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1. Introduction
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where the constant factors are all the best possible [1]. It attracted some attention in the
recent years. Actually, inequalities (1.1) and (1.2) have many generalizations and variants.
Equation (1.1) has been strengthened by Yang and others ( including integral inequalities )
[2–11].
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In 2006, Yang gave an extension of [2] as follows.
If p > 1, 1/p + 1/q = 1, r > 1, 1/r + 1/s = 1, t ∈ [0, 1], (2 −min{r, s})t +min{r, s} ≥ λ >
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(1.3)

B(u, v) is the Beta function.
In 2007 Xie gave a new Hilbert-type Inequality [3] as follows.
If p > 1, 1/p+1/q = 1, a, b, c > 0, 2/3 ≥ μ > 0, and the right of the following inequalities

converges to some positive numbers, then
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(1.4)

The main objective of this paper is to build a new Hilbert’s inequality with a best constant
factor and some parameters.

In the following, we always suppose that

(1) 1/p + 1/q = 1, p > 1, a ≥ 0, −1 < α < 1,

(2) both functions u(x) and v(x) are differentiable and strict increasing in (n0 − 1,∞)
and (m0 − 1,∞), respectively,

(3) u′(x)/uα(x), v′(x)/vα(x) are strictly increasing in (n0 − 1,∞) and (m0 − 1,∞),
respectively. {u′

nv
′
m/[(u2

n + 2aunvm + v2
m)u

α
nv

α
m]} is strict decreasing on n andm,

(4) u(n) = un, u(n0) = u0, u((n0 − 1)+) = v((m0 − 1)+) = 0, u(∞) = ∞, v(∞) = ∞, u′(n) =
u′

n, v(m) = vm, v(m0) = v0, v
′(m) = v′

m.
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2. Some Lemmas

Lemma 2.1. Define the weight coefficients as follows:
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then
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where
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Proof. Let f(z) = 1/[(1 + 2az + z2)zα] = 1/[(z − z1)(z − z2)zα] then K = (2πi/(1 −
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(2.7)

if a = cos θ (0 < θ < π/2), then z1 = −eiθ, z2 = −e−iθ
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On the other hand, W(p,m) < ω(p,m). Setting u(x) = vmσ, then ω(p,m) = Kv
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Lemma 2.2. For 0 < ε < min{p, p(1 − α)} one has
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The lemma is proved.
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Lemma 2.3. Setting wn = un (or vm) and w0 = n0 (or m0, resp.), then k > 0. {τ ′w/τkw} is strictly
decreasing, then

N∑

w=w0

τ ′w
τkw

=
∫N

w0

τ ′(x)
τk(x)

dx +A. (2.11)
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Easily, A had up bounded when N → ∞.

3. Main Results
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K is defined by Lemma 2.1.

Proof. By Hölder’s inequality [12] and (2.5),
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setting bn = u
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(3.4)

By 0 <
∑∞

n=n0
(uqα−2α−1

n /(u′
n)

q−1)bqn < ∞ and (3.4) taking the form of strict inequality, we have
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Theorem 3.2. If α = 0, then both constant factors,K andKp of (3.1) and (3.2), are the best possible.
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On the other hand (u(x) = σv(y) and v(y) = τ),
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By (3.6), (3.7), (3.8), and Lemma 2.3, we have
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We have K ≤ H, (ε → 0+). This contracts the fact that H < K.

References
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