) [ 9(1) = £(1) || 2
— (1= ay) || F(t,hy(1)) = g,(t) || * (by (7))
S o [[F(t by (1) = F(0) 112+ (1= ) [ 9,(8) = F() 11 * (by (3))
S ap L ha() = FO) 112+ (1= a) [ 9() = F(2) 1| (by (8))
< 1 gn®) = SO I1? = 2yl = 8,) | F(t,9,(1)) = 9,(1) ||

(by using (2), (7) and (8)).

It further implies that
N

> 081 =B | F(t,g,(1) — g,(1) ]| 2

n=20

< lgo®) = F®) )%= ||9N+1(t)“f(t)||2

< lgo(t) = F() |I* < co. (9)
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For M’ satisfying M < M’ <1, there exists a positive integer mg such that 3, < M’ for all
m > myg (by (4)). Therefore, 1 —3,, >1—M'> 0 for all m > m, or

o0 [e.0)

D (1= Bp) 2 (L=M") 3 apfy=0c0 (10)
(9) and (10) imply,
Aim inf || F(2,9,(t) —g,(t) || =0forall teT. (11)

Hence, if {g,,(t)} converges, for example to g(t), F(t,g,(t)) also converges to g(t).

Since F:T x H—H is an H-continuous random operator and H is separable, {g,} is a
sequence of measurable functions [4]. Therefore, g :nango g,, is measurable. Furthermore, F is H-
continuous; thus, for all t € T,

9(t) = lim g,.(t) =lim F(2,9,(t))

n—oo
= F(t,lim g,.(1)) = F(t,9())-
Hence, ¢ is a random fixed point of F'

Therefore, {g,,} (if convergent) converges to a random fixed point of F'.

Theorem 2: Let C C H be a conver and compact subset and F: T x C—C satisfies
a) F is H-continuous;
b) there exists f:T—C such that || F(t,z)—f(t)|| < ||e—Ff(@)|| forallt €T and z € C;
and
c) F(t, -):C—C satisfies Tricomi’s condition in C for every t € T'.

Then, for any measurable function gy:T—C, the sequence {g,} of measurable functions con-
structed by the random Ishikawa iteration scheme converges to a random fized point of F.

Proof: Since C is convex and compact, H is a separable Hilbert space and F is an H-
continuous random operator and {g,} is a sequence of measurable functions from C to C.
Proceeding exactly as in Theorem 1, we obtain (as in (11))

Aim inf || F(2,9,,(2)) = 9,(1) || =0.
Therefore, for fixed ¢t € T, there exists {g,, (t)} C {g,,(¢)} such that
1

lim | F(1,9,, (1)~ 90,0 || =0. (12)
Since C is compact, there exists {g,,. (t) C {g,, (¢)}, such that {g,, (¢)} is convergent.
lk 1 lk

Let
klim 9. (1) =g(2). (13)
—00 lk

From (12) and (13), and since {g,, (t)} C {g,, (t)}, we have
1k 1

lim F(t,g,, (1) = a(t),

—00 lk

F(t,9(t)) = g(t) (since F is H-continuous). (14)

or

Hence, for fixed t € T', ¢(t) is a fixed point of F(¢, ).
For any fixed t € T,
194 1(8) = 9 12 = NP (L hy(D) + (1= ay)ga(8) = 9(t) 1|
= a, || F(t (1) = 9(0) || 24+ (1= ) [ 9 () = 9() 1|2
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—ap(1=ap) | F(th(8) ~ g,(8) 1% (by (7))
oy [T hn(t) = g(t) |+ (1= ) [l 9,(8) = 9(8) | * (by (3) and Tricomi’s condition (6))
= ap || B, F(t,9,(1) + (1= B,)9,() = g() [| 2+ (1 =) || 9,,(t) — 9(2) || *
= 0, (B, 1 F(t,9,(0)) = 9D |2+ (1= B,) | 9(t) — (1) || 2
= Bn(L=B) [ F(t, 9,(1) = 9,() | ) + (1 = ) 1| 9,(8) = 9(2) |2 (by (7))
< (B ll 90(t) = g 1|2+ (1= B,) | 94(t) — 9(1) 1| %)
+ (1 ~a,) |l 9,(t)—g(t) ]| * (by (3) and Tricomi’s condition (6))
= a1 ga(O) = g(W) 12 + (1= ) || 94(8) = 9(1) |2
= [l ga(t)—g(t) ||
Therefore, for t € T,
197 41O =91l < Nl g,(8) —g(D) |- (15)

Since {g,, (t)}—g(t), given € > 0, there exists ni, such that
lk o
lg9,. @)—9®)] <e
1k0
By virtue of (15),
1 9a(t) = g() || < forall n>n;
0

Therefore, for ¢t € T, lim g_(t) = g(¢). Since {g.} is a sequence of measurable functions, g is also
n—oovn n

measurable. Thus, g: T—C' is a random fixed point of F:T x C—C.
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