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For a fixed integer m>0 and 1<k <n, let Ay, ,(T,x) denote the kth fundamental
polynomial for (0,1,...,2m) Hermite—Fejér interpolation on the Chebyshev nodes
{x;n=cos[(2j — D)7/(2n)]: 1 < j < n}. (S0 Aim (T, x) is the unique polynomial of degree
at most (2m + 1)n — 1 which satisfies Ay o (T, X;,) = 61, and whose first 2m derivatives
vanish at each x;,.) In this paper it is established that

|[Ak2mn (T, %)| < A1gma(T,1), 1<k<n, —1<x<1

Itis also shown that 4, 5, »(T, 1) is an increasing function of n, and the best possible bound
C,, 50 that | Ay 2 (T, x)| < Cp, for all k, nand x € [-1, 1] is obtained. The results generalise
those for Lagrange interpolation, obtained by P. Erdés and G. Griinwald in 1938.
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1 INTRODUCTION

Suppose fis a continuous real-valued function defined on the interval
[—1,1], and let

X={xkp: k=12,....m;n=1,2,3,...}
be an infinite triangular matrix such that for all n,

1> x10> %0 > > Xpp > —1.

Then for each integer m>0 there exists a unique polynomial
H,, (X, f, x) of degree at most (m + 1)n—1 which satisfies

m.

HY (X, f,Xkn) = 60, f (Xkn), 1<k<n, 0<r<m.
H,, .(X,f,x) is known as as the (0,1,...,m) Hermite—Fejér (HF)
interpolation polynomial of f(x), and it can be expressed as

Hm,n(X,f; X) = Zf(xk,n)Ak,m,n(X5 X),
k=1

where Ay ,,a(X,x) is the unique polynomial of degree at most
(m+ 1)n — 1 such that

A(")

k,m,n

(szj,n) = 60,r6k,ia 1 S ka]S n, 0 S r S m.

The A mna(X,x) are referred to as the fundamental polynomials for
(0,1,...,m) HF interpolation on X, and the quantities

n
)\m,n(X, x) = Z'Ak,m,n (Xs X)|
k=1
and

Am,n (X) = —111_1<_2}é1 Am,n(Xa X),

which are known as the Lebesgue function and Lebesgue constant,
respectively, for (0, 1,...,m) HF interpolation on X, play a crucial role
in determining the convergence behaviour of H,, (X, f, x) to f(x) as
n— 00.
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If m =0, we obtain the familiar Lagrange interpolation process. Here
it is known (cf. [10, Section 1.3]) that there is a positive constant ¢ so that

2
Aoq(X) >7—Tlogn—|-c (1)

for any X. This leads to the classic result [5] that for any X there exists
f€ C[—1,1] so that Hy (X, f, x) does not converge uniformly to f{x) on
[-1,1] as n—o00. On the other hand, if T denotes the matrix of
Chebyshev nodes

T= {cos(Zk_ 17r): k=1,2,...,mn= 1,2,3,...},
2n

then
2
Aon(T) < ;logn +1, »n=1,2,3,...

(See [10, Theorem 1.2].) Further, Hy (X, f, x) converges uniformly to
f(x) on [—1, 1]if f'satisfies the relatively mild Dini—Lipschitz condition
wr(1/n)logn— 0 as n— oo. (See, for example, [9, Section 4.1].) Here
wrdenotes the modulus of continuity of £, defined by

wr(8) = max{| f(s) =/()]: {s,7} C[-1.1], |s =] < 6}.

Thus, in terms of the magnitude of Lebesgue constants, and conver-
gence properties of the interpolation polynomials, the Chebyshev nodes
are close to optimal for Lagrange interpolation.

The fundamental polynomials Ay .(7,x) and Lebesgue function
Xo(T,x) have been studied extensively. For example, Erdés and
Griinwald [4] obtained the following result.

THEOREM 1 Forn=1,2,3,...,

™

1
Arop(T,x)| ==
max maxll kon(T. x)l ncot in

1<k<n —1<x<

The maximum is attained if and only if k=1 and x=1 or k=n and
x = —1. Furthermore, since the right-hand side is monotonic increasing to
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4/ as n— oo, it follows that for all k and n,
4
[eon(T2) <=, —1<x<]1,

and the constant on the right-hand side is best possible.

With regard to the Lebesgue constant, Ehlich and Zeller [3]
demonstrated that forn=1,2,3,...,

Ao u(T) = Xon(T, £1). (2)

A proof of this result is also developed in Rivlin [10, Section 1.3], and
closely related results are presented in Brutman [1] and Giinttner [6].

For higher-order HF interpolation, there are many similarities
between the Lagrange and (0, 1, ...,m) HF processes for even values
of m. For instance, Szabados [12] extended (1) by showing that there are
positive constants ¢, so that for any X,

Aomn(X) > cmlogn, n=1,2,3,...

Thus, for any node system X, there exists f€ C[—1,1] so that
H;,,, (X, f, x) does not converge uniformly to f(x) on [—1,1] as n — co.
With regard to Lebesgue constants for the Chebyshev nodes, Byrne
et al. [2] generalized (2) by showing that

2 (2m)!

A2mn(T) )‘Zmn(T :tl)—~—52—mwlogn+(9(l) as n — oQ.

The aim of this paper is to study the fundamental polynomials for
(0,1,...,2m) HF interpolation on the Chebyshev nodes. We obtain the
following generalization of Theorem 1.

THEOREM 2 If m >0 is fixed, andn=1,2,3, ..., then

124, T ks (1.2

is attained if and only if k =1 and x =1 or k =n and x = —1. Furthermore,
| A1 2m (T, 1)| is an increasing function of n, and for all k and n,

m o) 2m+1-2r
[AhannT0) <2Yam(2) L —1sx<1 )
r=0
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where the a,,, are the coeﬁ’icients in the Laurent expansion

2r
sin 2m+l sz_H Zar,mz 0< |Z| < . (4)

The constant on the right-hand side of (3) is best possible.

Thus, for example, for all k, n and x € [-1, 1],

4/ if m=0,
| Ak amp(T, x)| < § 2/m+16/7° ifm=1,
3/(2m) +40/(37%) + 64 /75 if m =2,

and the constants on the right-hand side are best possible.

Note that the corresponding problem to that considered in Theorem 2
for odd-order HF interpolation on the Chebyshev nodes is answered
by a result of Smith [11] which states that the A 5, 1 1,.(7, X) are non-
negative for —1 < x < 1. Thus, since > ;_; Ak2m+1,.(T,x) = 1 for all x,
it follows that

max - max [diami1a(7%)| = 1,
and for each k the maximum is attained if and only if x=
cos[(2k — )x/(2n)].

The proof of Theorem 2 will be presented in Section 2. For the proof
of Theorem 1, ErdGs and Griinwald used Riesz’s lemma [8], which
provides a lower bound for the separation of the maximum point for
the absolute value of a trigonometric polynomial and the zeros of the
polynomial, and explicit formulas for the fundamental polynomials
A 4T, x) for (0,1) HF interpolation on 7. Because the formulas for
the Ay (T, x) become increasingly more complicated with increasing
m, our method for proving Theorem 2 relies as much as possible on
zero-counting techniques and adaptations of Riesz’s method to tri-
gonometric polynomials with multiple roots. Specific formulas for the
fundamental polynomials are used only for the final part of the proof.

2 PROOF OF THEOREM 2

For fixed m and 1 < k < n, define the cosine polynomial # 5, ,(6) by
ti2mn(0) = A 2mn(T, cosb),
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and for given j put
. T
0 =0,=(2— l)iﬁ'

Then #5m 4(6) is the unique trigonometric polynomial of degree at
most (2m + 1)n—1 which satisfies

W n(8) = 80,005 1<k, j<n 0<r<2m. (5)

In the following sequence of lemmas the problem of finding
maXg < g < x| tk.2mn(0)] is studied. Since this problem is equivalent to that
of finding max_; < x < 1|4k2m (T, x)|, the lemmas provide a proof of
Theorem 2.

LEMMA | For 1 <k <n, t;,, ,(0) has zeros of order 2m at 6,,0,, . ... , 6,
and of order 1 at 0 and w. If k=1, tl/c,2m,n(0) also has a single zero in each
interval (0;,0;.1) for 2<j<n—1; ifk=n, then z,;zm,n(a) has a single zero
in each interval (8;,0;.+1) for 1 < j<n-2; if 2<k <n—1, then t; 5, ,(0)
has a single zero in each interval (0;,6; 1) for 1 <j<n—1, j#¢k—1,k,
and has a zero in (Or_1, 0k 1 1) that is additional to the 2m zeros at 0y. In
all cases, t,i’zm,n(O) has no other zeros in [0, ). Further, ty 2, ,(6) has no
zeros in [0, 7] apart from those given by (5), and changes sign at each of its
zeros. (Hence ty ym n(0) >0 on (Or—1,0k+1)-)

Proof Suppose 2<k <n-—1. By (5), t;,,,,(0) has zeros of order 2m
at 0,6,,...,0, in (0,m), and (by Rolle’s theorem) has a zero in
each interval (6,,0;,,) for 1<j<n—1, j#k—1,k. Further, since
U 2mn(Ok—1) = tie2m Ok +1)s 1 2 (6) has an odd number of zeros in
(r—1,0k + 1), and so there is at least one zero of tlé,Zm,n(e) in (@r_1,0c11)
in addition to those already identified. We have thus located
2mn+n—2 zeros of t,, ,(0) in (0,7). Since ¢ ,, ,(0) is odd, it also
has zeros at 0 and m. Hence, because f;,, ,(f) has degree at most
(2m+1)n—1, we have identified all zeros of #; ,, ,(6) in [0,7]. The
remaining parts of the lemma now follow immediately. The cases k=1
and k=n are handled in a similar (indeed, slightly simpler) fashion.

LEMMA 2 For 1<k<n, the maximum of |ty 2, .(0)| on the interval
0 <0 < mis achieved at a unique point ¢y = ¢y ,, where ¢; =0, ¢, =, and
O € (O—1, O+ 1) for 2<k <n—1. Further, t) 2pm (¢x) > 0.
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Proof Fix k so that 2<k<n-1, and let a €[0, 7] be such that

max |tk 2mn(0)] = M = |tk amn(a)]-

Suppose a € (6,, 0, 1) for some rso that 0 <r<nmand r#k—1,k. (Note
that if r =0 or n, then a =0 or 7, respectively.) If sgn (fx 2, 4(6)) = € for
0,<6<80,, 1, consider

S(0) = tkama(0) — (~1)'eM cos™™ nf.

Now, f/(6) has zeros of order 2mat 6, 6,, . .., 6,, and by Rolle’s theorem
it has a zero in each interval (6;,0,, ) for 1<j<n-1 and j#k-1,k.
Also,

f(ok-—-l/Z) = tk,2m,n(0k._1/2) _ (_1)r+k—18M,
SOks1/2) = thamp(Bry1/2) + (1) e,

80 f(Ok—1/2) f(6k +1/2) < 0. Thus fhas a zero in [0x_1/2, Ok 4 1/2], and hence
(by Rolle’s theorem), /” has at least 2 zeros in (6x_1, 0, . 1) in addition to
those already identified at 6;. So we have located 2mn +n — 1 zeros of
f(0)in [61,6,].

Note that if » =0, then f(0) = 0, and so f(#) has an additional zero in
(0, 6,). Similarly, if r=n, then f'() has an additional zero in (6, 7).
Finally, if 1 <r<n—1and r#k—1,k, then

fla) = eM — eM|cos™™ ! nal,
f(0r+1/2) = E|tk,2m,n(9r+l/2)] —eM.

If f(6, 1 12) =0, then f'(0) has 2 zeros in (6,, 6, 1 1), while if £(0, 1 12) #0,
then f'has a zero between a and 6, , 12, and so again f’(f) has 2 zeros in
(0,,0, ). In either case we have found an additional zero of /() in
(6., 0,4 1) to that already located. Overall, then, for all choices of r with
0<r<nandr#k—1,k, we have located 2mn + n zeros of f'(6) in (0, 7),
and since f'(#) is odd (so has zeros at 0, 7), we have identified 4mn +
2n+ 2 zeros of f7(6) in (—m, ). This provides a contradiction, since f”(6)
has degree 2mn + n, and so the assumption that o € (6,, 6, 1) for some
r such that 0<r<mn and r#k—1,k is incorrect. Therefore a¢€
(Ok—1, 60k +1). Further, since # »,,(f) has only one turning point in
(Br_1, 0 + 1),  is unique.
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The cases k=1 and k=n are resolved in a similar manner, and so
the proof of Lemma 2 is complete.

Note that, by symmetry, ¢, 2y, n(6) = t1, 2m,o(m—06) for all §. Thus the
following lemma completes the proof of the first part of Theorem 2.

LEMMA 3 For2< k <n-1, tl,2m,n(0) > tk,2m,n(¢k)-
Proof For fixed k so that 2 <k <n—1, consider
8(0) = t12mn(0) — tr2mn(0 + Ok_12),

which is a trigonometric polynomial of degree at most (2m+ 1)n — 1.
Also, let I denote the interval [0_oy 1 1, 02,2k 4 1) Of width 27. Note that
g(0) satisfies g(0g) =1, g(0_ox+2)=—1, and g(0) =0 for 2k +1<;j<
2n—2k+1and j#0, -2k +2.

In I, g'(6) has zeros of order 2m at §; for —2k+1 < j<2n— 2k, and
by Rolle’s theorem g'(f) has a zero in each interval (6,6;,,) for
—2k+3<j<2n-2k, j#—1,0. So we have identified (4m+ 2)n—4
zeros of ¢g/(6) in I. Because g(0_»x 1) = g(0_2x 4 3), £ has an odd number
of zeros in (0_px 1 1,0_2x 4 3), and so g’ has a zero in (0_nx 41, 0_2x 4 3) in
addition to the 2m zeros at §_,; , , that have already been mentioned.
Similarly, g’ has an additional zero in (_y, 6,), and so all (4m +2)n —2
zeros of g’(0) in I have been located.

By the above discussion, the only zeros of g’(f) on (6_,, 8;) are a zero
of order 2m + 1 at 8 or else a zero of order 2m at 6, and a zero of order 1
at another point in the interval. In either case, g has only one turning
point on (0_y, 6,), and since g(6_1) =g(0;) =0 and g(6,) > 0, it follows
that g(0)>0 if 0_,<6<6;. In particular, this gives #; 2p(6)>
tie,2m (0 + Ox—1/2) for 6y <8 < 0;. Since the maximum value of ¢ 2, ,(6)
in [0y, 611 1S #1 2m,4(0), we obtain

1 2mn(0) > tkoma(6), k1 < 6 < b,

(Strict inequality holds at 6, because #1 2 4(0) > 1 = t% 21,4(0k).)
A similar zero-counting argument applied to

h(0) = t12mn(0) = tk2mn(6 + Opr1/2)

on the interval [0_,0,—2%) shows that

1ampn(0) > tkompn(0), Ok < 6 < Ogqar.
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Thus t1,2m,n(0) > tk,zm,,,(O) for 0r_,<60<6;,;, and since @€
(Ok—1,0k +1)> then 1y 25, n(0) > Ly 2m,n(Dk)-

The following lemma concludes the proof of Theorem 2 by establish-
ing the monotone increasing property and limiting value of #; 35, ,(0)
as a function of n.

LEMMA 4 For fixed integer m>0, t; 2, ,(0) is an increasing function
of n, and

2 2m+1—2r

lim 11,(0) = ZZa,m( ) (6)
r=0

where the a, ,, are given by (4).

Proof By [7, Theorem 1.1], the function

2m+1 2r 2m=2r
T~ apmn d 0
Tona(0) = 5 Z(Zm ~3n)1 a3 @)

is the unique trigonometric polynomial of the form
(2m+1)n (2m+1)n—-1
Tomn(0) = Y becoskf+ Y cpsinkd (8)
k=0 k=1

such that

")

2m;n

(’-n—”) = 60,80, 0<j<2m—1,0<r<2m.

Now, from (7) it follows that T5,, ,(6) is even, and so
T T
Soma(6) = Toma (8+5-) + Toma (0 —5) (9)

is a cosine polynomial of degree no greater than (2m+ 1)n which
satisfies

2mn(0)—60r61,]a ISJ_<_n, 0_<_r§2m

Furthermore, by (8) and (9), the cos(2m + 1)nf term in S»,,, ,(6) vanishes,
and so S,,, ,(0) is of degree (2m + 1)n—1. By uniqueness considerations
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it follows that Sy, ,(6) = t1 2m »(8) for all 8, and hence from (7),

2r 2m-2r
AN d
t 2T. ; t= .
12mn(0) = Zmn( ) n2m+1 Z (2m —2r)! [d02m—2r co 2] b (20)

Now, from the well-known Laurent series for cotd about 0, we obtain

2j—1
cot«— 2Z|132,|?2 7o 0< 6] <2m,

where the B; are Bernoulli numbers. Consequently, we can write

d2m-—2r 9 n 2m+1-2r 00 c:
—_ — — _ | N — )y
[ G cot 2] sn/on 2(2m — 2r)! ( - ) Z prs g

=

where the ¢;, are all positive, and so

2m+1-2r m oo Uy €y
t1,0mn(0) ZZaNn( ) “2; Z (2m — 2’,,)| n2]+2m — - (10)
r=

r=0 j=1

By the definition (4) of the 4, ,,, and the expansion

<. | By .
2-2——- (2% -2)¢%71, 0<|8 <,
J=1

lei—'

1 —
sinf

it follows that the a,,, are all positive. Thus, by (10), #; 2m(0) is an
increasing function of #, with limit as given by the right-hand side of (6).

Acknowledgement

The author wishes to thank the members of the La Trobe University,
Bendigo, Approximation Theory Seminar, from whom he first became
aware of the problem discussed in this paper.

References

[1] L. Brutman, On the Lebesgue function for polynomial interpolation, SIAM J.
Numer. Anal. 15 (1978), 694—704.



HERMITE-FEJER INTERPOLATION 277

[2] G.J. Byrne, T.M. Mills and S.J. Smith, The Lebesgue constant for higher order
Hermite—Fejér interpolation on the Chebyshev nodes, J. Approx. Theory 81 (1995),
347-367.

[3] H. Ehlich and K. Zeller, Auswertung der Normen von Interpolationsoperatoren,
Math. Ann. 164 (1966), 105-112.

[4] P. Erd6s and G. Griinwald, Note on an elementary problem of interpolation, Bull.
Amer. Math. Soc. 44 (1938), 515-518.

[5] G. Faber, Uber die interpolatorische Darstellung stetiger Funktionen, Jahresber.
Deutsch. Math.-Verein. 23 (1914), 190-210.

[6] R. Giinttner, Evaluation of Lebesgue constants, SIAM J. Numer. Anal. 17 (1980),
512-520.

[7] R. KreB, On general Hermite trigonometric interpolation, Numer. Math. 20 (1972),
125-138.

[8] M. Riesz, Eine trigonometrische Interpolationsformel und einige Ungleichungen fiir
Polynome, Jahresber. Deutsch. Math.-Verein. 23 (1914), 354-368.

[9] T.J. Rivlin, An Introduction to the Approximation of Functions, Dover, New York,
1981.

[10] T.J. Rivlin, Chebyshev Polynomials, 2nd ed., Wiley, New York, 1990.

[11] S.J. Smith, On the positivity of the fundamental polynomials for generalized
Hermite—Fejér interpolation on the Chebyshev nodes, J. Approx. Theory (to appear).

[12] J. Szabados, On the order of magnitude of fundamental polynomials of Hermite
interpolation, Acta Math. Hungar. 61 (1993), 357-368.



