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1 INTRODUCTION

In 1952, Hersch and Pfluger [10] generalized the classical Schwarz lemma
for analytic functions to the class QCyx(B) of K-quasiconformal
mappings of the unit disk B into itself with the origin fixed, for K> 1.
They showed that there is a strictly increasing function pg: [0, 1] — [0, 1]
such that

| /2] < ex(|2]), (1.1)
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for each fe QCx(B) and z€ B (Cf. [12, Theorem 3.1, p. 64]). This
distortion function is defined by [12, p. 63]

(@x(r) = p~ ' (u(r)/K),
_1K()
ﬁ u(r) = 2K(r)’ (1.2)

K = K(r) /"/2 dx
= r)= —
\ 0 V1-rsin’x

for re(0,1) and K€(0,0), px(0)=p (1) —1=0, where ¥ = V1 —r?
and p(r) is the modulus of the Grétzsch ring B\[0,r], 0 <r < 1. We also
denote X' = K'(r) = K (). These are called the complete elliptic integrals
of the first kind [7,8]. For later reference, we recall that the complete
elliptic integrals of the second kind are defined by

E=E(r)= /01(/2 V1—=r2sinfx dx, £ =& (r) = V), (1.3)

F=v1-r2,0<r<1(cf.[8,p. 17)).

It is well known that the Hersch—Pfluger function @ (r) plays a very
important role in quasiconformal theory [1,4,12,13,22,23]. It has also
found applications in other mathematical fields such as number theory.
In number theory, with different notation, ¢k (r) occurs in Ramanujan’s
work on modular equations and singular values of elliptic integrals
[5,7,22,24]. Ramanujan’s modular equations provide numerous alge-
braic identities satisfied by @ (r) (see 3.2 below for further references).

In recent papers [13,15,16,18,22], many new properties and applica-
tions were obtained for @ (r). However, some open problems on this
function are still to be settled. Among them, the following two con-
jectures appear in [22, Conjectures 2.19]:

(C1) ForK€[l,00)and re(0, 1),
th(d(K )arth(r'/%)) < pk(r) < th(c(K)arth(r'/X)),  (1.4)

where ¢(K)=max{K,4'~"%} and d(K)=min{K,4'~'%}. The
equalities hold iff K=1 or K=2.
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(C2) ForKe[l,0)and re(0,1),
szmpﬂmam@mwn, (1.5)

where A(r)=r/(1+7), ¥ =V1—r2

We observe that ¢ (r) satisfies the conditions g (0) =g (1) —1=
o1(r) —r=limg_, o pr()—1=0, for r€(0,1), K>1. The lower and
upper bounds in (1.4) also satisfy the same boundary conditions.

On the other hand, some properties of ¢ (r), especially the sharp
bounds for px(r), depend on those of the function m(r) + log r, where

m@E%ﬂ%@ﬁ@, (1.6)

for r € (0, 1). Some properties of the function m(r) appear in [2,11,19].
We need still better estimates for m(r) to accomplish our results.

The main purpose of this paper is to prove that conjectures (C,) and
(C,) are true, and to obtain some new properties for the function
m(r) + log r, including sharp lower and upper bounds, from which sharp
bounds for @k (r) follow. Hence, the explicit upper bound in the
quasiconformal Schwarz lemma is further sharpened.

Throughout this paper, we let ¥ = v'1 — r> whenever r € [0, 1]. We let
th denote the hyperbolic tangent function and let arth denote its inverse.

We now state some of our main results.

THEOREM 1 (1) The function

m(r) +logr

0= s

(1.7
is strictly increasing from (0, 1) onto (log4, 2). In particular,

(1 —r)arthy/r

\/; (1 - r)arth\/? < 2(1 . r)2/3’

log4 < m(r) +logr <2 W

(1.8)

forallre(0,1).
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(2) The function G(r)=r(m(r) +logr)/[(")*(arthr)] is strictly
decreasing from (0,1) onto (1,log4). In particular,

2 arthr

Yloga, (1.9)

(F ——— < m(r) +logr < () —————1 og4 < (r)

for all r€(0,1).
(3) The function

1) = m(r) + logr — 2L =1hVE

is strictly increasing from (0, 1) onto (log4 —2,0).
(4) The function

g(r) = m(r) + logr — @iart_h

is strictly decreasing from (0, 1) onto (0,log4 —1).
(5) The function

_m(r)
hr) = gtin

is strictly increasing from (0, 1) onto (1, c0).

Theorem 1 improves the known bounds and some other properties of the
function m(r) + log r. Our next result is an application of Theorem 1 to
the function g ().

THEOREM 2 For eachr € (0, 1), define the functions f and g on[1, 00) by
SK) = ok, g(K) = o005, (1.10)

where a(r) = min{2c(y/r), c(r) log 4}, b(r) = max{c(r), c(/r) log 4} and
c(r) = ((r')*arth r)/r. Then

(1) f is strictly decreasing from [1,00) onto (1,e°?). In particular, for
re(0,1) and K€ (1, 00),

ox(7) < dN(-1/K) 1/K 4(r’)4/3(1—1/K)r1/K. (1.11)
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() g is strictly decreasing from [1,00) onto (0, ). In particular, for
re(0,1)and K€ (1, ),

or/x(r) < HD0—KK < 4eNO-RK o g0-N0-K,K (1)

Remark 1 The proof of Theorem 2 implies some previously known
bounds of pg(r) such as [11]

px(r) < r exp((1 - 1/K)m(r), (1.13)

where m(r) is as in (1.6). This upper bound follows, for instance, from
Corollary 1(1) if we set a(r) =m(r) + logr there. The bounds in (1.12)
significantly improve the well-known inequality [12]

eyx(r) <r¥, re(0,1), Ke(1,00). (1.14)

THEOREM 3 (1) For re(0,1), define the function f on [1,00) by
AK)=(1/K)arth(px(rX)). Then, there exists a unique Ky € (1,2) such
that f is strictly increasing from [1, K] onto [arthr, f(K,)] and strictly
decreasing from [K,, 0o) onto (0, f{K))], with (2) = arth r = f(1).

(2) For re(0,1), define the function F on [1,00) by F(K) =415 -1
arth(ox (r%)). Then there exists a unique K> € (1,2) such that F is strictly
decreasing from [1, K5] onto [F(K,), arthr], and strictly increasing from
[K2, 00) onto [F(Ky), {arth p~'(log(1/r))) with F(2)=arthr=F(1).

(3) Forre(0,1) and K€]1, 00),

th(d(K)arth(r'/X)) < pg(r) < th(c(K )arth(r'/X)), (1.15)

where ¢(K) =max{K, 4! "VX} and d(K) = min{K, 4'~VX}. The equalities
hold iff K=1 or 2. Thus, the Conjecture (C1) is true.

THEOREM 4 Forre (0,1)and Ke([1,0),
(1) th(2*>~""arth(4(r)"/5)) < ok () < th(2Karth(4(r) /X)),
@) {th((1/K)arth(v7)}** < oy/x(r) < {th(20/K)1arth(v/7) }¥,

where A(r) =r/(1 +1'). Equalities hold iff K= 1. In particular, Conjecture
(C2) is true.

The next result [4, Theorem 1.25] is a monotone analogue of
I’'Hospital rule and is very useful in our proofs.
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LEMMA 1 For a,b € R with a<b, let f,g:[a,b) — R, be differentiable
Sfunctions such that g'(x) #0, for all x € (a, b). If f'(x)/g’(x) is increasing
(decreasing) on (a,b), then so is (f(x)—fla))/(g(x) — g(a)). Analogous
result holds on (a, b].

2 PRELIMINARY RESULTS

In this section, we obtain results which are needed for the proofs of the
theorems stated in Section 1. We shall frequently employ the following
well-known identities, which include some formulas [2, Lemma 2.1, 7,9]
for the derivatives of the special functions defined in formulas (1.2)
and (1.3):

K £-(r)’K e _£-K.

ar— r)? ar = r
zc(z‘/;) — (1+9K(), zc'(2‘/;) =%(1 + K@),

2.1)

1+r 1+4r 22)
5( 2\/F) _26(r) — (r')2IC(r) & ( 2ﬁ> _E(n)+rK () .
1+r) L+r ’ l+r) 14r
KE + K'€ - KK = g; (2.3)
dp___ ™
dr — ar(r)’K(r)” ¢4
ds _ s(s)’K(s)? s 2 ., ,
5 = W, 8_K = ;T"I?S(S ) K(S)’C (S), (25)
where s =g (r),0<r<1,0< K< o0.
LEMMA 2 The function
f(r) = E(r)€ (r) (2.6)

is strictly increasing on [0,1/+/2) and decreasing on [1/+/2,1] with
1[0, 1]) =[r/2, c], where ¢ = £(1/v/2)* = 1.824...

Proof Differentiation yields
K'(r)-€&(r)
()

K(r)—&(r)

r? ’

1) =€) ~€0)



HERSCH-PFLUGER DISTORTION FUNCTION 121

which, by (1.2) and (1.3), is strictly decreasing from (0, 1) onto (—o0, o)
withr =1/ /2 as its unique zero and hence, the result follows.

LEMMA 3 (1) Let ¢>0. Then the function f(r)= (') (arthr)/r is de-
creasing on (0, 1) iff ¢ > %

(2) The function g(r)=(arth r)/[r+log(1 +r)] is strictly increasing
from (0,1) onto (L,00).

(3) The function h(r)=arthr—arth(r?) is strictly increasing and
concave, while k(r) =rarth r — arth(r?) is strictly increasing and convex
from [0,1) onto [0,1log 2). In particular, for r€ (0, 1),

max{%arth(rz), arth(r?) +%rlog2} < arth r < arth(r?) +%log 2.
(2.8)
(4) The function H(r)=[(1+r)arthr—r)/r® is strictly increasing
and convex from (0, 1) onto (3,00).

Proof (1) Differentiation gives

P(r)e o

5 — arthr,
crr + (')

S = e + (r)?

which is negative iff ¢ > [r — (')%arth r]/(r*arth r), for all r € 0, 1).
Now,

dir[rzanh . / %[r — (Yarthr] = 1 + [r/(2(/)arthr)].

Next,
d_ d. .
(—i;[(r)arthr]/a—;[r]—l 2rarthr,

which is clearly decreasing. Hence the result follows by Lemma 1.

(2) The function g has the form 0/0 at r=0. Denote g,(r) =arthr,
g2(r)=r+log(1+r). Then g(r)/g,(r) =1/[(1 —r)(2 +r)], which is
clearly increasing, so that g =g,/g- is also increasing by Lemma 1. The
limiting values are clear.
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(3) Differentiation gives

1—r

YO tEa Ay

r
K(r) —arthr————l il

(2.9)

from which the assertions follow.
(4) This follows easily from differentiation.

LEMMA 4 (1) The function fir)=K(r)+logr’ is strictly decreasing
from (0, 1) onto (log 4, 7/2).

(2) The function g(r)=K(r)— arth r is decreasing from (0, 1) onto
(log 2,7/2).

(3) The function F(r)=[K(r) — (n/2)]/log(1/r) is strictly increasing
from (0, 1) onto (n/4,1). In particular, for r€ (0, 1),

(m/4)log(1/r) + (7/2) < K(r) < log(1/F) + (x/2). (2.10)

Proof The assertion (1) was proved in [2, Theorem 2.2]. The result (2)
follows from (1). For (3), let G(r) = K(r) — /2 and h(r) =log(1/¥'). Then

2
&tn) = =K
which, by (1.2) and (1.3), is strictly increasing on (0, 1) and, hence, the
result follows from Lemma 1.

b

LEMMA 5 (1) The function g(r)=r*(K' — £)/(')?is strictly increasing

from (0, 1) onto (0, w/4).

(2) The function h(r) = E'/\/7 is strictly decreasing from (0, 1) onto
(7/2, 00).

(3) The function F(r) = (/r)K' is strictly increasing from (0, 1) onto
0, 7/2).

(4) For all r€(0,1),

EMIER) — (PK0) < 5 (1 N ('J)Z%thf) . (2.11)

Proof (1) This follows from [18, Theorem 2.1(6)].
(2) This follows from [3, Theorem 1.3].
(3) This follows from [2, Theorem 2.2(3)].
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(4) Let

)*arthr
2

1) z%g'(g—(r')%) e 1, forre(0,1).

Then,
1 ! _ — 4 ' ol (2
() =A(0) =07 (K -&)E-()K) o
+:1_T’Cg,+r— 1 +r3rz)arthr_2.
By [3, Theorem 2.1(7)] and [18, Theorem 2.1(6)], the function
K=& . o _(K=-E) E-()VK
(r/)2 (8 (") ’C) - (r,)z 72
is strictly increasing on (0, 1). Hence, by Lemma 3(4),
ﬁmsf{£@§§@w@—wvum+nwﬂw}
@) (2.13)
La- (1 +at312)arth )= p(ab),

for r € (a,b] C (0, 1). Since
f2(0+,sin38°) = —0.001..., f>(sin38° sin42°) = —0.05...,
it follows from (2.12) and (2.13) that
flr) <f(04+) =0, forre (0, sin42°]. (2.14)
Next, by (1.2) and (1.3), we have

4r
SO =ri)> =2

3
_(1 4 r g,)(1+r2)arthr_2r 1

Tl 42 r

(K' - &YE - (V) ’K) + %rﬁ" log2

r? r

> /() = r(€ = (/YK) + %rﬁ' log?2
3

TP o
4r(l+rarthr 37 1442 : 2.15)
™ r? r ’ )

forre(0,1).
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Let
T " ¢ and =7
ﬁt(’)—z"'l—'_"_—rz and fs(r)=7.
Then f4(1)=f5(1)=0and
fir) Y |3+ E K -¢
fs'(_r)—fG(r) 147 {1 TRt ™* |
By (1.2), (1.3), and part (2), the function
3+ rzi' K'-¢
1+72r2° (p)?

is strictly decreasing on (0, 1). Since

d /RN _r~B-2"-37
dr\1+72)  p(1+2)?

rr [+ rzg is strictly decreasing on [% V33 -3, 1) . Since
1 v/33 — 3 < sin 56°, f is strictly decreasing on [sin 56°, 1), and hence,
s0 is f4(r)/f5(r) by Lemma 1.

By Lemma 3(1), (1 + %) (arth r)/r” is decreasing on (0, 1). Therefore,
f3 is strictly increasing on [sin 56°, 1). Since f3(sin 64°)=0.06... >0, it
follows from (2.15) that fis strictly increasing on [sin 64°, 1) and, hence,

flr) <f(1-) =0, forre[sin64°,1). (2.16)
On the other hand, it is clear that

N2
(a") 2rtha_a2_ 1,

(2.17)

1) < filab) =~ BED) — BPKG) +

for r € [a, b] C (0, 1). Computation gives

f1(sin42°, sin46°) = —0.01...,  f7(sin46°, sin 50°) = —0.01...,
Sf2(sin 50°, sin 54°) = —0.003..., f7(sin54°, sin57°) = —-0.02...,
f1(sin57°, sin60°) = —0.01...,  f7(sin60°, sin 62°) = —0.04...,
f5(sin 62°, sin 64°) = —0.03. ..
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Hence, it follows from (2.17) that
flr) <0, forr e [sin42°, sin 64°]. (2.18)

Finally, the inequality (2.11) follows from (2.14), (2.16) and (2.18).

THEOREM 5 (1) The function fir)=[(1+rHEF) — (1 +rHK@)P is
strictly decreasing from (0,1) onto (—oo,/4), and has a unique zero
7 € (sin 34°, sin 35°).

(2) The function g(r)=r{K'(NIEF) — Y K@)]+EXE(r) — n/2}
is strictly decreasing from (0, 1) onto (n/2, 00).

(3) The function F(r)=(1+r))[m(r)+logr] is strictly decreasing
from (0,1) onto (0,log4).

(4) The function G(r)=F(r)/()* — (4/)K(F)E'(r) is strictly decreas-
ing from (0,1) onto (—1,log4 —2). In particular, for all r € (0, 1),

%IC(r)g'(r) -1< (1(:/_);2) (m(r) +logr) < %IC(r)S’(r) +log4 — 2.

(2.19)

Proof (1) Since

f(r) = E(r) = PK(r) - @7—2_'_5@

it follows from (1.2) and (1.3) that f is decreasing on (0,1) with
fl0+)=mn/4 and {1—)= —oco. Hence, f has a unique zero ry€ (0, 1).
Since  f(sin34°)=0.0001...>0 and f{sin35°)= —0.01...<0,
ro € (sin 34°, sin 35°),

(2) Let g1(N=K'(E — (¥)°K) + EE — (n/2) and go(r)=r>. Then

g (n/&(r) = EK' - &)/ (F),
which is strictly decreasing on (0, 1) by [3, Theorem 2.1(7)], and hence,

so is g by Lemma 1. The limiting values are clear.
(3) By differentiation,

F'(r)/(2rK") = Fy(r) = %f(r) — (log(1/m)/K,
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where f is as in part (1). Since (log(1/r))/K’ is strictly decreasing on
(0,1) by Lemma 4(1),

Fi(r) < Fa(a,b) = (2f(a)/7) + (log b)/K'(b),
for re(a,b] € (0,1) by part (1). By computation, we get

F,(0 +,sin 14°) < 0.5 + (log sin 14°)/2.83275 = —0.00097 .. .,
F5(sin 14°, sin21°) = —0.002..., F>(sin21°, sin27°) = —0.04...,
F>(sin 27°, sin35°) = —0.08....
Hence, Fi(r) <0 for r € (0,sin 35°]. On the other hand, by part (1),

Fy(r) < 0 for r €[sin 35°, 1). Hence, the result follows.
(4) By differentiation,

7r(r’) 2266 — 1

G'(r) = Gi(r) = —rlogr — (¥’ K'E + (¥') 5

G, (r) = Gy(r) = n(r')* — 26(€ = PK) = (r)?
x ((zc—e)(rz £-ric) +IC’8),

2-Gy(r) = Gsr) = —m+ 2(K — E)(€/ — PK)

+2r2/c’£+( ) EK-&).

Using Legendre’s relation (2.3) we can write

N2
Gi(r) = 2(r’)2K'(IC - &) —28(& - rZIC') + (r—rz)-S'(lC )
and, hence,

! !
——(1)--—G r) = (2r21C'+8') 5—258 —erC ,
2r(r)? ()
which is strictly increasing from (0, 1) onto (—37/4, co) by (1.2),(1.3),and
Lemma 5(3). Therefore, G, has a unique zero ry€(0,1) such that
G4(r) <0 for re(0,ro) and Ga(r) >0 for r € (ro, 1). This implies that
G, is strictly decreasing on (0,ro] and increasing on [ry, 1). Since
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G2(0+) =Gx(1-) =0,
Gy(r) <0 forallre(0,1)

so that G, is strictly decreasing on (0, 1). Clearly, G;(1)=0. Hence
G1(r)>0 for all re(0,1), and the monotonicity of G follows. The
limiting values of G are clear.

Our next result shows how the bounds for px(r) are related to the
functions m(r) +logr and pu(r) + logr.

THEOREM 6 Let a(r) and b(r) be functions on (0,1). For each r € (0, 1),
define the functions f and g on[1, 00) by

1) = o) (/)" ana g(&) = o) (1) ", 220)
Then
(1) fis decreasing on [1,00) iff
m(r) +logr < a(r), forallr € (0,1), (2.21)
() g is decreasing on [1, 00) iff
m(r) +logr > b(r), for allr € (0,1), (2.22)
(3) g is increasing on [1, 00) iff

w(r) +logr < b(r), forallre(0,1). (2.23)

Proof For (1), put s=pg(r). By logarithmic differentiation, we get

Kf(K) _2 K'(r)
fK) ’C()

which is strictly decreasing in K on [1, 00) by Lemma 5(3). From this
formula, one can easily see that the result is true.
For (2) and (3), put u= ¢,k (r). Then,

¢(K) _ r 2 K)
£(K) {(”)’C” X0

a(r),

+ log r} +b(r), (2.24)

which is decreasing in K. Hence (2) and (3) follow.
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From Theorem 6, the next result follows immediately.
COROLLARY 1 Let a(r) and b(r) be functions on (0, 1). Then
(1) The inequality

ox(r) < r/Ke(1=1/K)a()

holds for allr € (0, 1) and K € (1, 00), iff (2.21) holds.
(2) The inequality

eyk(r) <r Ke(1=K05(r)

holds for allr €(0,1) and K € (1, ), iff (2.22) holds.
(3) The inequality

‘Pl/K(r) > rKe(l—K)b(r)
holds for all € (0, 1) and K € (1, 00), iff (2.23) holds.

Proof The “if” parts are clear. We need prove the “only if ” part of (1),
since the others are similar. Denote s = @k (r). In (1), taking logarithm,
raising to power K/(K — 1) and letting K — 1, we get

lim[Klogs —logr]/(K—1) < a(r).
By ’'Hospital rule and (2.5), we get
lim[Klogs — logr]/(K — 1) = lim[log s + K(1/s)(ds/dK)]
= lim[log s + m(s)] = m(r) + logr,
(2.25)
hence (2.21) follows.

By Corollary 1, in order to obtain the bounds for pg(r), K>0,
0 < r < 1, weneed only to obtain bounds for m(r) + log r and u(r) +logr.

LEMMA 6 Forrc(0,1), as afunction of K, s = s(K) = ok (r") is strictly
increasing from[1,00) onto [r, u~ log(1/r))).

Proof Since u(s) = u(r*)/K, we get making use of (2.5)

2 2
i~ i - 5’%55&21@ [m(r®) +log ¥, (2.26)

which is positive by Theorem 5(3), yielding the monotonicity of s(K).
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Clearly, s(1) =r. By I’'Hospital’s rule,

Jim s(K) = Jim 5~} (u(s)) = u”! (,yggo LKK)) — u~(log(1/7).
(2.27)

LEMMA 7 (1) The function

n2logr

1) = o) + s

is strictly decreasing and concave from (0, 1) onto (0,1log 4). In partic-
ular, for r€(0,1),

;ll-log(l/r) + (1 —r)log4

>
<pr) < Zﬁwlog(l/r) +log4. (2.28)

(2) The function g(r)=[EE — KE +r*KK'))r* is strictly decreasing
Jfrom (0, 1) onto (72, 00).

Proof (1) Differentiation gives

1r2 K—¢& rlog(1/r)

N T T

It is easy to verify that (rlog(1/r))/(*')? is strictly increasing on (0, 1) by
Lemma 1. Hence, by (1.2), (1.3), and Lemma 5(3), we see that f” is
negative and strictly decreasing on (0, 1). Therefore the monotonicity
and concavity of f follow.

Clearly, f{l1—) =0, and the second and third inequalities in (2.28) hold.
The first inequality in (2.28) follows from Lemma 5(3). By 'Hospital’s
rule,

5[5 o]

1m
r—0 r2

7.‘,2
g.
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Hence

i m/4) — (’K)* 1
ﬂo"'):}‘_’,T(}{[M(r)Hong( /)r2( ) .(r’gzr}

=log4,

and completes the proof of (1). Part (2) was proved in [18,
Theorem 2.1(7)].

LEMMA 8 Define the functions f, g on [0, 1) by
) = rK(r/ log((1 +1)/(1 = 1)), 0) = /8,
g(r) =fr)/K(r).

Then f'is strictly increasing and g is strictly decreasing. In particular, for
O<r<l,

(arth r)l/ 2 2K(r) _arthr
< < .

r ™ r

Both inequalities are sharp as r — 0. The second inequality is of the correct
orderasr— 1.

Proof This was proved in [3, Theorem 3.10].

3 PROOFS OF MAIN THEOREMS

In this section, we prove the main theorems stated in Section 1.
Proof of Theorem 1 For part (1), put x=2y/r/(1+r). Then
r=(1-x)/(1+x')and

2/m)xK(x)K'(x) — x(arth x) /x’'
arthx '

F(r) =2( = Fi(x), (3.1
by (2.2). Itis sufficient to prove that F is strictly increasing on (0, 1). For
this purpose, let Fy(x)=(2/n)xKK' — x(arth x')/x' and F;(x)=arthx.
Then F5(0+) = F3(0)=0and

arth x’

xl

Fi(x) _
Fi(x)

Fa(x) = — % (KK + f—r/c's -
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Put t=x', and let F5(f) = F4(¢' ). Then

(¢)*arth ¢ 2
-
which is negative for all 1€ (0, 1), by Lemma 5(4). Hence F is strictly
increasing on (0, 1), and so is F; by Lemma 1.

The limiting values and the first two inequalities in (1.8) are clear,
while the third inequality in (1.8) follows from Lemma 3(1).

For part (2), let G1(r) = {[m(r) + logr]/()* and G,(r)=arthr. Then
G1(0+) = G»(0)=0 and, by (2.3)

(R0 = 2 (W ~ (1K) + -1,

1 4
Gi(r)/Gy(r) = W{(l +r?)[m(r) + logr] — ;(r’)ZIC’(IC - 8)}
(1+7) 4
= —= 2
7 [m(r) + logr] 7rICS +2,
which is strictly decreasing on (0,1) by Theorem 5(4). Hence, the
monotonicity of G follows from Lemma 1.

The limiting values G(0+)=1log4, G(1-)=1 and the first two
inequalities in (1.9) are clear. The third inequality follows from
Lemma 3(1).

Parts (3) and (4) follow from parts (1) and (2), respectively. Finally,
part (5) was proved in [2, Lemma 4.2(2)].

COROLLARY 2 Let f(r)=((')*arthr)/r,0 < r < 1. Then, for allr € (0, 1),
max{ f(r), f(\/r) log4} < m(r) + logr < min{2f(\/r), f(r) log4}. (3.2)

Proof of Theorem 2 The monotoneities of f and g follow from
Theorem 6 and Corollary 2.

The limiting values f{1) =e*?, limg_, o, fAK) =1 and g(1) =e*® are
clear. By (1.2), (1.6), (1.8) and (1.9)

u(r) +logr — b(r) > m(r) +logr — b(r) > 0, (3.3)
and, hence, if we put u = p;/x(r), then
; — 1; b(r) p . \w(w)/u(r)
Jim 8180 = lim{u(e0 147}

= ("0 /r) V0 lim exp{(u(r))“ [u(r)+log r—b(r)] logu}
=0. (3.4)
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The first inequality in (1.11), the first and third inequalities in (1.12) are
clear. Since a(r) <4°® and b(r) > c(+/7) log4, the second inequality in
(1.11) and the third inequality in (1.12) follow from Lemma 3(1) and (2),
respectively.

COROLLARY 3 Forre(0,1)and Ke(1,00),

ox()ox(r) < VKK,

where ¢ = 4V2108(V2+1) — 5629087 ...
Proof 1t follows from (1.11) that

() (r) < 401K () I/K (3.5)

where

,arthr 2 arthr/

fy = P A (3.6)

It is easy to verify that fis increasing on (0, 1//2] and decreasing on

[1/v2,1),s0 that 1 < f{r) < f(1/v2) = V2log(v2 + 1).

The following result is a direct consequence of Theorem 2(1) and the
well-known quasiconformal Schwarz lemma [12, Theorem 3.1, p. 64]
(see also (1.1)). This consequence is a significant improvement upon
the existing explicit quasiconformal Schwarz lemma.

COROLLARY 4  Suppose that f'is a K-quasiconformal mapping of the unit
disk B into itself with f{0) = 0. Then for each z € B,

| f(2)] < 40-EFYP0-1780) VK, (3.7)

COROLLARY 5 Forre(0,1)and K€ (1, 00),
ok(r) > 4U-1/K)(1—¢x(n) p1/K -, 4(1-1/K)a(r.K), 1/K (3.8)

01/k(r) > 40BN K 5 4O-Kb(K),K (3.9)
where

a(r,K) = (r/)2K16b(/,K)(1—K)/2, b(r,K) = {(/)1/K4¢/3(1_1/K)}4/3'
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Proof 1t follows from (1.11) that

o1k (r) > 4K UK K 5 J(1-KBB K

From (1.12), it follows that
ox(r) > 40-VK(A=ex(r),1/K (3.10)
The second inequality in (3.8) follows from (3.9).
Remark 2 Corollary 5 improves the well-known lower bounds of
@x(r) and @1/k(r) [9, Lemma]:
ox(r) > r'/X and e1x(r) > 41-K, K (3.11)

forre(0,1)and Ke (1, 00).

Proof of Theorem3 Forre(0,1)and K€ (1, 00), set s = s(K) = ox(r).
(1) From (2.26), we get

2 sK(s)K'(s) log(rX)
n arths {1 + m(rK) } -1 G

By Lemmas 6 and 8, as a function of K, sK(s)K'(s)/arths is strictly
decreasing on [1, 00). By Theorem 1(5), as a function of K, (log(r¥))/
m(rX) is strictly decreasing from [1, co) onto (—1, (log 7)/m(r)]. There-
fore, f is strictly decreasing on [1, co), with

Kf'(K)/fIK) = fi(K) =

£1(1) = r[m(r) + logr]/((*)arth r) — 1,

which is positive on (0, 1) by Theorem 1(2).
On the other hand, since

@a(r) =2yr/(1+71), 0<r<1, (3.13)
we have by (2.2),

21(2) = [r(m(r) +log(r*))/((r'arthr)] - 2,

which is negative on (0, 1) by Theorem 1(1).

Therefore, f1 has a unique zero K; € (1, 2), depending on r, such that
fi(K)>0 for Ke[1,K;) and f1(K)<0 for Ke(K;,00), so that the
monotoneities of f|[1, K;) and f| (K, 00) follow from (3.12).
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Next, by (3.13), fl2)=arthr=£1), while limg_, ., fK)=0 by
Lemma 6.
(2) Logarithmic differentiation gives

K’F'(K)/F(K)

5)? rK
= Fi(K) = sa’ft(h)s {% (%) +a—_ir’%’—cl(r—1(?} “log4,  (3.14)

by (2.26). It follows from Lemmas 6—8 that F is strictly increasing on
[1, 00), with

Fi(1) = rm(r) + logr]/((¥)?arthr) — log4,

which is negative for all r € (0, 1) by Theorem 1(4).
By (3.13) and (2.2), we have

Fi(2) = rim(F?) + log ] /(¥ )*arth r) — log4,

which is a positive and increasing function of r on (0, 1) by Theorem 1(3).
Hence, F; has a unique zero K,€(1,2), depending on r, such that
Fi(K)<0 for K€[1, K5) and Fi(K) >0 for K€ (K;,00). This yields the
piecewise monotonicity of F by (3.14).

By (3.13) and Lemma 6, F(2)=(arth o(r?))/2=arthr=F(1), and
limg _, 00 F(K) = [arth(u ~ '(log(1/n))]/4.

(3) It follows from part (1) that, for all » € (0, 1),

> th(Karth(r'/X)), if 1<K<2,
<p1<(r){ < th(K arth(r'/X)), if 2< K < oo, (3:15)
with equality iff K=1 or 2.
By part (2), forall r € (0,1),
n{s th(41-1/K arth (X)), if 1<K<2, (3.16)
Y > th(@-VK arth (rV/K)), if 2< K < oo, '
with equality iff K=1 or 2.
On the other hand, it is easy to verify that
41-VK for1<K<2
o(K) = ’ =T=" 3.17
(&) {K, for 2 < K < o0, ( )
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for 1 <K<2,
for2 < K< oo,

aw) = { § (3.18)

Now the assertion (3) follows from (3.15)—(3.18), as desired.

Remark 3 In [22, Theorem 2.23], it was proved that, for K=27,
p=12,...andref0,1],

ok(r) < th(Karth(r'/X)). (3.19)

Theorem 3 shows that (3.19) holds for all K >2 and r € [0, 1], and that it
is reversed if K €1, 2).

COROLLARY 6 Forre(0,1) and K€ (1, ),
(th(di (K)arth 1)) < o1/k(r) < (th(ei (K)arth r))%, (3.20)
where
di(K) = min{1/K,40/0-1} " ¢/(K) = max{1/K,40/0-1} (3.21)

Egquality holds iff K=1 or K=2.
Proof Letu=py/k(r). Then, by Theorem 3(3),

th(d(K)arth(u"/X)) < r < th(c(K)arth(u!/X)), (3.22)

with equality iff K= 1 or K=2, from which the result follows.

COROLLARY 7  Suppose that fis a K-quasiconformal mapping of the unit
disk B onto itself with f{0) = 0. Then for each z € B,

eyx(lz) < 1/(2)] < ex(l2]), (3.23)
{th(d (K)arth |2])}* < | f(z)] < th(e(K)arth(|z|/¥)), (3.24)

where ¢(K) and d\(K) are as in Theorem 3(3) and Corollary 6, respectively.

Proof These follow from Theorem 3(3), Corollary 6 and the well-
known quasiconformal Schwarz lemma [12, Theorem 3.1, p. 64].
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Proof of Theorem 4 Since

o) = (1 =F)/(L+7) = AW, 0<r<l, (3.25)
or(r) = p2x(p12(r)) = ©2x(A(r)®) and the assertion (1) follows from
(3.15) and (3.16).

For (2), set r= A(f)* and u =y x(f). Then t = p,(r) = 2/r/(1 +71),
and

o1/k(r) = p1/x(A(1)) = A(px(0)? = A(u)*.
Hence, by part (1) and (3.3),
puxlr) = 46" < {th (209 2arth () }
= {th(2(1/’°‘2arth t) }2K

= {m(2091artn(v7)) } ", (3.26)

and

ou(r) = Au)* > {th (%(arthga,((u)) }21(

= {th (%(arth t) }2K
= {th (%arth(\/;)) }2K, (3.27)

so that the assertion (2) follows.

3.1 Generalized Modular Equations
For a real number o €(0,1) define the generalized p-function or the

u-function with signature o by

m  Flo,1—-0a1;1-1%)
2sin(no) F(o,1—o;1;r2) °

Lo(r) = re(0,1), (3.28)
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where F denotes the classical hypergeometric series [25, 2.38, p. 24]. Then
Lo:(0,1)—(0,00) is a homeomorphism. Since p,=pu;_, we may
assume that o € (0,1]; note that p,5(r) = u(r). The generalized modular
equation or modular equation of signature o and degree p is the equation

Ho(S) = pio(r). (3.29)

For the particular case o=} we get the classical modular equations
considered in [5,7]. The general case was first considered by Ramanujan
in his notebooks. Obviously, the solution of (3.25) is given by

5= 15 (pao(r)) = 07,7, (3:30)

As far as we know there are no estimates for the function ¢f /p(r) defined
in (3.30). It is a very interesting open problem to extend the inequalities
for ox(r) in this paper to the case of ¢ (), o € (0,3).

3.2 Ramanujan’s o, S-Notation

Ramanujan has derived dozens of algebraic identities satisfied by the
solutions of modular equations of prime degree for several small prime
numbersp(ando = %) He uses the notation o= 1%, 8= ¢, /p(r)2 and proves
for the solution of the classical degree 7 modular equations, e.g.

@)+ (1-a)1-9)"=1, a=r B=pnt)

for re(0,1) [5, p. 314, Entry 19(i)]. Berndt et al. [6, Theorem 7.1(i)]
recently proved for the solution of the generalized modular equation of
degree 2 with o =1 that

@B) + (1 -a)(1 =) =1, a=r, B=(p,(")

for r€(0,1) along with many similar results, stated originally by
Ramanujan without proofs in his notebooks.

OPEN PROBLEM For K> 1 andre(0,1) let

__arthpg(r)

§(Kr) = (/)
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Is it true that g(K,r), as a function of r, is decreasing onto (K,4' ~ /%)
when 1 < K < 2 and increasing onto (4' ~ /X, K) when K> 2?7

An affirmative answer to this problem would provide another proof
of Theorem 3(3).
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