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ABSTRACT

If a,ay,...,a,, are independent, normally distributed random variables with
mean 0 and variance 1, and if v, is the mean number of zeros on the interval
(0,27) of the trlgonometrlc polynomlal a,cosz + 2 1 2a2cos 2z +..n'" % nCOS NT,
then v, =27 {(2n +1)+ D, + (2n + 1) 1D, +(2n+1)" 21)3} +O{(2n+
1)73}, in which D, = —-0.378124, D, = —2 D3 =0.5523. After tabulation of
5D values of v, when n = 1(1)40, we ﬁnd that the approximate formula for v,
obtained from the above result when the error term is neglected, produces 5D
values that are in error by at most 10 ~° when n > 8, and by only about 0.1%
when n = 2.
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1. Introduction

Suppose that n is an integer greater than 1, that a; (7 =1,2,...,n) are independent, normally
dlstrlbuted random variables with mean 0 and variance 1, that p is a real number greater than
——, and that v, , is the mean value of the number of zeros on the interval (0,27) of the random
trlgonometrlc polynomial

Z iPa jcos ja. (1.1)

Das [4] has shown that, for large n,
Vpp = 20,0 +0(n1?), ) = {(2p +1)/(2p + 3)}'/2. (1.2)

The author ([6] when p = 0 and [7] when p is a positive integer) has exhibited constants Dy, =1,
Dy, sz and D3p such that
2 3
Vpp = (2n+ 1)%20 (2n+1)"7"D,,+0{(2n+1)"%}. (1.3)
r=

It follows that the error term O(nl/ 2) in the Das result is actually O(1) when p is a nonnegative
integer. In this paper we will prove that a relation of the form (1.3) is also valid when p =3
This proof emulates the analysis in [7], although that analysis actually fails when p is not a posi-
tive integer.
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After a statement of the basic formulas on which our analysis rests, we devote Section 2 to
the derivation of a series representation of Vn1/2 that converges when n is sufficiently large.
(Henceforth we will omit the subscript -;—) Asymptotic representations of the first four coefficients
in that series are derived in Section 3, and are used to deduce (1.3) when p = % We tabulate in
Section 4 5D values of v, when n =1(1)40. We find that the approximation to v, obtained
from (1.3) when the O{(2n+ 1) ~3} term is neglected, produces 5D values that differ from the
tabulated values by at most 10 ~° when n > 8 and by only about 0.1% when n = 2. In Section 5

we show that the series representation of v,,, derived in Section 2, actually converges when n > 2.

2. Preliminary Analysis

It is a consequence of the basic formulas in [7] (that were copied from (3, p. 285] or [2, p.
107]) that, when n > 2,

w/2
v,=4r" 1/ F,(z)dz, (2.1)
0
in which
Fo(x) = A7 {(AC, - BL'?, (2:2)
n n n
A = Z jeos?jz, B, = Z j2sin jz cos jz, C,= Z 73sin?jz. (2.3)
3=1 J=1 J=1

We will need the explicit representations of A, , B, and C,, stated in the following lemma.

Lemma 1: It is true that

84, = (2n+1)2gy(2) + (2n + 1)g; + g5, (2.4)
16B,, = (2n +1)3hg(2) + (2n + 1)2hy + (2n + 1)hy + by, (2.5)
32C,, = (2n + 1)*kg(2) + (20 + 1%k, + (2n +1)%ky + (2n + kg + ky, (2.6)
in which
z=2n+ 1z, f(z) = cscx —z ~ L, p(z) = fH(z) + 22 7 1 f(2) = cscZe —z 2, (2.7)
ao(z) = (%)+ e~ Ysinz — 27 (1 - cosz), g, = f(z)sinz, (2.8)
g2= —{(})+¢(@) + f(z)cosz}, (2.9)
ho(2) = —gp(2) = — 27 Lcosz 422 2sinz — 22 7 3(1 — cos2), (2.10)
hy = — f(z)cosz,hy = —2f'(x)sinz, hg = ¢'(x) + f"'(x)cos z, (2.11)
ko(z) = (%) — 27 Ysinz =327 2cosz + 62 " 3sinz — 62 7 4(1 — cosz), (2.12)

ky = — f(z)sinz,ky = 3f'(x)cosz —(%), kg =3f"(x)sinz, (2.13)
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ky= (%) —¢"(z) = f"(z)cos 2. (2.14)

With the help of a known trigonometric summation [5, p. 133, Eq. (31)], we see that

n n
8A,=4) j+4) jcos2jz
) =1 ) =1
=2n(n+ 1)+ 2{(n + 1)sin z —sinz}esc z 4 {cos(z + z) — cos 2z }csc?z.

A little trigonometric and algebraic manipulation then suffices to establish (2.4), (2.7), (2.8), and
(2.9). The remaining results of the lemma are consequences of these and the inferences from (2.3)
that

n
2B, = —dA,/dz,2C, =) j*-dB,/dz = {n(n+1)/2}* - dB, /dz.
3=1
We calculate the first factor 4,7 ! in (2.2) in the following lemma.

Lemma 2: There is a positive integer ny such that, if 0 <z < 7/2 and n > n,,

o0
(84,) ' =@n+1)"2g5 1Y (2n+1)" ", (2.15)
r=0
in which by=1, by = —g,/90, b2:b%—(g2/go), b3:(2glgz/g(2))+b?,.... The series (2.15)

converges absolutely and uniformly when 0 <z <7 /2 and n > n,.

It is a consequence of (2.8) that
1

9o = /t(l + cos zt)dt. (2.16)
0
Therefore, g, >0 when 0<z< 400, and ZILI& 90 :%, so that both g, and go“1 are bounded

functions of z. Because the functions g; and g,, defined in (2.8) and (2.9), are obviously
bounded, uniformly in z and n when 0 <z < 7/2 and n > 2, it follows that there exists a positive
integer ng so large that

(2n+1)" 1 g./90] +@n+1)"2|gy/g4| <0.65 (2.17)
when n > ng and 0 <z <7/2. The expression (2.4) can be inverted for such values of z and n;
this process yields (2.15), in which the first four coefficients are those specified in the lemma.
A straightforward calculation based on (2.4), (2.5) and (2.6), proves the following lemma.

Lemma 3: It is true that
6

256(A4,C,, — B2) = (2n+1)6> " (2n+1)7"f,, (2.18)
r=0
in which
r
Fo= Uk —m—Phr _ ) (r=1,2,...,6), (2.19)
m=0

and g, =0ifm>2,h =0ifm>3andk,,=0ifm>4.
We calculate the second factor (A4,C,, — Bi)l/ 2 of (2.2) in the following lemma.

Lemma 4: The integer ny of Lemma 2 may be chosen so that, if 0 <z < 7/2 and n > ny,
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16(A,C,, — B2)Y? = 20+ 1% 3/ (2n+1) e, (2.20)

r=0

in which ¢q=1, ¢;=f1/(2fo), cy=fa/(2fo)=f1/(fc), 5= Fa/(2fo) = f1fa/(4F5) + fi/
(16£3), .... The series (2.20) converges absolutely and uniformly when 0 <z < 7/2 and n > ng.

We infer from (2.10) and (2.12) that

1 1
hg = / t’sin 2t dt, ko = / t3(1 — cos zt)dt, (2.21)
0 0

so that (2.16) and the Schwartz inequality imply that f,= goko— hg >0 when 0 <2< +o00.
Moreover, fq = z2/48 + O(z*) for small z, and f, = 1/8 + O(z ~ 1) for large z.

Because f(z) is an odd analytic function of z when |z| <, and because
0<z=2/(2n+1)<z/5 when n > 2, it follows from (2.21) and (2.11) that h, = O(z) (r = 0,1,
2,3), uniformly in z and n, and from (2.21), (2.13) and (2.14) that k, = O(zf) (r=0,1,2,3,4),
uniformly in z and n. It is now a consequence of (2.19) and the earlier observation that
g, =0(1) (r =0,1,2), uniformly in « and n, that f_ = 0(z}) (r=1,2,3,4,5,6), uniformly in
and n. Because it is obvious that h, = O(1) and k, = O(1), uniformly in z and n, we conclude

that f,/f, = O(1), uniformly in  and n (whether or not z is small). Hence we can choose n so
large that (2.17) holds, and

6
> @n+1)7T|f,/fol <0.92 (2.22)

r=1
when n > ng and 0 <z < /2. For such values of z and n the square root of the expression (2.18)

can be written in the form (2.20), the first four coefficients of which are those specified in the
lemma.

We will show in Section 5 that the inequalities (2.17) and (2.22) hold when n > 2. Therefore,
Lemmas 2 and 4 (also Lemmas 5 and 6 below) are valid when ny = 2.

If we use (2.2) and Lemmas 2 and 4, we obtain the following lemma.

Lemma 5: [t is true when 0 < & < 7/2 and n > ny that

2F, (z) = (2n+1)G(2) io:o(2n +1) " "u,, (2.23)

in which

T
G(2) = £/ %) 96(2)ty = Y braly _ (2.24)
m=0
Moreover, the series (2.23) converges absolutely and uniformly in z and n.

The final lemma in this section is a consequence of (2.1) and Lemma 5.

Lemma 6: [t is true when n > nj that

[o.°]
ve=02n4+1)) 2n+1)" "y, (2.25)
r=0
in which
/2
v, =21~} / G(z)u,dz. (2.26)

0
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Moreover, the series (2.25) converges absolutely and uniformly when n > ny,.

3. Proof of (1.3) when p :_-%

303

In the next four lemmas we will exhibit constants S, (0<m<3-r, r=0,1,2,3) and S,

(r =0,1,2,3) such that

3—r
2l/2y = > @n+1)"mS, (- 1)"2n+1) 73S, +0{(2n +1)" 1)

m=0

(3.1)

when r =0,1,2,3. In the proofs of these lemmas, it will be convenient to use Tq(z) as a generic
symbol for a trigonometric sine polynomial of degree ¢, not necessarily the same at each

occurrence.

Lemma 7: FEquation (3.1) is true when r =0 if

Seo=1, So1 = (2/”)/ (212G () - 1)dz,
0

Sgg =1/7%, Sp3 =0, Sy = —32/7°.

It follows from (2.19), (2.8), (2.10) and (2.12) that
8fo=1—2z"sinz— 102~ %(1 + cosz) 432z 3sinz — 82 7 4(1 — cos z)2
— 3227 5(1 —cos z)sin z + 162 ~%(1 — cos z)2.
For sufficiently large z we conclude that
(8fo) "1 =1+422"sinz+227%(6 +5cosz — cos 22) + 27 3T4(2) +0(z7%),
(8f0)1/2 =1-—2"Ysinz — (42) ~%(21 + 20 cos z — cos 2z)

+273T4(2) + Oz~ *).

Because it follows from (2.8) that

(290) "1 =1-22"1sinz 422 %(2 — cos z — cos 2z) + 27 3T5(2) +0(z™%),
we infer from (2.24) and (3.6) that
21/2G(z) =1-32 " Ysinz— (42z) ~%(1 + 28cos 2 + 11 cos 2z)

+273T4(2) + Oz~ *).

If we define A to be (2n + 1) /2, it follows from (2.26) that

00

21/2v0=1+}\_1/ {21/20(2)-1}0124-1/ 22G(z) - 1}z
0 A

(3.2)

(3.3)

(3.4)

(3.7)

(3.8)

(3.9)

the improper integrals exist by virtue of (3.8). Repeated integration by parts of the last term in
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(3.9) now shows, with the help of (3.8), that the lemma is true.

Lemma 8: FEquation (3.1) is true when r =1 if

w2
S10=0, 81, = —(5/7) / ¢~ 1f(z)dz, S, = —24/7°, (3.10)
0
Sig=—(3m)~ 1 / z{21/2H(z) —3sinz—(22) " 1(5 + 11 cos 22) }dz, (3.11)
in which °
H(2) = [{(2f) ™ Ngo — ko) + 9o }sinz — fg Lhy cosz]G(2). (3.12)

It follows from (2.19), (2.8), (2.11) and (2.13) that
f1=—{(g0 — ko)sin 2 — 2hy cos 2} (), (3.13)
and then from (2.8), (2.10) and (2.12) that
fi=—-{4"tsinz 42271~ 2" %inz— 27 3(5 — 4cos z — cos 2z) (3.14)
+ 62~ *(1 — cos z)sin 2} f ().
We can now deduce from (2.24), Lemmas 2 and 4, and (3.13) that
Gle)u, = — f(@)H(2), (3.15)

in which H(z) is the function defined in (3.12). With the help of (3.5), (3.7), (3.8) and the defini-
tions (2.8), (2.10) and (2.12), it is easy to see that, for large z,

H(z) = H*(2) + O(2~3) (3.16)
in which
2 /2H*(2) = 3sin z + (22) 7 1(5 + 11 cos 22) (3.17)
487127 %(151sin 2 — 60 sin2z — 69 sin 32).

Moreover, H(z) = O(1) and H*(z) = O(2 ~1!) for small 2. Hence (3.16) is true for all positive z.
It now follows from (2.26) and (3.15) that

—mv /2 =1, +1,+ I3, (3.18)
in which /2
I = / {f(z) — (z/6){H(2) — H*(2)}dxz, (3.19)
0 w/2
= [ @/60HE) - T@)s, (3.20)

0
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w/2
I;= / f(2)H*(z)dz. (3.21)
0
We recall the identity [ 6, Lemma 2],
f(z)= i (- 1™~ 12¥m - 2)B,,.22™ "1 /(2m)! (3.22)
m=1

= (z/6) + (72°/360) + (312°/15120) + ...,

in which 8,,, is the Bernoulli number of order 2m [1, p. 804]. It is known [1, pp. 75, 805] that
the power series in (3.22) converges when |z | < 7, and that all of its nonzero coefficients are posi-
tive. We conclude from (3.22), (3.16), and (3.19) that

w/2
I,= / 0(3)0(z = )dz = O{(2n +1) ~3). (3.23)
0

Similarly, we deduce from (3.16) that
A

6I,=(2n+ 1)_2/ 2{H(z) — H*(z)}dz
0

=Gna )7 [ {HG) - B @ nt )7 [ 206
A

0

62121, = (2n+1)72 [ [ +(2V2H(:) - 3sin (3.24)
0

—(22) 15+ 11 cos2z)}dz — 117/8] + O{(2n + 1) ~3}.

In order to evaluate the integral I, we use the results {7, Egs. (3.15)],
w/2
/ f(z)sinzdz = (2n+1) ~4(4/7%)(- )"+ 0{(2n + 1) ~3},
0

w2 /2
/

f@)z"Yde=(2n+1)"! f(z)e ~lde,
/

w/2
/ f(z)z " tcos2zdz = O{(2n+1) ~3},
0

w/2
f(2)z ™ %singzde = (2n +1) ~ (7 /12) + O{(2n + 1) ~3},
0

when ¢ > 0. Therefore,
w/2

2121, = (5/2)(2n + 1)1 / f(z)z =Yz + (12/7%)(2n+ 1) ~2(-1)" (3.25)
0
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+(117/48)(2n +1) "2+ O{(2n +1) ~3}.

We now combine (3.23), (3.24) and (3.25) with (3.18) to conclude that Lemma 8 is true.

Lemma 9: Equation (3.1) is true when r =2 if

/2 /2

Sw=@/m) [ e@dz-G/2m) [ Plare-()
0 0
Sy = (1/37r)/ {21/2J(z) +1—"7cosz}dz, S,=56/73,
in which °
J(2) = [(1 - cos2){(2f0) ™ (ko — 390) — 95 '} +2f 5 Thosinz

+ 695 - 3fo 1k’o]G("‘)-

It follow from (2.19), (2.8), (2.9), (2.11) and (2.13) that
fa = {(3g9 — ko)cos z + 4hgsin 2} f'(z) = f3(z) — kop(x) = (90 + ko) /2,
and then from (2.24), Lemmas 2 and 4, (3.13) and (3.29) that
Guy = f/(0)J(2) + {f'() = F'(0){K(2) = f2(z)L(2) + {p(z) — £(0)} M (2),
in which J(z) is defined in (3.28) and
K(z) = [{(2fo) " *(390 — ko) + 9¢ ‘}eos z + 2hy 5~ Lsin 2]G(2),
L(2) = [(1 —cos22){(40) ~ *[(90 — ko) — 4hg] — (4fo90) ~ (90 — ko)
~(200) "} +1{9g ' = (2f0) (90 — ko)}(2fo) ™ Thgsin 2z
+(2£8) 7 () + Fo)IG(2),

M(2) = {95 ! = (2f) ™ 'ko}G(2).

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

With the help of (3.5), (3.7), (3.8) and the definitions (2.8), (2.10) and (2.12), it is easy to see

that, for large z,

21/2J(z) = —147Tcosz—2z"1(31+15cos z)sinz 4+ O(z ~2).

(3.34)

In fact, (3.34) is valid for all positive 2 because J(z) and z ~ !sinz are bounded. It then follows

that

w/2

/ 21/2J(z)dx: —(1r/2)+[7(—l)"+/ {21/2](2) + 1 = Tcos z}dz
0 0

(3.35)



Mean Number of Real Zeros of a Random Trigonometric Polynomial. IIT 307

- / {21/2J(z) +1—"Tcosz}dz](2n+ 1)L
A

In view of (3.34) the two improper integrals converge, and the last integral in (3.35) is
O{(2n+1) " !}. In a similar manner, we find that

21/2K(z) =Tcosz— 15z " sinzcosz + O(z ~ 2), (3.36)
212L(z) = (5 + 11 cos 22)/4 + z = 1(111sin z — 69sin 32)/8 + O(z ~ 2), (3.37)
2Y2M(2) =1 -2z Ysinz + O(z ~ 2); (3.38)
w/2
21/2/ {f'() = F'(0)}K (2)de = 7{(2/m)* = (1/6)}( = 1)"(2n+ 1)~} (3.39)
’ +O{(2n+1)"2},
w/2 w2
91/2 / A (z)L(z)dz = (5/4) / fHz)dz +0{(2n+1)" %}, (3.40)
0 0

w/2 w/2

21/2/ {p(z) — p(0)}M(2)dz = / o(z)dz — (7/6) + O{(2n + 1)~ 2). (3.41)
0 0

It now follows from (2.26), (3.30), (3.35), (3.39), (3.40) and (3.41) that Lemma 9 is true.
Lemma 10: Equation (3.1) is true when r =3 if S35 =10, S3=0.
It follows from (2.19) and (2.8) through (2.13) that

f3 = (3g4sin z — 2hycos 2) /() + f(z)p(x)sin z — 2hyp'(2), (3.42)
and then from (2.24), Lemmas 2 and 4, (3.13), (3.29) and (3.42) that
2'2Guy = f'(z)N(2) + f(z)p(z)P(2) + ¢'(£)Q(2) + F(@){f'(2) - F(O)}R(z) ~ (343)
+ @)U () + f(2)V(2),

in which N, P, Q, R, U and V are certain explicitly definable functions of z concerning which we
need to know first that, for large z,

N(z) =6sinz+O0(z 1), P(z) = —5sinz+0(z ™ 1),Q(2) = 0(z 1), (3.44)
R(z) = —7.5sin2z + (42) ~ (193 cos z — 97 cos 3z) 4+ O(z ~ 2), (3.45)
U(z) =8~ 1(23sin3z — 37sin z) — (162) ~ }(95 + 132 cos 22 (3.46)

—99cos4z) 4+ 0(z ),

V(z) = —5sinz —(35/6)sin2z 4+ O(2 ~1). (3.47)
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We also need to know that, for small positive z, the functions N(z), P(z), Q(z), and V(z) are
bounded (they actually have limits as z—0 1), and the functions R(z) and U(z) are O(z~2).
Hence equations (3.44) through (3.47) are valid for all positive 2. Each of the integrals with res-
pect to & on the interval (0,7/2) of each of the six terms on the right hand side of (3.43) is, there-
fore, O{(2n + 1) ~1}. In view of (2.26), this remark suffices to prove Lemma 10.

Our principal result, stated in the following theorem, is an immediate consequence of Lemmas
6 through 10 and the observation that S+ 5, + S, + 53 =0.

Theorem: When p :% and n > n,, the mean value of the number of zeros on the interval
(0,27) of the random trigonometric polynomial (1.1) is

3
vo=@2n+1)2723 " (2n+1)7"D, + 0{(2n+1) 73}, (3.48)
r=0
in which
D,=) 8 mm (r=0123) (3.49)
m=0

If we use the explicit formulas for S, furnished in Lemmas 7 through 10, it follows that

(3.50)

Do=1,0,=/m) [ 2/26()-1)dz, D, = -},
0

Dy = (1/37r)/ {2127 (2) + 1 — Tcos 2}dz (3.51)
0

—-(1/37r)/ 2{21/2H(z)—3sinz-—(22)'1(5+11cos2z)}dz.
0

w/2
(For the calculation of D,, it is necessary to know [6, Eq. (3.56)] that { o(z)de =2/7.)

4. Numerical Results

With the help of (3.8), (3.16), (3.17), and (3.34), we can transform the conditionally conver-
gent integrals in (3.50) and (3.51) into absolutely convergent integrals, i.e.,

D, = (2/7r)/ {21/2G(z)—1+3z"lsinz}dz——3, (4.1)
0
D, = (1/37r)/ [21/2{J(z) —2zH(2)} +3zsinz 42~ 1(7 = 14 cos z + 11 cos 22) (4.2)
0
+ (82) ~1(399sin 2 — 69sin 3z)}dz — (55/8).

We calculated the integrals in (4.1) and (4.2) over the interval (0,257) by Simpson’s rule. The
integrals over the interval (25m,00) were calculated using the asymptotic relations,
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21/2G(z) =1+ 32 " lsinz = — (22) ~%(1+ 28cos z + 11 cos 2z) (4.3)
+ (22) ~3(19sin z + 60sin 2z + 23sin 32) — 2 =62~ 4(1063 + 2376 cos 2
+ 716 cos 2z — T76 cos 3z — 179 cos 4z) + z ~ *Tx(2) + O(z ~ ),
21/2H(z)—3sinz—(2z)"l(5+ 11cos2z) (4.4)
—273272(151sin 2 — 60sin 22 — 69 sin 32)
=2"473(207 + 1028 cos 2 + 612 cos 2z — 388 cos 3z
—179cosdz) + 2 ~4T(2) + O(z ~5),
21/2.](::) +1—"Tcosz+ (2z) ~1(62sin z + 15sin 22) (4.5)
=27327%(46 — 335 cos z — 478 cos 22 — 97 cos 3z) 4+ z ~ 3T y(2) + O(2 ~*);

these relations contain one or two more terms than (3.8), (3.16) and (3.34). In this manner, we
find that D; = —0.378124, D; = 0.5523. Hence

2% = (2n+1)-0.378124-2"1(2n+1) "1 +0.5523(2n + 1) "2+ O{(2n +1)"3}.  (4.6)

We have also used Simpson’s rule to calculate numerical values of the integral (2.1) when
n = 2(1)40. The results for v, are recorded to 5D in Table 1. (The tabulated value v; = 2 is ob-
viously correct, but is not a consequence of (2.1) which is nugatory when n=1.) The
approximation 2~ (2n+1+D1) produces 5D values that exceed the values in Table 1 by
about 0.00756% when n = 40, 0.0292% when n =20, 0.110% when n =10 and only 1.61% when
n = 2. The more accurate approximation 2~ {2n +1 + D, —(4n+2)" 1 produces 5D values
that are less than the values in Table 1 by about 6 x 10 ~ 5 when n =40, 23x10~ 5 when n = 20,
89 x10 ~° when n = 10, and only 0.0189 or 0.588% when n = 2. The most accurate approxima-
tion 27 1/2{2n +1+ Dy —(4n+2) 1 4+0.5523(2n + 1) ~?} produces 5D values that agree with
those in Table 1 when n > 8, except for a discrepancy of one unit in the last decimal place when
n = 14. Moreover, it produces a 5D value when n = 2 that is less than the Table 1 value by only
0.00328, or 0.102%.
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n v, n v,

1 2 21 30.13021
2 3.21635 22 31.54477
3 4.64048 23 32.95930
4 6.06232 24 34.37381
5 7.48196 25 35.78829
6 8.90016 26 37.20275
7 10.31741 27 38.61720
8 11.73400 28 40.03163
9 13.15013 29 41.44605
10 14.56592 30 42.86045
11 15.98145 31 44.27484
12 17.39678 32 45.68922
13 18.81195 33 47.10359
14 20.22699 34 48.51795
15 21.64194 35 49.93231
16 23.05679 36 51.34665
17 24.47158 37 52.76099
18 25.88631 38 54.17532
19 27.30098 39 55.58965
20 28.71561 40 57.00397

Table 1. Values of the mean number of zeros of the random trigonometric
polynomial (1.1) when p = %

5. The Integer n,

Although it is not logically necessary to know a specific value for the integer n; in the
theorem and Lemmas 2, 4, 5 and 6, it is interesting to observe that ny can actually be chosen as
small as 2. We begin the proof of this assertion with the following lemma.

Lemma 11: [t is true that gy(z) > 0.206715 when 0 < z < co.

It follows from (2.16) that
1

go(2) = — / t¥sin 2t dt < 0 when 0 < z < , (5.1)

0
and from (2.10) that

9o(2) > 0 when 37/2 < z < 2. (5.2)

If we define W(2) to be z*gj(z), we infer from (5.1) and (2.10) that

z
W)= — / wdcosudu = — 23in z — 322cos z + 6zsin 2z — 6(1 — cos z). (5.3)
0

Therefore, if 7 <z < 37/2, W'(2) = — 23cos 2 > 0, so that W(z) > W(r) = 3(x? —4) > 0. Hence
9o(#) >0 when 7 <z <3r/2, and there exists a unique z; such that 7 < z; < 37/2, gi(z,) =0.
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By virtue of (5.1) and (5.2), the minimum value of gy(z) on the interval (0,27) is go(z).

We use Newton’s method, starting with the value z = 47 /3, to locate the point z; with suffi-
cient accuracy to determine that gy(z;) > 0.206715, so that go(z) > 0.206715 when 0 < z <27, If
z>2m, we conclude from (2.8) that go(z)>271—2z"1-2:"2>2"1_(2n)"1-202r)" 2>
0.290184. The proof of the lemma is now complete.

Lemma 12: It is true when 0 <z < /2 and n > 2 that

lgy| <1-27"1<0.363381, |g,| <3/2. (5.4)

Because the nonzero coefficients in the power series (3.22) for f(z) are positive, we infer from
(2.8) and (2.9) that |g;] < f(2) < f(n/2)=1—2n"1, |g,] <(1/2)+p(x) + [(z) < (1/2) +
o(m/2)+ f'(n/2) = 3/2. It is helpful to note that

o(z) + f'(z) = (1 +cosz) ™ 1. (5.5)
Lemma 13: It is true when 0 <z < 7/2 and n > 2 that

|(2n+1)"2g,/90] + | (2n+1) " 2g,/g,| < 0.641832. (5.6)

Therefore, Lemma 2 is true when ny = 2.

The lemma is an immediate consequence of Lemmas 11 and 12, and the fact that (2.17) is
implied by (5.6). (Although adequate, this result is rather crude. It is possible to show, with the
help of numerical calculations similar to those we will use below in the proofs of Lemmas 14 and
15, that the left hand side of (5.6) does not exceed 0.299394.)

The analysis to show that (2.22) is true when n > 2 and 0 < z < 7/2, so that Lemma 4 is true
when n; = 2, is somewhat more recondite. We begin with the following assertion.

Lemma 14: The left hand side of (2.22) does not exceed 0.884786 when 0 <x <m/2, n>2
and z = (2n+ 1)z > 6.

This lemma will be a consequence of the inequalities,
fo>0.105264, | f{| <0.128401, | f,| <1.20476, | f5| < 1.08086, (5.7)
| f4] <5.57529, | fg| <4.51528, | fg| < 3.95661, (5.8)

when n > 2. We now proceed to prove these inequalities when 0 < z < 7/2 and z > 67.

If we write (3.4) in the form,
8fo = 1-2271(1-162"%)sinz — 102~ 2(1 + cos z) (5.9)
— 82741 —-22"%)(1 —cos2)? — 3227 5(1 — cos 2)sin 2,

and observe that 1—16z72 and 1—2z"% are positive (when z>4), that sinz<1 and
—1<cosz <1, and that (1 —cosz)sinz < 33/2/4, we see that

8fo>1-2:"1(1-162"2)—202"2 - 32,41 —-2z"2)—24.3'/2, 75, (5.10)

The right hand side of (5.10) is an increasing function of z when z > 6, because its derivative
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227 2(1—48272) + 402 =3 + 1282~ 5(1 — 32 2) +120-3'/2, 6,

is positive (when 22 > 48). If we replace z by 6 in the right hand side of (5.10), we conclude
that the first inequality in (5.7) is true when z > 6.

If we write (3.14) in the form
—4f; =[(1 -4z~ %)sinz + 82 {1 — 27 %(1 — cos z)(3 + cos z)} (5.11)
+ 242 = *(1 — cos z)sin 2] f(z),

and observe that 0 < (1 —cosz)(34cosz)<4, that 1—4272>0 (when z>2), and that 0 <
f(z) < f(m/2) =1—27 "1, we see that

4)f] <(1—4z724827 141832~ %1 —27 1) (5.12)
The right hand side of (5.12) is a decreasing function of z when z > 6, because its derivative,
{—8272(1—z"1)—72.3Y/2,=5}(1—2r 1),

is negative (when z > 1). If we replace z by 6 in the right hand side of (5.12), we conclude that
the second inequality in (5.7) is true when z > 6.

With the help of (2.8), (2.10), and (2.12) we can write (3.29) in the form,
24f, = 6{f(z) - F(0)}Py(2) — 245%(z)  24(2)ko(z) — Py(2), (5.13)
in which
P(z) = 5cosz+ 42~ %(8 — 3cos z — 2 cos’z) (5.14)
— 82~ 3(4 — cos z)sin z + 24(1 — cos 2)cos z,
Py(z) =9 —5cosz—4z " 2(11 + 3cos z — 2 cos?z) (5.15)
+ 82 73(13 — cos 2)sin z — 24z ~4(1 — cos z)(3 + cos 2).

Because 3 <8 —3cosz—2cos’z <73/8, |(4—cosz)sinz| <4.11667, and | (1 —cosz)cosz| <2,
we see that

| Py(z)| < 54365272 +32.93342 73 4482~ * < 5.10803 (5.16)
when z > 67. Moreover, it follows from (2.12) and (2.21) that
0<ko(2)={1-42"1(1 =627 2)sinz— 1227 %(1 — 22~ %)cos z — 242~ *}/4 (5.17)
<{1442711-62"2) 4122731 -22"2) - 24274} /4
< 0.310505 when z > 6.

Because 4 < 9 —5cosz < 14, 6 < 114 3cos z—2cos?z < 97/8, | (13 —cos z)sinz| < 13.0382, and
0 < (1 —cosz)(3 +cosz) <4, we see that, when 2z > 6,
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Py(z) < 1424272 4104.3062 73 < 14, (5.18)
Py(z) >4 —48.52"2-104.3062 3 - 962 ~* > 3.84716. (5.19)

Hence
| Py(2)] < 14 (5.20)

when z > 67. It now follows from (5.13), (5.16), (5.17) and (5.20) that
24| f,| <5.10803{6f'(r/2) — 1} + 24f%(n/2) + 7.452124¢(7/2) + 14. (5.21)

If we observe that f/(w/2)=4r"2, f(x/2)=1-27r""1, and o(7/2) =1—47 2, the third in-
equality in (5.7) is a consequence of (5.21).

It follows from (3.42), (2.8) and (2.10) that

N fs = F"(@)Py(2) = 20/ (@)hof2) + F(2)p(z)sin z, (5.22)

P3(2) = {1.5 — 27 %(3 + cos z)}sin z + z ~ }(3 — cos?2) (5.23)
+4273(1 — cos z)cos 2.

Because 0<1.5—42"2<15-2"%34cosz)<15 (when 22>8/3), |3—cos?z| <3, and
| (1 —cosz)cosz| <2, we see that

Py(2)| <1.54+327 148273 < 1.66035 (5.24)
when z > 67. Moreover, we infer from (2.10) that
lho(2)| <27 14227244273 <0.059278 (5.25)
when z > 67. It now follows from (5.22), (5.24) and (5.25) that
| f5| < 1.66035f"(r/2) +0.118556¢'(1/2) + f(x/2)p(/2). (5.26)

Because f"(1/2) =1—167 "3, o'(7/2) =167 =3, f(x/2) =1—2r "' and p(7/2) = 1 — 47~ 2, we
conclude that the fourth inequality in (5.7) is true when 2 > 6.

It follows from (2.19) that
| fal < Lgoky| + | g1ks| + | goky | +2]hihg| + b3 (5.27)
We infer from (2.16) and (2.8) that
901 =90 <(3)+27" < 0.553052 (5.28)
when z > 67, and from (2.14) that
by = F(2)(1 —cos2) = ¥(2), (5.29)

in which
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¥(e) = ¢"(@) + (@) - (}) (5.30)
is an increasing function for which ¥(0) =0, ¥(w/2) = 7/4. Hence
ky < f(2)(1 = cosz) < 2f"(n/2) = 1927 ~* < 1.97107,
ky> —y(x)> —T/4= — 175,
and we deduce from (5.28) that
| 9ok | < 1.09011. (5.31)

We infer from (2.13) that |kg| <3f"(m/2)=3(1—167 ~3) < 1.45193, so that an appeal to
Lemma 12 shows that

| g1k5 | <0.527604. (5.32)
Similarly, it follows from (2.13) and Lemma 12 that

| gky | < (%){(%) +3 f(g)} = (%) + (;—%) < 257379, (5.33)

and from (2.11) and (5.5) that
2| hyhg| < 2f(x){¢'(z) + f"(x)} < 2 f(g) < 0.726762, (5.34)
h: <4f%(z) < 4 f’2(%) = 647 ~* < 0.657023. (5.35)

If we use (5.24) and (5.31) through (5.35), we conclude that the first inequality in (5.8) is true
when z > 6.

It follow from (2.19) and some results from the previous paragraph that
5] < 191kq] + 1ggks| +2] hyhsg]|
<1927 =41 —2r =) + ()1 - 167 =) + 167 2. (5.36)
Therefore, the second inequality in (5.8) is true. Similarly,
| fol < lggky| +h3<288m =% +1, (5.37)

so that the third inequality of (5.8) is true. The proof of Lemma 14 is now complete.

Lemma 15: The left hand side of (2.22) does not exceed 0.919051 when 0 <z < 7w/2, n>2
and z = (2n + 1)z < 6.

We define £ so that
= minl 2. T
€= mm( Z 2). (5.38)
It is clear that 0 < z < £ when n > 2. It then follows from (3.14) that

| f1] < Po(2)f(8), (5.39)

in which
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Py(z)= |47 Ysinz 42271 — 27 %sinz — 22 7 3(1 — cos 2)(3 4 cos 2) (5.40)
+ 62741 —cos2)sinz|.
Similarly, it follows from (5.13) and (5.22) that
| £21 <287 H{65/(€) = 1} | Py(2) | + | Py(2) | 1+ F2(€) + @(€)ko(2), (5.41)
[ f3] < (€)1 P3(2) | +2¢'(€) | ho(2) | + F(§)p(€) | sinz]. (5.42)

(We have used the implication of (2.21) that ky(z) > 0.)
The analysis for f, is more elaborate. We first deduce from (5.29) that

{£"(0)(1 = cos 2) — $(€)}go(2) < gk < F(E)(1 - cos 2)go(2), (5.43)
and from (2.8) and (2.31) that
0 < g,k = 3f(z)f"(2)sin’z < 3f(€)f"(€)sin® 2. (5.44)
We next use (2.9) and (2.13) to see that
9ky = {(3)+ e(@) + F@H(3) - 35(2)
+ {1+ 3p() + 67'(2)}f(z)(1 — cos ) — 3 *(z)(1 - cos2)?,
so that
{(3)+e©+ FOH(E) - 37} + {1 +3p(0) + 6/ (O} (O)(1 —cosz)  (5.45)
= 3f"(€)(1 ~ cos 2)? < goky < {14 3p(€) + 65/(€)}F/(€)(1 — cos z)
—37%(0)(1 — cos 2)%
We now use (2.11) to see that
— 2hyhy = 2{¢/(z) + f"(a)cos 2} f(x)cos z < 2'(€) + F(E)I(E):
We observe that —2h hy is a quadratic function of cosz whose absolute minimum is

—¢'%(z)f(x)/2f"(z). We have tabulated the function ¢'%(z)f(z)/f"(x) when z =0 (7/36)7/2,
and have observed that it is an increasing function of x. Therefore,

— X (E)F(€)/25"(€) < —2hyhy < 2{p'(€) + F(E)I(E)- (5.46)
Finally, we use (2.11) to see that

—4f%(¢)sin?z < — h% = —4f?(z)sin?z < —4f%(0)sin’z. (5.47)

It now follows from the definition of (2.19) of f,, the inequalities (5.43) through (5.47), and
the numerical values, f'(0) = 1/6, f"'(0) = 7/60, ©(0) = 1/3, obtained from (3.22), that

| f4] Smax{|Py(2)|, | Ps(z) |}, (5.48)
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in which
Py(2) = [£"(&)g0(2) + {1 +3p(€) + 6(£)}f'(€) (5.49)
—1271(1 — cos ))(1 —cosz) + {3£(€)£"(€) - (§ )sin?z
+2{¢'(&) + f(£)}£(8),
Py(2) = {(g5) (1 — cos 2) = $(©)}aol2) +{(3) + #(6) (5.50)
+ POH(L) 37} +27 (1~ cos ) - 3F2(E)(1  cos 2)?
~ MO ()/21"(€) - 4 *(€)sin’z.

It follows from (2.19), (2.9), (2.11), (2.13) and (2.14) that

fs = {Pg(x)cos z + Py(z)}sin z, (5.51)
in which

Py(2) = f(2)f"(2) - '(2)f"(2), (5.52)

Py(z) = f(2){¢"(2) - (1)} -4 (@) (@) + 3" (2){(2) + (3 ))- (5.53)

We have tabulated the functions Pg(z) and P,(x) — Pg(z) when & = 0(7/36)7 /2, and have observ-
ed that each of them is a positive increasing function of z when 0 < ¢ < /2. We conclude that

| f5| < {P(€)+ Pg(§)cosz} |sinz]|. (5.54)

It follows from (2.19), (2.9), (2.11) and (2.14) that

fe = Pg(z) + Pg(z)cos z + P,o(z)cos’z, (5.55)
in which
Py(z) = —{(1)+ e@H(}) - ¢"(@)} - ¢(a), (5.56)
Py(z) = = {(1)= ¢ @1 @) +{(3)+ (@)} 1"(2) - 20'(2)f" (=), (5.57)
Pyo(e) = f(2)f"(2) - (=), (5.58)

We rewrite (5.55) in the form
fe = (Pg+ Pg+ P1g) = (Pg +2Py)(1 — cos z) + Pyo(1 — cos 2)%, (5.59)

and observe, after tabulating Py(z) and P,4(z) when & = 0(7/36)7/2, that each of them is a posi-
tive increasing function of ¢ when 0 < z < 7/2. Moreover,

8{Pg(z) + Py(z) + P1o(2)} = (13 — 3cosz — 9cos®z — cos®z) /(1 + cos z)?, (5.60)

so that Pg(x)+ Pg(x) + P,y(z) is also a positive increasing function of £ when 0 < z < 7/2. We
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conclude that

—{Py(z) + 2P o(2)}(1 —cos z) < fg < Pg(z) + Py(z) + Pyo(2), (5.61)

so that

| f| <max[Pg(§) + Pg(&) + P1o(€): {Pg(€) +2P1(€)}(1 — cos 2)]. (5-62)

If we let f(z) (r=1,2,...,6) be the right hand sides of the inequalities (5.39), (5.41), (5.42),
(5.48), (5.54) and (5.62), respectively, then the left hand side of (2.22) does not exceed

6
0(z) = fg '(2) Y57 "fr(2) (5.63)
r=1
when n > 2. We have tabulated 6(z) when z =0 (7/18)6, and used these results to search, by
appropriate subtabulation, for max; ¢ , < ¢.0(2). In this way, we find that (z) < 0.919051. This
completes the proof of Lemma 15. =~

Lemma 16: The inequality (2.22) is true when n>2 and 0 <z <w/2. Therefore, Lemmas
4, 5 and 6 are also true when ny = 2.

The first sentence in Lemma 16 is an immediate consequence of Lemmas 14 and 15. There-
fore, Lemma 4 is true when ny = 2. This remark and Lemma 13 then show that Lemmas 5 and 6
are true when ny = 2.
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