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We give an alternate proof of weighted dyadic Carleson’s inequalities which are
essentially proved by Sawyer and Wheeden. We use the Bellman function approach of
Nazarov and Treil. As an application we give an alternate proof of weighted inequalities
for dyadic fractional maximal operators. A result on weighted inequalities for fractional
integral operators is given.
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1. MAIN RESULTS

In this paper we study weighted dyadic Carleson’s inequalities. The
result in this paper is essentially contained in the results by Sawyer
and Wheeden [5]. We give an alternate proof of it. In the proof of
our theorem we will use the Bellman function approach which was
invented by Nazarov and Treil [2]. Our interest is in applications of
Nazarov and Treil’s methods.

As an application of our weighted norm inequalities we will give an
alternate proof of weighted norm inequalities for dyadic fractional
maximal functions which is studied by Genebashvili, Gogatishvili,
Kokilashvili and Krbec under more general setting [1]. A result on
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416 K. TACHIZAWA

weighted norm inequalities for fractional integral operators will be
given.

Let D be the set of all dyadic cubes in R". By a dyadic cube we mean
a cube of the form [¥ky, 2(k,+1)) x - -- x [Zk,, 2(k,+ 1)) for some
integers j, k1, . ..,k,. For I € D and a locally integrable function ¢ on
R” we set

1
=T / o(x)dx,

where |4| denotes the Lebesgue measure of a measurable set 4.

Next we introduce the dyadic reverse doubling condition on
weights. We say a nonnegative measurable function w satisfies the
dyadic reverse doubling condition if w is locally integrable and there is
a constant d> 1 such that

d / w(x)dx < / w(x)dx (1)
r 1

for all 1, I' € D where I' is contained in I and has the half side length of
I

Let p’ be the positive number such that p~!'+p' ~1=1.

THEOREM 1.1 Let 1<p<q<oo and w be a nonnegative locally
integrable function on R". We assume that w="?~Y satisfies the
dyadic reverse doubling condition. Let {j}, . p be nonnegative numbers.
Then the following two statements are equivalent.

(i) There is a positive constant C such that
a/p
S el < ([ otepwi) @
IeD r

for all nonnegative locally integrable functions .
(ii) There is a positive constant C' such that

-q/r
wr < dlllq(/ w(x)_l/(p'l)dx)
I

for all 1€D.
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Remark 1.1 If w=/®=1 satisfies the dyadic reverse doubling con-
dition, then we can prove that there is a positive constant ¢ such

that
a/p a/p
)3 ( / w—l/(p—ndx) Sc( / w—l/(p—udx)
QcQQ €D o Qo

for all dyadic cubes Q. By this inequality and Lemma 2.10 in [5] we can
prove (5) in the proof of Theorem 1.1 in Section 2. Hence Theorem 1.1
is a corollary of Sawyer and Wheeden’s result.

Let 1 <p <oo. We say a nonnegative measurable function w is a
dyadic 4, weight if there is a positive constant C such that

(l}_l /, w(x)dx)””(l‘TI /, w(x)-‘/"’"’dx) Yo @

for all IeD.

If w is a dyadic 4, weight, then w™ 1/p—1D satisfies the dyadic reverse
doubling condition. The proof of this fact will be given in the proof of
the following corollary.

CoroLLARY 1.1 Let 1 <p<g<oo and w be a dyadic A, weight. Let
{m}; ¢ p be nonnegative numbers. Then the following two statements are
equivalent.

(i) There is a positive constant C such that

Z mip) <C ( /R" <p(x)"w(x)dx) ” (4)

I1€D

for all nonnegative locally integrable functions .
ii) There is a positive constant C' such that
oo) Th 3 s, C’ h h

wm<C ( /1 w(x)dx)q/p

forall 1€D.



418 K. TACHIZAWA
2. PROOFS OF THEOREM 1.1 AND COROLLARY 1.1

Proof of Theorem 1.1 First we show that (i) implies (ii). We fix a
1€D. In the inequality in (i) we set p(x) = w(x) ~/®~ Dy, (x). Then we

have
q a/p
u,(l—;—'/Iw(x)—l/(‘”‘)dx) SC(/Iw(x)"I/(p'l)dx) .

Hence we get

-/
< Clllq(/ w(x)"”("'l)dx) .
I

Next we shall prove that (ii) implies (i). This is a consequence of the
inequality

S ([ weo o) ™ s [ epuian)”. o

IeD

Hence we shall prove (5). We fix a 7 € D. 1t is suffice to show

Z |71? (/J w(x)—l/(P~l)dx) -a/r )< C(/I <p(x)1’w(x)dx) a/p

JcIjeD
(6)

for all nonnegative locally integrable functions ¢ where C is a constant
which does not depend on 1. In fact, we can prove (5) by the following
argument. Let m be a positive integer and K, 1, K2, - - . , Km2» be dya-
dic cubes which are obtained by dividing the cube [-2", 2™) x - -+ X
[-2™, 2™) in R" into 2" equal parts.

If we apply (6) to I=K,,;, i=1,...,2", and if we let m—oo0, then we
have

Z |17 ( /J w(x) /=D dx) -‘I/P'<(p)g <c ( A <p(x)"w(x)dx)q/p

JcK;,J €D

for i=1,...,2" where K;= |J Kpn,. (5) is a consequence of these
inequalities. m21
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We shall prove (6). Now the following lemma holds.

LemMMA 2.1 Let n be a positive integer, | <p < g <oo,and 0<b < 2"
Let

D= {(F,f,v):0<F,0<v,0<f <F'/py!/P'},
Then there is a positive constant ¢ such that

fp q/p fq 1 2 f’p q/p
(F T oyelr ) 2 vy + ma/p Z Fi- 2‘,5)/1”

i=1

for all (F, f,v), (F, f;, v)€D, i=1,...,2", such that

_Fi+---4+Fp Attt f vt v
=T I v

F

and

vi<by, i=1,...,2" @)

The proof of Lemma 2.1 will be given in Section 3.
Let D be the domain in Lemma 2.1. For (F, f, v) € D we set

1 p \ 9/P
B = (F- 357 )

where ¢ is the constant in Lemma 2.1. Let ¢ be a nonnegative
measurable function such that

/ o(xYw(x)dx < oo.
1
We use the notation
1 1
Fy =— x)'w(x)dx, =——/ x)dx
o= o ewrweod fa= oo [ et
and

1 ~1/(p-1)
va =— | wix dx
A |A|/A ( ) ’

for a measurable set A in I such that |4]|#0.
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Then we have (Fy, f7, vj) € D. In fact, by Holder’s inequality, we have

i | et < (ﬁ / w(x)"W(x)dx) W(;—I / w(x)*‘“/‘"dx) "

Hence we get
0 Sfl SFII/PV;/P/.

Let I, L,,...,I» be dyadic cubes which are obtained by dividing
into 2" equal parts. Then we have

(Flnflnvlg)eD’ i= 11' ~'a2n’
Fr+-+F 4ot
FI= I > Iz~’ _f1=ﬁl > ﬁ'p,
_"I|+“‘+V12.
i T

and

v, <bv, i=1,...,2"
by the dyadic reverse doubling condition for w~®~D, where b=
2"d~! and d is the constant in the dyadic reverse doubling condition

for w= =D _Since d> 1, we have b < 2".
Hence, by Lemma 2.1, we have

o1&
B(Flvfh V]) 2 -v?—lﬂi-'- 2nq/p;B(FlnflnvI:)'

Therefore the inequality

2”
1P B(Fy, fr,ve) > 1P P £+ E L\ B(Fy,, £y, 1)
i=1
holds.
We apply this inequality to I, i=1,...,2" in place of 1. Repeating
this argument, we have, for k€N,

WPB(FL > Y WP
JCIJ € DJJ| > 2-"|1|

+ Z lJIq/pB(FJafh V])-
JCI,J € D,|J|=2-nk+0)|1|
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Since B(Fy, f;, vj) >0, we get

NP B(FLf) > Y P
JCIJ € DJJ| > 2771

Letting k£ — oo, we have

—-q/p
> IJI”( / w(x)"/“"”dx) o < WP B(FLf )

JclJeD

1 £\
= |I|q/p_c_ (F1 - 21;’/1" ) < c’ll|"/”F;’/”

= c’(/{ w(x)pw(x)dx)q/p.

Hence we proved (6). QE.D

Proof of Corollary 1.1 First we shall show that if w is a dyadic 4,
weight, then w™/®~D satisfies the dyadic reverse doubling condition.

Let I be any dyadic cube in R”. Let Iy,...,I» be dyadic sub-cubes
of I which are obtained by dividing I into 2" equal parts. We use the
notation

Uy = _I-’l*—l /A w(x)dx

and
1 / -1/(p-1)
va=— | wx dx
=T )

for a measurable set 4 C I such that |4]|#0. Then we have

_upt -t up v__VI|+"‘+VIz.
—_——— ] = QY.

ur big ’ om

We remark that u;, < 2"y for all i=1,...,2" by the first equality.
Since w is a dyadic 4, weight, we have

1 < u}/Pv;/l" <K
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and
1 Su}/”v}‘/”' <K, foralli=1,...,2",

where K is a positive constant which does not depend on 1.
Now we have, for i=1,...,2",

1 1 Vr
v, > 2> > .
! uz’/p (ru)?'/r ~ 2¥IPKV

Hence we get
271 1-2"
— My n__ - — [ ———
VI,—ZVI ;VIJS(2 2np’/pr’)vI 2 (1 2np’/pr’>vI'
Since

1-2"

gy < b

we conclude

d w(x)"l/("_l)dxg/w(x)"l/("_l)dx
1

]

for some d > 1. Hence w~ /P~ D satisfies the dyadic reverse doubling
condition.
Since w is a dyadic 4, weight, we have

([ ra) s foe)”
SKlll( /1 w(x)~1/(p—1)dx)"""'

for all T€D. The corollary is easily proved by this inequality and
Theorem 1.1. Q.E.D.

3. PROOF OF LEMMA 2.1

We shall prove Lemma 2.1. In the proof we use the following two
lemmas.
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LemMMA 3.1 Let o> 1. Then there is a v > 0 such that
(x+y)* >y min {xy"} + x% + y*

for all x, y>0.

LEMMA 3.2 Let1<p<ooand0<a,0<pg, a+B8=1. Then

DA
e AT

forall 0LZf, fy,f_,0<v, vy, v_ such that
f=ofy +Bf, v=av,+pv..

Lemma 3.2 is a consequence of the convexity of the function f?/v/¥
on the domain {(f, v)|0 <f, 0 < v}. We can prove Lemmas 3.1 and 3.2
by easy calculations.

Proof of Lemma 2.1 Let § be a sufficiently small positive number. We
may assume that i <H < --- < fon.
First we consider the case f; > §f. Let

F. oo Fon oo ”
G= 24+ Fa g=f2+ +f

n—-1 m—1
and
gt

Tom—1

Since
< F;/pv;/p' + --~+F1.{pv;,{p'
&= 71
1/] ¥/ 4
Bt Fy) Pvat---va) <Glr\l?,

-1

we have (G, g, u) € D.
For simplicity we set

2" -1

1
a1=-2—; and ﬁ1= o
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Then we get
F =oiF1 + BiG, f=aufi+ g, (8)
v=ayv + B, v <bv, u<by,
and
hz¢, g6, )

where we used the condition (7) in the estimates of v; and u.
Then, by Lemma 3.2, the inequality

(o)l ) 8- 50))

holds. By Lemma 3.1 we have

1P a/p . fp q/p & q/p
(rostp) " zvmin{at(r- 25 ) (o-57) 7 }

a/p
o) o)

(10)
Since (Fy, f1, 1), (G, g, u) € D, we have
b i 1ot I f
Fy - ZV’W > 2v”/” >27'8b7P (11)
and
gp gp 1 —plp J fp
G =27 2 37 22 OV S (12)

where we used (8) and (9).
Furthermore, since

g° 1 & f
PR R — —
G~ 27 —2n—1;(”‘ 277
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by Lemma 3.2, we have

(G—zg,,)q/pz @ _ll)q/pi(p,--zi%)m. (13)

i=2

Hence, by (10), (11), (12) and (13), we conclude that

1P a/p Fil 1 & f a/p
(F “awi ) 250t ol > (Fi- W)

i=1

Next we consider the case fy < éf and fy, 1 > éf for some N such
that 1 < N<2"-2.If n=1, then this case does not occur. Let

G =F1+"'+FN+1 G =FN+2+"'+F2"
! N+1 O 2T T wmoN-1
_fit et fvn _fvrat et
N+1 o BT T _N_1
and
u Nt + N _ Vg2tV
"7 NF1 O T TN

Then we have (Gy, g1, u1), (G2, g2, u2) €D.
For simplicity we set

N+1 ”»_N-1

o =—0 and B = —
Then we get

F = 03Gy + Gy, f = g1+ Baga,

v=onu + faz, w1 <bv, u; <bv, (14)
and

> Lf > (15)
gl = N+ 1 b g2 e .

Then, by Lemma 3.2, the inequality

Vi a/p P P a/p
(r-se7) > {m(e-307) +o(e- 37}
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holds. By Lemma 3.1 we have

f? a/p ) y gp a/p /
() "z (0-555) "t (o

7))

"/”(Gl ;;ﬂ)qlp_’_ﬂq/p(Gz_ &

Now we have

G- 85 8 5o (_ﬁ_)pb—p/ﬂ_f"_

wlr

up/p’“ up/p’—' N+1

and

& & oy IF
up/p' 2 lg/p' 2278 e wir

G, —
Furthermore, since
gll, 1 N+1 ( f}p )

Gl ———~ > — F; ———

s > gy 207

and

& 1 - ( ff )
G, — > Fi———

i

by Lemma 3.1, we have

a/p N+1 a/p
(or-57)" 2 i (5 )
287 (N+ 1)1 & 2007

P )q/p

& )q/p 1 pid ( f!
Gy — > F— i
( 2 zug/l” T (*-N- 1)‘1/1’ z i 2‘,5’/11

i=N+2

up/p’

(16)

(17)

(18)

(19)

(20)
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Hence, by (16), (17), (18), (19) and (20), we conclude that
4 )G/P 11 1 & ( 7 )q/p
F-=——) >ci-4—r Fi——_) .
( 212/P valr  ma/p ; ! 2v€/p
Next we consider the case f»n_1 < §f and fon > §f. Let

_Et- AP, it A

!
G »—1 & 7—-1

and

u,_v1+~~+vzn—1
2r -1 )

Then we have (G, g, W)€ D.
For simplicity we set

2

1
and (5 =

o3 =

Then we get
F=03G +(3F», f=asg +Bsfr, v=oasd +fsva,
and
W <bv, vum<bv.
Since
g <,

the inequality

=f—a3g’> 1—0135

fr Bs — B f @

holds.
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By Lemma 3.1 we have

fp a/p
(r=o)" = (o

>~ min { (agG’

S
vp/p’ Tl

fP fp a/p
vp/p’ 2vp/p’) ’

y ﬂ a/p
W (re-2m)" )

f"’ i a/p
vp/p’ 2vp/ﬂ)

a/p
/ I
+ﬂgp(F2»—2vZ”{p,) .

+ B3F»

ﬁ. a/p
)

2n

(OQG’ + B3 ==~

By (21) we have the inequality

f (1 — 36}’ f
ﬂv;/ﬂ VP/P'>{(ﬂ3b);" 1}W. (22)

Since b < 2", we get

b
ﬁ3b=2—n<1.

Hence, for sufficiently small 6, we have
a"’f)p 1>0.
(ﬂ3b)”
Hence we have

o PP

)
xG + B 3oy p/p’ Y4 ¢ -y

by (22) and

Fo s otgy-pip L
F2n '—2—%’{7 22 6b W
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Furthermore, by Lemma 3.2, we have

i gr
Ps vv/p’ Y 2 —as welr'”

Hence we get

o) et (o-2)"

2v0/P 3 T 2ulrle
+ ﬁg/p (Fz.. - 2@1,, )Q/P.
Since
~seor > 53 (77
2uelp! 2 -1 14 vp/p'
we have
"1
(G' - 25/w)m 2 —1 1)"/"2;1 (F‘ - 25%)‘”'

Hence we conclude

Vi a/p , fl 1 & fip q/p
(F T owly 2¢ r/a + ng/p ; Fi— 2‘,?/1" :

Finally we remark that the case f» < §f does not occur for sufficiently
small 8. Q.E.D.

4. APPLICATIONS

In this section we shall study the weighted norm inequalities for dyadic
fractional maximal operators. The result is a corollary of Theorem
4.2.2.1in [1, p. 161]. We give an alternate proof of it.
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Let 0 <a<n. For a locally integrable function ¢ we define the
dyadic fractional maximal function M2y by

Mipl)= sup / Oy (xeR?).

IIll—a/n

THEOREM 4.1 Let 1<p<qg<oo and 0<a<n. Let w be a nonnega-
tive locally integrable function on R". We assume that w~?~V satisfies
the dyadic reverse doubling condition. Let o be a nonnegative locally inte-
grable function on R”. Then the following two statements are equivalent.

(i) There is a positive constant C such that

( / <p(x)"a(x)dx)1/q$C( /R” go(x)”w(x)dx)l/p (23)

for all nonnegative locally integrable functions .
(ii) There is a positive constant K > 0 such that

|1|‘/‘1-1/1’+"‘/"(| 7 / a(x)(/zx)l/q(r}T f] w(x)-‘/@—‘)dx) WSK (24)

for all I1€D.

Proof First we shall show that (i) implies (ii). Let I be any dyadic
cube in R”. In the inequality in (i) we set

p(x) = w(x) "D ().

Then we get

( / <P(x)”o(x)dx) /qgc( /1 w(x)“/@—l)dx)ll”

For x € I we have

1 —1(p—
M) 2 e [ wor e Oy,

Hence we get

E!Tl:m/’ W(X)-l/(p_l)dx(/, "(")dx) l/qsc( /1 w(x)"'/(l’“l)dx)llp

This inequality is equivalent to (24).
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Next we shall show that (ii) implies (i). The proof is similar to the
arguments in Nazarov and Treil [2, p. 817]. Let ¢ be a nonnegative
locally integrable function on R”. For every xeR”, we choose a

I(x) € D such that

2
Map) < = [ o).
()" Jie)
For each I€D set
E = {xel:I(x)=1}.

Then we have

E ClI ,
E/NE; =0 forall ,JeD,I+J,
and
—R"
I1eD
By (25) we have
/ Ml o(x)To(x)dx = / Méo(x)o(x)dx
R" IeD
2
<3 [ (o [ o00) ot
oo, =7
<2 Y 1) [ oty
IeD E
Since
aly
\1je9/n4 / a(x)dx( / w(x)“l/(”_l)dx)
E 1
1/q
< {in-isein( L [ o)
1 Jr
1/r'yq
(i / w(x)“‘l’-”dx) } <K?,
171 J
we get

-q/r
|I|aq/n/ o.(x)dequllq(/w(x)—l/(P—l)dx> .
Ey I

(25)

(26)
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Hence (26) is bounded by
-q/r 1/p
2 3 ([ w Ve ax) o< [ otapwo)
1€D 1 R
by Theorem 1.1. Q.E.D.

Next we shall give a result on fractional integral operators. The
result is a corollary of Theorem 4.2.2 in [1]. We give it here because
it is not mentioned in [1].

Let 0 < a <n and I, be the fractional integral operator, that is,

Loip(x) = m'—;“;’—(jl—),,—.—ady (xeR).

Let o be an 4, weight on R”, that is, o satisfies the following property:
there are constants ¢, § > 0 so that, for each cube Q

6
5 (2
o(Q) 2]
for all measurable set E in Q, where o(E) = [, o(x)dx.
As Pérez pointed out in [3, p. 34], we have

[ @ loto ~ [ Mipiotaax
R" R?

for 0 < g < 0co. Hence we have the following result.

CorOLLARY 4.1 Let 1<p<q<oo and 0<a<n. Let w be a non-
negative locally integrable function on R". We assume that w=/®—D
satisfies the dyadic reverse doubling condition. Let o be an A, weight on
R". Then the following two statements are equivalent.

(i) There is a positive constant C such that

( /R" Ia<P(x)q‘7(x)dX)l/qS c ( /R'_ <P(x)"w(x)dx) " 27

Jor all nonnegative locally integrable functions .
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(ii) There is a positive constant K > 0 such that

1/9 1/p
|1|'/q-‘/1’+a/"(ﬁ /I o(x)dx) (I_;"I /’ w(x)“l/("‘l)dx) <K

for all 1€D.

Remark 4.1 In [3, p. 34] Pérez proved (27) assuming that w™ /?~D jg
a dyadic 4., weight. If w=®~D j5 a dyadic 4, weight, then we can
prove that w™/?~D gatisfies the dyadic reverse doubling condition.
Hence this corollary includes Pérez’s result.

Remark 4.2 1In [4, Theorem 1] Sawyer and Wheeden proved that (27)
holds if o and w~"?~D satisfy the reverse doubling condition and
(ii). Our Corollary 4.1 is not a direct consequence of Sawyer and
Wheeden’s result because we assumed that w~®~D gatisfies the
“dyadic” reverse doubling condition.

Remark 4.3 By Theorem 4.1 and the argument in [3, p. 39], we can
get a result on weighted norm inequalities for ordinary fractional
maximal operators. It is a corollary of Theorem 4.2.2 of [1].
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