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1 INTRODUCTION

Recently, existence of solutions for boundary value problems of second
order ordinary differential equations involving a phi-Laplacian operator
have been studied extensively (cf. e.g. [1-4]). On the other hand,
maximum or minimum principles and uniqueness have received less
attention. In this paper we generalize some results of [4,8] and derive
several others in a more general setting.
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First we derive maximum principles for a differential operator com-
bined by a generalized phi-Laplacian operator and a part containing
lower order terms, both of which may involve discontinuities. These
maximum principles are then applied to prove uniqueness and com-
parison results for second order boundary value problems with sepa-
rated, periodic, Neumann or Dirichlet boundary conditions. Some
special cases including p-Laplacian problems are also considered. Exam-
ples and counter-examples are given to illustrate the obtained results.

2 MAXIMUM PRINCIPLES

Given intervals I, and J=[ty,¢#] and functions ¢:Jx [h—R and
g:JxR>>R, we derive maximum principles for the differential
operator A, defined by
Au(t) = = St (1) — g(tu(t), (), 1€,
ueY:={ueC'(N)W[J] C I and o(-,u'()) € AC(J)}.

@.1)

We assume that the functions ¢ and ¢ satisfy either the hypotheses

(p1) to each choice of sy,s,€ Iy, sp<si, there corresponds such an
M >0 that o(t,y) — p(t,z) > M(y —z) whenever t€J and s5<
z<y<s;

(q1) q(t,x,z2)<q(t,y,z)fora.a.t€Jand forall x,y,z€ R, x > y;

q2) |q(t, x,y) — q(t,x,2)| <p(Oé(|y —z|]) for a.a. t€J and for all
x,9,2€R, 0<|y—z|<r, where r>0, p € LL(J), the function
¢:(0,r] — (0, 00) is increasing and [, (dz/¢(z)) = oo;

or the hypotheses (¢1) and

(©0) ©(t,2) < p(t,y) whenever t€ J, y,z€ [yand z < y.

(90) |q(t, x,y) — q(t, x, 2)| < p()P(|p(t, ) — (2, 2)|) for a.a. teJ and
for all xeR, y,zel,, 0<|o@t,y)—p(t,z)|<r, where r>0,
peLl(J), ¢:(0,/]—>(0,00) is increasing and satisfies
Jo.(dz/9(2)) = oo.

Remark 2.1 A special feature of the above hypotheses is that the only
continuity assumption for the functions ¢ and ¢ isimposed on g(, x, - ) in
condition (g2).
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LEMMA 2.1 Assume that functions q:J x R* >R and ¢:J x Iy— R
satisfy conditions (p1), (q1) and (q2), or conditions (©0) (q0) and (q1). If
u,we Y satisfy Au(f) < Aw(t) a.e. in J, and if u—w attains a positive
maximum c in the open interval (o, t), then u(t) —w(t)=con J.

Proof Assume first that conditions (1), (¢1) and (¢2) hold, and that
u — w attains a positive maximum c at t, € (¢, #,). Let r >0, p € L:L(J )
and ¢: (0, r] — (0, c0) be as in condition (g2). The proof is divided into
two steps.

(i) Let #; be the greatest number on (2,, ¢1] such that u(f) > w(¢) for each
t € [t5, t3]. To prove that w'(f) < u'(f) for each ¢ € [t,, t3], assume on the
contrary: there is a subinterval [a, b] of [£,, 3] such that

0<w()—u(t), te(ab), w(a)—i(a)=0.

By condition (1) there exists a K> 0 such that
w(t) — () < K(p(t, W' (1)) — (8,1 (1)) (2.2)

for all t€(a,b). Denote x(f)= K(p(t, w'(t)) — (t,u'(£))), teJ. Since
u,we Y, then x € AC(J). Moreover, x(a) =0, whence we may choose
b above so that m=max{x(?)|t€[a,b]} <r. Using the assumption
Au(f) < Aw(?) a.e. in J, we then have by (2.1), (2.2), (¢1) and (¢2),

X (1) = K (1, (0) ~ Koo ip(1, (1)

< K(q(t,u(t),u' (1)) — q(t, w(t), w'(1)))

< Klg(t, w(2), 4 (1)) — q(t, w(t),w'(1))]

< Kp(0)p(ld () — w'(1)]) = Kp(t)p(w' () — o/ (1))

< Kp(t)p(K(o(t, W (1)) — (1,4 (1)))) = Kp(£)p(x(1))
for a.a. t € (a, b]. Thus we have

X'(f) < Kp(t)(x(2)) a.e. in (a,b], x(a)=0,
so that, by change of variables (cf. [6, 38.1]),

) dx . PX()de [t
—_—=1 .
[ = tim [ Sy < | R d <o
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This contradicts with the hypotheses given for ¢ in condition (¢2).
Consequently, w'(£) < u'(f) on [t,, 5], whence

) =) = i) - wit) + [ 6/9) = W(o) ds
> u(ty) —w(t), te [t

Because f, was the maximum point of u(¢) — w(¢), then u(t) —w(f)=c
on [#,, t3]. This and the choice of #; imply that 73 = ¢,. Thus u(¢) — w(t) = ¢
in [, t4].

(ii) Choose next ¢4 to be the least number on [#y, £, ) such that u(r) > w(?)
for each 1 € [14, 15]. To prove that u'(f) < w'(f) for each t € [t4, t,), assume
on the contrary: there is a subinterval [q, b] of [#4, t5] such that

0<u(t)—w(), t€lab), u(b)=w(b).
Choose K> 0 and b above so that
' (1) — w'(t) < K(p(t, /(1)) — p(t, W (1)) (23)

holds for all t€]a,b], and that the function x(¢)=K(p(t,u'(¢))—
o(t, w'(1))), teJ, satisfies m=max{x(f)|z€[a,b]} <r. Noticing that
Au(t) < Aw(f) a.e. in J we obtain, by applying (2.1), (2.3), (¢1) and (¢2),

(1) = Kol w(0) ~ K-S0l (1)
< K(q(t,u(t), v/ (1)) — q(t, w(t), W'(1)))
< Klg(t, w(t), u () — q(t, w(t), w'(1))]
< Kp(0)p(|u/ (1) — w'(1)]) = Kp(t)p(u/ () — w'(1))
< Kp()p(K(p(t, 1 (1)) — (8, w'(£)))) = Kp(r)(x(t))
for a.a. t € [a, b). Because x(b) =0, we obtain
— X' (t) < Kp())é(x(¢)) a.e. in [a,b), x(b) =0,

which implies a contradiction

x(a) a b— _
oo=/ dx x'(f)de x'(¢) dt
0+

) S dx(®)  Jo PG
b
< / Kp(t)dt < oo.
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Thus u'(£) < w'(f) on [t4, t,], whence

i) = (i) = ) =) + [ G0(0) = W) ds
<u(t) —w(t), tE€ [tsta].

Because 7, was the maximum point of u(f) — w(z), then u(f) — w(t)=c¢
on [t4, 5]. This and the choice of ¢4 imply that ¢4 = to. Thus u(f) — w(t) =c¢
on [t, t5].

The results of (i) and (ii) imply that u(f) — w(f) =con J.

In the case when conditions (©0), (¢0) and (¢1) hold we do not
need inequalities (2.2) and (2.3), and the proof is almost the same as
above with K=1.

Givena;, b,eR,,j=0,1,anduc C!(J), denote
Bou(to) = u(to) — by u'(t()), Blu(t|) = ay u(tl) + by u’(tl). (2.4)
As an application of Lemma 2.1 we obtain the following result.

LEMMA 2.2 Let the hypotheses of Lemma 2.1 hold, and assume that
Sfunctions u, w € Y satisfy inequalities

Au(t) < Aw(t) ae. inJ, Bu(t) < Bw(t),j=0,1, (2.5)

where A, By and B, are defined by (2.1) and (2.4) with a;b;e R, and
a;+b;>0, j=0,1. If c=max{u(t)—w()|teJ} is positive, then
u(t)—w(t)y=conJ and ay=a,; =0.

Proof Let u(f) — w(¢) attain its positive maximum c at a point ¢, € J.
Assume first that fo<t,<t;. It follows from Lemma 2.1 that
u(t) — w(t)=con J, so that

u(to) = w(to) + ¢, and u'(t) = w'(t),
u(t;) = w(t)) +c and (1)) = w'(t;).

Thus Bu(t)) = Bw(t)) + ajc, j=0,1, which imply by (2.5) that a;c <0,
j=0,], ie. ap=ay =0.

Assume next that the positive maximum c of u(f) — w(¢) is attained at
to. Then u'(tp) < w'(tp), so that

Boyu(ty) = apu(ty) — b()u'(lo) > a()(W(to) +¢)— bow,(t())
= Byw(t) + apc.
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In view of this result and (2.5) we have ag=0 and bou’(ty) = bow'(¢).
Because ag+ b >0, then by#0, whence u'(t) =w'(¢y). Thus we can
choose t, =ty in part (i) of the proof of Lemma 2.1, which yields
u(t) — w(t)=c on J, and hence Bju(t;)= Biw(t;) + ayc. This and (2.5)
imply that a; =0.

In the case when u(¢) — w(t) is assumed to obtain its positive maxi-
mum at ¢; we have u'(¢;) > w’(¢;). This and (2.5) imply that a; =0 and
w/(t)) =u'(t;). Thus the choice t, =1, in part (ii) of the proof of
Lemma 2.1 yields u(f) — w(tf) = c on J. Hence Byu(ty) = Bow(to) + aoc, so
that ao =0 by (2.5).

The proof of Lemma 2.2 contains also the proof of the following
result.

LEMMA 2.3 Let the hypotheses of Lemma 2.1 hold, and let u,we 'Y
satisfy inequalities

Au(t) < Aw(t) ae. inJ, (o) =W (t), ¥'(t1) < W (1), (2.6)

where A is defined by (2.1). If c = max{u(t) — w(¢) | t € J} is positive, then
u(ty—w()=conl.

3 COMPARISON AND UNIQUENESS RESULTS

The maximum principles derived in Section 2 will now be applied to
prove comparison and uniqueness results for second order boundary
value problems. The following consequence of Lemma 2.2 is used in
the proofs.

PROPOSITION 3.1 Assume that functions q:JxR*—R and ¢:Jx
Iy — R satisfy conditions (1), (q1) and (q2) or conditions (©0), (q0) and
(q1), and that functions u, w € Y satisfy inequalities (2.5). Then u(t) < w(f)
for each t € J in the following cases:

@) a;,b;eR,,j=0,1 and apa + aphy + a1by > 0.

(b) a;,b;eR,, j=0,1, boby >0, and there is a nonnegligible subset Jof
J such that q(t,x,z) < q(t,p,z) forallt € Jand x,y,z€R, x> .

©) a,beRy, j=0,1, boby>0, and there is a linear functional
Q:C(J)— R, satisfying Qv > 0 if v(t) = ¢ > 0, such that Qu < Qw.
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Proof Assume on the contrary that ¢=max{u(?)—w(f)|teJ} is
positive. In all the cases (a)—(c) the hypotheses of Lemma 2.2 are
satisfied, whence u(f)—w()=c>0 and gy=a,=0. But then
apay + aghy + a1bg =0 which contradicts with the hypotheses of (a).
Because u(t) = w(t) + ¢, t € J, it follows from (2.1) that

Au(t) — Aw(t) = q(t, w(t), W' (1))
—q(t,w(t) +c,w(1)), ae. inJ.

Since ¢ >0, then Au(f) > Aw(?) a.e. in J by the hypotheses given in (b),
which contradicts with (2.5). If Q is as in (c), then Q(u —w)=Qc >0,
contradicting with Qu < Qw. Thus the given hypotheses do not allow
that u(f) = w(¢) + ¢, ¢ > 0 for all ¢ € J, which concludes the proof.

Remark 3.1 Linear functionals Q: C(J) — R, defined by
Oy = / y(s)ds and Qv =w(F) (T J is fixed)
J

satisfy condition Qv > 0 if v(f) = ¢ > 0, assumed in Proposition 3.1(c).

The results of Proposition 3.1 will now be applied to the differential
equation

- %cp(t, W (1)) = q(t,u(t),d(t)) ae.in J, (3.1)
associated with separated boundary conditions
aou(ty) — botd (t0) = co, aru(ty) + bl (1) = 1. (3.2)
We say that a function u € Y is a lower solution of (3.1), (3.2) if

- g;go(t, (1)) < q(t,ut), ¥ (£)) a.e. in J,

aou(ty) — bou (o) < co, au(ty) + b1l (1) < ¢y,

(3.3)

and an upper solution if the reversed inequalities hold. If equalities hold
in (3.3), we say that u is a solution of (3.1),(3.2). As a consequence of
Proposition 3.1(a) we get the following comparison and uniqueness
results.
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THEOREM 3.1  Assume that functions q:J x R* >R and ¢:J x [j—»R
have properties (p1), (q1) and (q2), or properties (©0), (¢0) and (q1) and
that constants c¢;€R, a;,b;>0, j=0,1, satisfy condition apa, + aoh, +
abg>0. If ue Y is a lower solution and we'Y an upper solution of
(3.1),(3.2). Then u(f) <w(t) on J. In particular, the separated problem
(3.1),(3.2) can have at most one solution.

Proof If u and w are lower and upper solutions of (3.1),(3.2), then
the inequalities (2.5) hold for the operators 4, By and By, defined by
(2.1) and (2.4). Thus u(t) <w(?) on J by Proposition 3.1(a). The last
conclusion follows from the first one.

A special case of problem (3.1), (3.2) where ag = a, =0 and bob, > 0 is
not covered by Theorem 3.1. In this case boundary conditions (3.2) are
reduced to the Neumann conditions

U (ty) =co, t(t))=cy. (3.4)

Condition (g1) will now be replaced by the following stronger condition:

(q1") There is a nonnegligible subset J of J such that q(t,x,2)<
q(t,y,z)foralltejandx,y,zE]R,x>y.

The proof of the following result is the same as that of Theorem 3.1
when we apply part (b) of Proposition 3.1, instead of part (a).

THEOREM 3.2 Assume that functions q:J x R? >R with and ¢:J x
Iy — R have properties (1), (q1') and (q2), or properties (©0), (q0) and
(q1)’. Ifu € Yis alower solution andw € Y an upper solution of (3.1), (3.4),
then u(t) < w(t) on J. In particular, the Neumann problem (3.1), (3.4) can
have at most one solution.

Consider next Eq. (3.1), equipped with the periodic boundary
conditions

u(to) = u(tr), (o) =u'(t1). (3.5)
We say that a function u € Y is a lower solution of (3.1), (3.5) if

- (%(p(t,u'(t)) < q(t,u(t),d/ (1)) ae. in J,

u(to) = u(tl), u’(to) > u'(tl),

(3.6)
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an upper solution if the reversed inequalities hold in (3.6), and a solution
of (3.1),(3.5) if equalities hold in (3.6). The following comparison
and uniqueness results are consequences of Lemmas 2.1 and 2.3.

THEOREM 3.3 Let q:J % R>>R and p:Jx Ip— R have properties
(D), (q1') and (q2), or properties (¢0), (q0) and (q1'). If u€Y is a
lower solution and w € Y an upper solution of (3.1), (3.5), then u(t) < w(?)
for each t€ J. In particular, the periodic problem (3.1),(3.5) can have
at most one solution.

Proof Assume on the contrary that c¢=max{u(f)—w()|teJ} is
positive. If u(t,) — w(t,) = ¢ for some ¢, € (¢, t1), then u(t) — w(f) =c by
Lemma 2.1. Assume next that u(zy) — w(to) = ¢. This and the definition
of upper and lower solution of (3.1),(3.5) imply that u(¢,) — w(#;) =c.
Thus u—w attains its positive maximum at f, and ¢, whence
u'(t)) < w'(to) and u'(t)) > w'(t,). These inequalities and the definition
of upper and lower solutions of (3.1), (3.5) imply that

() <d(to) <wW(t) <w(H), and
u/(to) > u'(tl) > Wl(tl) > W,(t()).

But then u(#) — w(f) = ¢ by Lemma 2.3.

The above proof shows that u(f) — w(f)=c >0, which leads to
contradiction with (g1’) (cf. the proof of Proposition 3.1(b). This
concludes the proof.

In the case of Dirichlet boundary conditions
u(to) = co, u(t1) = cu, (3.7)
instead of the two-sided Osgood condition (¢0) we will require only the

following one-sided condition:

(qa) q(t,x,z)—q(t, x,y) < h(t, o(t,y) — @(t, 2)) for a.a. t€ J and for all
x€R, y,zely, y>z, 0<@(t,y)—(t,z)<r, where r>0,
h:J x[0,r]— R,, and x(f) =0 is the only function in 4C(J) which
satisfies

X (t) < h(t,x(¢)) a.e. in J, x(tp) =0.
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THEOREM 3.4  Given functions q:J x R2— R and ¢: J x Iy — R having
properties (©0), (q1) and (qa), assume that u, w € Y satisfy

Au(t) < Aw(r) ae. in J, u(ty) < w(to), u(t;) < w(t). (3.8)

Then u(t) < w(t) for each t €J. In particular, with the conditions given
for g and p, the Dirichlet problem (3.1), (3.7) can have at most one solution.

Proof 1If the first claim is wrong, then there exists a subinterval [a, b]
of J such that w'(a) — u'(a) =0, w() —u(t) <0, w'(£) — u'(¢) > 0 for all
t € (a, b] (cf. [4]), and that the function

Oa to S t S a,
X(t) = { o(t, "/(t)) — (2, ul(t))a alt<hb,
X(b), b <t<t,

satisfies 0 <x(f)<r. Since Au(?) < Aw(r) a.e. in J, we obtain (2.1),
(92) and (q1),

X (1) = Sl (1) — Sl (1)

< q(tu(t),d (1)) — q(t, w(1), w'(1))
< q(t, w(0), 1/ (1) — q(t, w(t), W'(1))
< h(t, (1, W'(1) = (1,4 (1)) = h(t, x(1))
for a.a. t € [a, b]. Thus we have proved that
X' (1) < h(t,x(?)) a.e. in [a,b].

This inequality holds also when ¢€ J\ [a, b]. Because x(#;) =0, then
x(£)=0 on J, which contradicts with the fact that x(#)=
o(t, w'(£)) — @(t, u’'(£)) > 0 on (a, t;]. This concludes the proof of the first
assertion, and hence also the second one.

By assuming mixed monotonicity of g in its last two arguments we can
relax the strict monotonicity of ¢(z, - ), assumed in (¢0).

THEOREM 3.5 The results of Theorem 3.4 arevalidif p:J x R — Iyand
q:J x R? R satisfy the following hypotheses:

() o(t,y) < p(t,z) wheneverte J, y,z€ lyand y < z;
(@) q(t,x,2)<q(t,y,s) for a.a. teJ and for all x,y,z€R, x>y
and z < s;
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Proof Letu,w e Y satisfy (3.8), and assume on the contrary that u(¢) >
w(t) for some t€J. As in the proof of Theorem 3.4 we can choose
asubinterval [a, b] of Jsuch that w’(a) — u'(a) =0, w(£) — u(f) <0, w'(t) —
u'(f)>0 for all t€(a,b], and that x(¢)=p(t, w'(£)) — @, u' (D)) <r,
a<t<b. It then follows from (3.8), and (g) that

X (1) = St (1) ~ o (1)
< q(tu(t) 1 (1)) — qt, w(D) W (1)) < O

for a.a. t€[a, b]. Because x(a) =0, then x(¢) <0 on (a, b], which con-
tradicts with the fact that x(¢) = (¢, w'(£)) — ©(t, u'(£)) > 0 on (a, b] by (p)
This concludes the proof.

Remarks 3.2 Theorem 3.4 generalizes Proposition 9 of [4] as follows:

— The function ¢ depends also on ¢, and need not be measurable;
One-sided Lipschitz condition is replaced by a more general one-sided
condition;

q need not be a Caratheodory function since conditions (ga) and (q1)
allow ¢ to be discontinuous in all variables;

Monotonicity of g in its second variable is not necessarily strict.

|

The following one-sided Osgood condition

(90") q(t,x,2) — q(t, x, ) < p()p(p(t, ) — p(t,2)) for aa. t€J and
for all xeR, y,zely, y>z, 0<p(t,y)— (t,z) <r, where r>
0, pe LL(J), ¢:(0,r] = (0,00) is increasing and satisfies
Jr(42/9(2)) = o0

is a special case of condition (qa), as shown in [5]. The considerations
of [5] imply also that (qa) can be replaced by the following condition.

(gb) q(t, x,2) — q(t, x, y) < p(O)/ P()(p(t, y) — ¢(t, 2)) for a.a. t€J and
for all xeR, y,zely, y>z, 0<p(t,y)e(t,z)<r, where r>0,
peL'UR,) with P(s)= [, p(s)ds>0 for te(to,n,]), and
sup{lg(t, x,)—q(t, x,2)]+ |0<y—z<r, xeR}=o0(p(?)) as t—
to+, where [a], = max{a, 0}.

When ¢ is constant with respect to its last argument, the comparison
results of Theorems 3.4 and 3.5 can be restated in the form which is
similar to a comparison principle derived in [8, Section 3].
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PROPOSITION 3.2 Given ¢:J xR—R and q:J x R— R, assume that
(t, - )is increasing and q(t, - ) is decreasing, one of them being strict, for all
teJ. If u,w € Y satisfy

— S u(t) — g u(t)) < — (e, (D) — (e, w(0)
ae. inJ, u(ty) <w(t), u(t;) <w(t),
then u(t) < w(t) on J.

Example 3.1 Denote by [x] the greatest integer <x, and by xy
the characteristic function of a subset U of J=[0,1]. The periodic
boundary value problem

%(u'(t) + Ixu(u (O]) = [1+ 2/ (2) + [xv (D) (1))

—u(t)+1 ae. in J,
u(0) = u(1), ¥/ (0) =4 (1),

(3.9)

is a special case of problem (3.1), (3.5) with

p(t,x) =x+ [XU(t)x]’ q(t, x,y)
=[1+24(y + [xv(®]) —x+1,

telJ, x,y€eR. It is easy to see that the functions ¢ and g satisfy the
hypotheses of Theorem 3.3. Thus problem (3.9) can have only one
solution. Obviously, u(f)=1 is the solution of (3.9). Notice that the
functions ¢ and q are discontinuous in all their variables, and even
nonmeasurable in ¢ if U is a nonmeasurable subset of J.

Example 3.2 The BVP

040+ [xo(Od@) = W 0) + Do (0] ~ [xv(Ou(r)
——% a.e.in J=[0,1], (3.10)

u(0) =0, u(l) =3,
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where U, V C J, is a special case of problem (3.1), (3.5) with

o(t, x) = x + [xv(t)x],
q(t,x,y) =y + [xv(Oy] = xv(0)x] - 4,
teJ, x,yeR. It is easy to see that the hypotheses of Theorem 3.4
hold. Thus u(f)=1¢/2, t € J, is the only solution of (3.10). Also in this

example the functions ¢ and g are discontinuous in all their variables
and may be nonmeasurable in ¢.

4 SPECIAL CASES

Foreachn=1,2,... the function
1 1 -1
¢,,(z)=zln;--~ln,,—z-, 0<z<r,=(exp,1)",

satisfies the hypotheses given for ¢ in (¢0), (¢2) and (¢0)'. This is also
true when ¢(z) =z, z € R, in which case we get the following result.

COROLLARY 4.1 The results of Lemmas?2.1 and 2.2, Proposition 3.1 and
Theorems 3.1-3.3 also hold when condition (q2) is replaced by condition

(q3) there is p € L} (J) such that |q(t,x,y) — q(t, x,2)| < p(t)|y — z| for
aa.t€Jandforall x,y,z €R,

or when condition (q0) is replaced by

(q4) there is p € LL(J) such that for a.a. t€J and for all xR and
Y,z € 109 Iq(t9 X, J’) - q(t’ X, Z)l Sp(t)l(p(t9 y) - (P(t, Z)l

The result of Theorem 3.4 holds if condition (qa) is replaced by

(¢5) there is p € LY(J) such that q(t,x,2) —q(t, x,y) < p(0)(e(t, y) —
w(t,z)) fora.a.teJandforallxeRandy,z€ Iy, y < z.

Consider next the special case when ¢ does not depend on ¢, i.e. the
phi-Laplacian case the differential equation (3.1) is reduced to

_ %Qo(u'(t)) = q(t,u(t),d (¢)), (4.1)
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and the conditions (¢0) and (1) are reduced to conditions

(¢0") ¢:Iy— Ris strictly increasing.
(p1") If 51,59 € Ipand s, < s, there exists M > 0 such that o( y) — ©(z) >
M(y — z) whenever s, <z <y < 5.

Existence results for (4.1) under various boundary conditions includ-
ing periodic, Dirichlet and Neuman conditions, are derived e.g, in
[1,3,4], whereas in [2] existence results are derived for a more general
looking differential equation

— S lal (0)) = (D)alt (), (1), 42)

under quite general boundary conditions. We are now looking for
uniqueness and comparison results for Eq. (4.2), associated with one of
the boundary conditions (3.2), (3.4), (3.5) and (3.7). By assuming that
1 : R — (0,00) satisfies the following condition:

W) 9, # € L2 (R) and o o' : Iy — R is measurable;
we prove the following result.

PROPOSITION 4.1 The comparison and uniqueness results of Theorems
3.1-3.4 hold, respectively, for the

(a) separated problem (4.2), (3.2) if conditions (p1'), (1), (q1) and (q2)
or conditions (©0"), (1), (q1) and (q0) hold;

(b) Neumann problem (4.2), (3.4) and periodic problem (4.2), (3.5) if
condition (q1) is replaced in (a) by condition (q1');

(c) Dirichlet problem (4.2), (3.7) if conditions (©0'), (), (q0") and (q1) are
valid.

Proof Define @ : Iy — R by (cf. [3])
o(x) dz
p(x) = —, X €.
o= [ oy *eh

Ifuec Y, then u'[J]1C Iy and pou’ € AC(J). Condition (1)) ensures that
1/(o ") is measurable and locally essentially bounded. Thus an
application of [6, 38.3] yields

O gz d/ds(e(d(s))ds
““W‘A ¢Wﬂm“A VW)

, teld.
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This implies that 5 o &' € AC(J), and that

d o d [fdfdsp(l(s)ds  d/dep(u(1)
a? D =g ) Twe) W)

a.e.in J.

Hence, if u € Y is a lower solution, an upper solution or solution of (4.2)
with boundary conditions (3.2), (3.4), (3.5) or (3.7), then u is a lower
solution, an upper solution or solution of corresponding problems
where the differential equation (4.2) is replaced by

- %(ga(u'(t))) — q(t,u(t), (¢)) ae. in J. 4.3)

It is easy to show that all the hypotheses given in Proposition 4.1 hold
also when ¢ is replaced by @. Thus the results of Theorems 3.1-3.4 hold
for Eq. (4.3) with corresponding boundary conditions, which implies
the assertions.

Remark 4.1 The conditions (¢) imposed on the function 1 allow the
right-hand side of Eq. (4.2) to have discontinuous dependence also on u’.

When (1, x) = 1(2)| x|P~2x, the differential equation (3.1) is reduced to
equation containing a p-Laplacian operator, i.e.

—a(-i;(u(t)lu'(t)lp"zu'(t)) = q(t,u(), ¥ (¢)) ae. in J. | (4.4)

If u:J—[a,b], 0<a<b< oo, condition (p0) holds for all p>1,
and condition (1) holds when 1 <p <2. Thus we get the following
corollary.

COROLLARY 4.2 If p:J—[a,b], 0<a<b< oo, then the comparison
and uniqueness results of Theorems 3.1-3.4 hold, respectively, for the

(a) separated problem (4.4), (3.2) if p€(1,2] and conditions (ql) and
(q2) hold, or if p > 1 and conditions (¢0) and (q1) hold;

(b) Neumann problem (4.4), (3.4) and periodic problem (4.4), (3.5) if
conditions (q0) and (q1') are satisfied and p > 1,

(c) Dirichlet problem (4.4), (3.7) if conditions (qa) and (q1) hold and
p>1
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When o(2, x) = (u(f)x)/v1 + x2, the differential equation (3.1) can
be restated as

_d_nu

41w (r?

Condition (1) holds, whence we get the following result.

= q(t,u(t),d/'(t)) a.e.in J. (4.5)

COROLLARY 4.3 Ifu:J—[a,b],0 <a<b < oo, then the comparison and
uniqueness results of Theorems 3.1-3.4 hold, respectively, for the

(a) separated problem (4.5), (3.2) if conditions (q1), and (q2) or (¢0)
hold;

(b) Neumann problem (4.5), (3.4) and periodic problem (4.5), (3.5) if
conditions (q0) and (q1') hold;

(c) Dirichlet problem (4.5), (3.7) if conditions (qa) and (q1) are valid.

In the case when (¢, x) = p(f)x we get the following consequence of
Proposition 3.1 and Corollary 4.1.

COROLLARY 4.4 Givenp,q,he L\(J) and i € AC(J,(0,00)), assume that
q(t)<0a.e. in J, and denote

Lu(t) = — S (a0 (0)) — p(OWd () — a(e)utt) (),
teld, ue AC(J);

(@) If Lu(¥) <0 a.e. in J, and if u attains a positive maximum c at an
interior point of J, then u(t) = c.

(b) If Lu(t)<O0a.e.inJ,if Bu(t)<0,j=0,1, if c=max {u()|t€ J} >0,
andif a;,b;e R and a;+b;>0,j=0, 1, then u(t) = c and ag=a, =0.

©) If Lu(t) <0 a.e. in J, and if Bu(t;) <0,j=0, 1, then u(t) <0 for each
t € J in the following cases:

(1) a,b;eR,,j=0,1, and apa; + apb; + a1bo > 0;

(@) a,b,€R,,j=0,1, boby >0, and q is not equivalent to zero-function;

(3) a;,b;eR,, j=0,1, boby >0, and there is a linear functional
Q:C(J)— R, satisfying Qv >0 if v(f) = ¢ > 0, such that Qu<0.
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5 REMARKS, EXAMPLES AND COUNTER-EXAMPLES

In Lemma 2.1 and in Corollary 4.4(a) it suffices to assume that p is locally
Lebesgue integrable in (¢, ;). For instance, if a solution u of

_ () = %u’(t), te(o,1)

has a positive maximum ¢, then u(¢) = c. Moreover, all the results of
Corollary 4.4 hold if

-3, t#0, and a > 1.
P ta, b
p(?) {0’ o,

Thus p needs not to be bounded, as assumed, e.g., in [7]. On the other
hand, the Dirichlet problem

—u"()=p) (1), teJ=[-11], u(-1)=u(1)=0,

3 t#0
f) = rEl »
p(0) {0, t=0,

has solutions u(¢) =0 and u(f) =1 — #*. Thus the results of Lemmas 2.1
and 2.2, Proposition 3.1, Theorems 3.1 and 3.4 and Corollary 4.4(a) do
not hold in general if p¢ L'(J). This is true also in the case when
N +(dx/¢(x)) < oo in conditions (¢2) and (¢0)’, because the BVP

—d'(6) =34 ()3, tedJ=[-11], u(=)=u(l)=0 (5.1
has also solutions u(f) = 0 and u(f) = 1 — *. However, if we are interested

in such solutions of (5.1) whose derivatives are nonzero, we can rewrite
(5.1) in the following forms:

——(—%u’(l)m =223 teJ=[-1,1], u(-1) =u(1) =0,

LW - = 2P, rer=(-1]
u(=1)=u(l)=0
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The first one is in phi-Laplacian form with o(x)=x", whereas the
second one is in p-Laplacian form with p =4/3. In the former case the
hypotheses of Proposition 4.1 hold, and in the latter case the hypotheses
of Corollary 4.2 hold, whence these problems can have only one solution,
whichis u(f)=1—¢*.

The periodic boundary value problem

aq;(u'(t) + [0 (O]) = [1 + 24 (' (1) + [0/ (9)]) — [sin(2)u(?)]
ae. in J=10,1], u(0)=u(l), ¥ (0)=14'(1)

has a continuum of solutions of the form x(¢) = ¢, ¢ € [0,1/sin (1)]. In this
example hypotheses of Theorem 3.3 are not valid. On the other hand, the
hypotheses of Theorem 3.4 hold for the BVP

%(u'(t) + [ (0)]) = [1 + 24 (u (2) + [0 (1)]) — [sin()u(?)]
ae.inJ=[0,1], u(0)=co, u(l)=cy,

whence this problem can have only one solution. In fact u(f) = c is the
solution when co=c¢; =c €[0, 1/sin (1)].
The Dirichlet problem

—u"(t) = pu(t), teJ= [o, ‘\;ﬁ] u(0) = u(%) =0

hasforeach p > Osolutions u(f) = 0and u(t) = sin(,/ut). Thus the results
of Proposition 3.1 and Theorems 3.1 and 3.4 do not hold in general if
condition (¢g1) is not satisfied.

If g, h e L'(J), and if g(f) =0 a.e. in J, then the Neumann problem

—u"(1) — q(t)u(t) = h(¢) a.e. in J,
u,(to) =1, u’(h) = -1

has solutions if and only if f;‘ h(t) dt = 0. In this case the solutions are
of the form u(f) = — ft: ( I h(T)dT) ds + ¢+ C. This example shows
that the result of Theorem 3.2 does not hold in general if condition (g1")
is replaced by (¢1), and that the results of Proposition 3.1(b) and (c)
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and Corollary 4.4. (c)-(2) and -(3) do not hold in general if we only
assume that a;, b;e R, j=0,1, and byb; > 0.
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