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Let It be the Jacobi measure on the intervat [-1, 1] and introduce the discrete Sobolev-type
inner product

(f g) f(x)g(x)dlt(x) + Mf(c)g(c) + Nf’(c)g’(c)
-1

where c E (1, cx) and M, N are non negative constants such that M +N > 0. The main
purpose of this paper is to study the behaviour of the Fourier series in terms of the
polynomials associated to the Sobolev inner product. For an appropriate function f, we
prove here that the Fourier-Sobolev series converges to f on the interval (-1, 1) as well as
to f(c) and the derivative of the series converges to ft (c). The term appropriate means here,
in general, the same as we need for a function f(x) in order to have convergence for the
series of f(x) associated to the standard inner product given by the measure /. No
additional conditions are needed.
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1 INTRODUCTION

Let p be a finite positive Borel measure on the interval [-1, 1] such that
supp p is an infinite set and let c be a real number on (1, cx). Forf and g
in L2(p) such that there exits the first derivative in c we can introduce
the Sobolev-type inner product

f(x)g(x)dp(x) + Mf(c)g(c) + Nf’(c)g’(c) (1)

where M and N are non-negative real numbers with M + N > 0. Let
( .(x))=0 the sequence of orthonormal polynomials with respect to
this inner product

(bn(X), bk(x)) 6n,k k, n = O,

For every functionf such that (f, bk) exists for k 0, we intro-
duce the associated Fourier-Sobolev series

The main purpose of this paper is the proof of the relation

(.f,.h).h(x) =f(x), x e (-, ) {c}, (.f,h)(c) =f’(c)
k=0 k=0

for the Jacobi measure dp(x) (1 x)(1 + x)ldx, o > 1, fl > 1,
under standard sufficient conditions forf. The precise terms of this re-
sult are given in Section 4.

In order to obtain this result we need previously some estimates for
k(x) in [--1 1] tO {c} and also for ^’Bk(c). They are obtained in Section
3 not only for the Jacobi measure but for any measure p which belongs
to Szeg6 class. We start with a representation of/k(x) in terms of the
polynomials (qn(:)).=0 orthonormal with respect to the measure
(c- x)edp(x). In Section 2 we prove that

h.(x) Anqn(x) + B.q._ (x) + Cnq.-z(x)
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and that the constants An, Bn, Cn have limit points provided that the
measure p has ratio asymptotics. One consequence of this result is
the asymptotics for the polynomials/k(x) and the asymptotic behaviour
of their zeros. This is well known from papers by G. L6pez, E Marcel-
lfin and W. Van Assche ([2], [4]) where they solved this problem using a
different representation of the polynomials/(x).
The fact that the point c is outside the interval [-1, 1] plays an impor-

tant role in the whole paper because it allows the function 1/(x c)2 to
be continuous in the interval and the Sobolev space behaves as a vector
space with two real components and the other on L2(/). Notice that
some estimates of polynomials/k when c have been obtained in

]. It remains open the problem of the estimates when c 6 (-1, 1).

2 ASYMPTOTIC FORMULAS

We will denote by (pn(X))n=O the sequence of orthonormal polynomials
owith respect to d#(x) and by (qn(X))n=0 and (qn(X))n=0 he orthonormal

sequences with respect to (c- x)d#(x) and (c- x)2d#(x) respectively.
We will also denote by k(rCn) the leading coefficient of any polynomial
r,(x) and b,(x) the orthonormal polynomials with respect to the inner
product (1) as it was said.

Since there are important differences for the different choices of M
and N, we will start with M > 0 and N > 0 and, in the next subsection,
cases N 0 and M 0 will be studied separately.

2.1 CaseM>0,N>0

In this paragraph, we assume that/z’> 0 a.e., i.e., the polynomials
Pn(x), t,(x) and qn(X) have ratio asymptotics.

THEOREM 2.1 IfM > 0 and N > 0, there are real constants An, Bn
and Cn such that

bn(x) Anqn(X) "k- Bnqn-(x) -I- Cnqn-z(x), n O, 1, 2...
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Moreover

lim An lim B,, -1, lim C,,

Proof Since .(x) ,j"=o an,jqj(x) and

-I

(n(X), (X- C)2qj(x)) 0, j=0,1 n-3,

then

Bn(x) an,n qn(x) + a.,n_q._(x) + an,n-2 qn-2(X)
Anqn(X) -}- Bnqn-I (x) q- Cnqn-2(x).

On the other hand, since

(X)(X C)2atl(x)
-,

(C + 1)2 (x)dlA(x) <_ (C + 1)2
-1

the coefficients An, Bn and Cn are bounded.
Denoting by k(q,,) and k(/n) the leading coefficients of qn(X) and

b.(x) respectively, we get

An k(qn)’

and
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Because 1/x- c and 1/(x- C)2 are continuous functions on [-1, 1]
and, in particular, they belong to LE((x- c)2dlt(x)),

I I qn(X)
lim qn(x)d,u(x) lim (x- c)2d#(x) 0
n--+o -1 n---oo -1 (X- )2

and

lim I qn(x)
qn(X)(X- c)d#(x) lim (x- c)2d#(x) O.

n---o -l X C

Then

lim qn(X)bn(x)d#(x) lim qn(X)[n(C)
n---oo -1 n--+oo -1

^!+ Bn(c)(x- )]dIA(x) 0 (2)

lim qn(X)n+(x)d#(x) --lim qn(X)[n+l(C)
n--o -1 n--- -1

+ ’n+(c)(x )]d(x) 0 (3)

because n(C) and ’n(C) are bounded from the orthonormality ofn(X).

Let A be a family of non negative integers such that limneA An -a
and limnA Bn b. As it is well known, (see [5] and [6]), if ff > 0
a.e. then limnA Cn 1/4a (notice that a > 0 because C, are bounded)
and

lim I qn(X)qn+k(X)
.--,_ (x-c)

(x c)2dlz(x) T(x) dx

rc
_

(x-c)2 /i -x2

where T,(x)= cos(k0), x cos0, are the Tchebichef polynomials of
the first kind.
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As a consequence, from (2) and (3) and Theorem 2.1 we obtain

0 lim
f
/

nA J_l 11 a + bT (x) + 1/4a T2(x)q.(x)b.(x)dl(x) - - (x c)

0 lim qn(x)Bn+(x)dt(x)
n6A -I

fl aT (x) + b + 1/4a T (x)- (x c)
dx

x/1 -x

Denoting

H (x) (4a2 + 1)T (x) + 4ab (4a2 + 1)x + 4ab,

1-I2(x) T2(X) -+- 4abTi (x) + 4a2 2x2 + 4abx + 4a2 1,

and

-1 I dx
,(z) ,/z---S _x z lvq-s-x2

(5) becomes

f Fl(x) dx f Fl(c)+l-I’(c)(x-c)
0=

rt -l(x--c)2/1-x2 x -1 (x--c)2

4abe + 4a2 +(rIo)’(c)
(c2 1)3/2

/1 x2

which means that b -(1/c)(a + (1/4a)).
Analogously, (4) becomes

0 (H2o9)’(c) + 2

and it gives

4a2 (qg-(c))2 (c- /c2 i)2
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Since a > 0, a q9-(c)/2 and b -1. As a consequence the only limit
points ofAn and Bn are q9-(c)/2 and -1 respectively and the theorem is
proved

As a straightforward consequence of Theorem 2.1 one obtains the
strong (resp. ratio) asymptotics for the polynomials b(x) provided
that/ belongs to Szeg6 (resp. Nevai) class. These results were obtained
by G. L6pez, E Marcelln and W. Van Assche in [2] and [4] using a
different representation for bn(X).

COROLLARY 2.1

0
With the previous conditions we have

B(x) o-(c) o(c)):lim (1
nooqn(X) 2 q(x)

uniformly on compact sets of C \ [-1, 1] and q)(x) x + //X2 l.
ii) n 2 zeros ofBn(x) are in [-1, 1] and the other 2 zeros tend to c.

iiO

lim n+ )
x nt- %Ix2

.-oo B.(x)

uniformly on compact sets of C \ ([-1, 1] U {c}).
iv) If1 log #’(x)dx//1 x2 > -oo then

n(X) @-(C) ( qg(C) 2

lim
)n

1- S(x)

uniformly on compact sets ofC \ [-1, ], where S(x) is the Szeg6func-
tion of(x c)2/(x) (see [8], Th. 12.1.2 as well as the definition in page
276) I

Item ii) is a consequence of the fact that f_ bn(x)(x c)2xkd#(x) 0
for k 0, n 3 and the asymptotic formula i).
The Sobolev polynomials satisfy a five term recurrence relation and

its coefficients behave as the ones of standard orthogonal polynomials.
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THEOREM 2.2 There are constants On,n n such that

(X C)2n(X) Onn+2(X) "4- flnn+l(X) A_ nn(X) + fln_ln_l(X)-- On_Zn_Z(X), n > O.

-1 -2 fl-I O.

Mot,ovet; if p’ > 0 a.e. then

Proof Recurrence relation is a straightforward consequence of the fact
that

((x c)2f(x), g(x)) f(x), (x c)2g(x)).

For the asymptotic behaviour of the coefficients we have

k(bn) k(b.) k(qn) k(q,,+2)

k(/n+2) k(qn) k(qn+2) k(/n+2)

and, if p’ > 0 a.e., lim. 0n limno k(qn)/k(qn+2) .
. ((x )b.(x), b.(-)) (x )b2.(x)at,(x) A] + . + C.

-1

where n(x) Anqn(x) + B,,qn-I (x) + Cnq.-z(x). Then
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Finally, from

fl I(x c)i(x), b+(x))

(x c)(xl.+(x)@(x) + +.C.+l,
-1

we get

lim/n (- + q9-2(c))

THEOREM 2.3 If#t> 0 a.e. on [-1, 1] then

lim f(X)bn(X)bn+k(x)dlt(x) f(x)Tk(x)
n-o

_ - 4i _x2

for any continuous function on [-1, 1].

Proof

I_f(x)b.(x)h.+(x)d;(x)

f(x)
[Anqn(X) + Bnqn-l(X) + Cnqn-2(x)]_

(x c)2

[An+kqn+k(X) + Bn+kqn+k-I (X) + Cn+kqn+k-2(X)](X c)2dp(x).
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From the properties of qn(x) and taking into account
A, -+ tp-(c)/2, B, -1, C, q9(c)/2 we have for k > 2

that

In the same way, this relation holds for k 0 and k 1.

2.2 CasesN=0andM=0

Because our goal is to study Fourier series in Jacobi-Sobolev polyno-
mials, from now on we will assume that the measure tt belongs to the
Szeg6 class, i.e.,

dx
log/t’(x)

/1 x2

In case N 0 this is not important because the same proof given in
Theorem 2.1 works here. However, in case M- 0, the proof given
here needs strong asymptotics for the polynomials q,,(x).

THEOREM 2.4 i) If we assume N- 0 in the inner product (1), then
there are real constants An and Bn such that

,,(x) AnOn(X) "+" Bnl,,- (X) n O, 1...
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where ?In(X) are the orthonormal polynomials with respect to

(c x)dp(x). Moreover

)1/2lim An .c- //c2 1
lira Bn

ii) When M 0 in the innerproduct (1), there are constants An, Bn and
Cn such that

bn(X) Anqn(x) + Bnqn-l(x) + Cnqn-2(x), n O, 1

where qn(X) are the orthonormal polynomials with respect to

(c x)Zd#(x). Moreover

lim An lim C, lim Bn -c.
n-+c n--- cx 2 n--- cx

Proof
i) Since

hn(X)j(X)(C x)dp(x) (n(X), (c x)tj(x))

=0, j=0, 1,...,n-2,

we have

n(X) AnOn(X) q- On]n- (X).

Since Bn(c) are bounded because of the orthonormality condition, and
gin(C) behaves like (c + c 1)n,

lim .(c)= lim(A On("-’)-Jr-Bn)’-O. (6)
n---- oo ln_ I(C) n---oo

n On-I(C)
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Taking into account that A. k(b.)/k(?t.), B,, -k(n-)/k(qn)l
as well as A. and B. are bounded, from (6) we deduce

0 lim
b.(c)

A(c + x/c2 1)
.A q._ (c) 2A

for a family of non-negative integers A, where A is a limit point of A..
Then A c- /cz 1/2 and i) is proved.

In case ii) we have

b.(x)q/(x)(c x)2at (x) (b.(x), (x c)2q;(x))

=0, j=0 n-3

This yields /.(x) Anqn(x) + Bnq,,- (x) + Cnqn-2(x). Moreover
Cn k(qn-z)/k(q,,)l/A,,. From the boundedness of ’.(c) and the
asymptotic properties of qn(x) we have

qn(c)
O--lim B,,(c),= lim ,,

nooq,_2(c) noo qn_2(c)
k(qn-z) )+ Bn qn-1 (C____) +q’n_z(C) k(q,,)

Let A be a sequence of non negative integers such that lim,, A. --A
and lim.^ B. B which exist because A., B. and C. are bounded.
Then

0 Aq92(c) + Bq)(c) + (7)

where q(c) c + /cz 1.
On the other hand,

AtNBn(c)q.- (c)] n(x)qn-(x)dp(x)
-1
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and hence ]b’n(C)J < K/n(q)(c))n-1 for some constant K. As a conse-
quence, limn-_, B’n(C)qn-i(c) 0. Taking into account that

bn(X)qn-l (X)(C x)d#(x) (hn(X), (c X)qn-l (X)) nt- NBn(c)qn-l (C),
-1

the last relation yields

bn(X)qn-1 (x)(c x)d(x) lim(bn(X), (c X)qn-1 (x))
n6A

lim.(Bn(x), Xqn-l(X))

lim
k(q,,_ .)

nA k(Dn)

2A

k(qn-1) 1
lim--
nA k(qn) An

But

lim
nA -l

j,bn(X)qn_l (X)(C x)d#(x)
re-1

(A + l4A)T (x) + B dx
c-x 4’i x’

and thus we have

jl (A + l/4A)r(x) + n dx
(8)

n -I c-x /1 -x2 2A

After some calculations, equations (7) and (8) give A 1/2 and B -c.
When the measure belongs to the Szeg6 class we have the following

consequences

COROLLARY 2.2 For N O,

lim bn(X)(qoTc))l/;z (n.__On(X)
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uniformly on compact sets of C \ [-1, 1]. Moreover, n- zeros of
b,(x) lie on (-1, 1) and the other one tends to c.

iO

nlirn

_
c)

q(x)

where S(x) is the Szeg6function of(c- x)#’(x), and the convergence is

uniform on compact sets of C \ [-1, 1].
For M O,
iiO

lim
b,,(x) (1 q)(c)] ( q)-(c)]

n l,,(x) --,I (j

un(formly on compact sets of C \ [-1, 1]. n- 2 zeros of n(x) lie on

(-1, 1) one more tends to c and the other tends to [-1, 1].
iv)

b.(x) _1 (1 qg(c) (1 qg-(C)S(x)

where S(x) is the Szeg6function of(c X)2,/,lt(X), and the convergence is

un!form on compact sets of C \ [- 1, 1].

The following is also straightforward from the theorem,

COROLLARY 2.3 i) When N O,

xb.(x) .b.+(x) + fl.h.(x) + ._b._(x)

and lim,,_ on ,
iO When M O,

lim,,++ ft. = O.

(X- C)2n(X) On/n+2(X) + flnn+l (X) + ]nn(X)
+ fl._,h._,(X) + 0,,-2,,-2(X)



ON FOURIER SERIES OF JACOBI-SOBOLEV ORTHOGONAL POLYNOMIAL 687

and limno an 1/4, limno fin --C, limno 7n c2 -[" 1/2 1

In both cases we get

COROLLARY 2.4 Iff(x) is a continuous function in [-1, 1] then

1 jl dx
lim f f(x)

Finally, we include here the maximality of the polynomials in the Sobo-
lev space for the different possible choices ofM and N.

THEOREM 2.5 0 The family dp- {(x-c)2n}n=l is maximal in the
space L2 (p).

ii) dp U {1} is maximal in L2(/t + M6(x c)).
iii) When N > O, thefamily dp t_J 1, x- c} is maximal in the Hilbert

space associated with the Sobolev product given in (1).

Proof If fl (X- )2nf(x)dlA(X) 0 for n 1,2,... and for a func-
tion f E L2 (#) t.J L2 (# + M6(x c) or in the Sobolev space, one has

,J [(-- 1)2,(C’ |)2]

(c- l),(c+l)

tnf(c + /)d#(c + /)

tnf(c + /)dv(t)

which means that tf(c + 4ri) 0 v a.e. on [(c- 1)2, (c -t- 1)2]. Thus
(x c)2f(x) O# a.e. on [-1, 1] and f(x) 0 It a.e. also holds.
So we have i).

If, moreover, 0 flf(x)dp(x)+ Mf(c), then Mf(c) 0 and ii) fol-
lows. Finally, when 0 f(x), (x c)) f_f(x)(x c)dp(x) + Nf’(c)
also holds, then f’(c) 0 and we have iii)

We need a Christoffel-Darboux type formula which was proved in [3].
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THEOREM 2.6 When N > 0, the Sobolev polynomials n(x) satisfy the
following Christoffel-Darboux type formula

where an and fin are the coefficients ofthefive term recurrence relation

ofbn(x)

In case N 0, we have standard orthogonality as well as the standard
Christoffel-Darboux formula.

3 ESTIMATES FOR SOBOLEV POLYNOMIALS

Because of

p (c)
-1 -i

j-- 0, ,n,

one can write

n

t.(x) 2n Y. pk(c)pk(x) 2nn
pn+l (x)pn(c) pn+l (C)pn(x)

k=0 X C

where an are the coefficients of the recurrence relation of pn(x) and
2n . ,,(x)dl(X). If tt belongs to the Szeg6 class, for every
x [-1, 1],

IO.(x)l _< (Ip.+l (x)l 4- Ip.(x)l)
Ix cl

<_ Kl(Ipn+(x)l +
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for some constant K1 and for n large enough, because

/nPn(C)-- I-1

-1

?ln(X)pn(c)d#(x)

n

n(X)(pn(C) -- (X ) p(nk)()(X- c)k-1)d(x)
k=l

(X)p.(x)d
k(p.)

and k(n)/k(Pn),Pn+l(c)/pn(C) and an have limit points. So we have

COROLLARY 3.1 Let # be a measure on [-1, 1] which belongs to the
Szeg6 class. Then, for every x E [-1, ],

I,,(x)l _< K(Ip.+(x)l + Ip.(x)l)

for a constant K which does not depend on x andfor n large enough.

Taking into account that (qn(X))n=O are the orthonormal polynomials
with respect to (c- x)(c- x)d#(x), writting qn(X) in terms of k(x), in
the same way as before we have

COROLLARY 3.2
x E [-1, 1],

If # belongs to the Szeg6 class then for every

Iq,(x)l < g2(n+2(x)l-+-Ip,+(x)l + IPn(X)l)

for n large enough andfor some positive real constant K2 which does
not depend on x.

Using now Theorems 2.1 and 2.4, if N > 0 then

bn(X) Anqn(X) + Bnqn-(x) "k- Cnqn-2(x)

where An, Bn, Cn have limit points. In case N 0 then

hn(X) AnOn(X) "k- Bn.-I (x)
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from Theorem 2.4. Then

COROLLARY 3.3
x [-1,1],

i) when N > O,

Let It be a measure in the Szeg6 class. Then, for every

I/.(x)l _< g3(Ip.+3(x)l + Ip.+z(x)l + Ip.+(x)l-+-Ip.(x)l + Ip.-(x)l)

for n large enough andfor some positive real constant K3 independent
ofx.

iO when N 0 there is a constant K such that

Ibn(x)l < K(lp.+(x)l + Ip.(x)l-I-Ip.-(x)l)

.for n large enough.

COROLLARY 3.4 If belongs to the Szeg6 class and there is afunction
h(x) such that the orthonormalpolynomials p.(x) satisfy Ip.(x)l _< h(x),
x E [-1, 1], then there is a constant K such that

Ib.(x)l Kh(x)

for n large enough andfor every x 6 [-1, 1].

In particular, if It is the Jacobi measure we know the function h(x) and
it will be very useful for the study of Fourier series.
Also in order to study Fourier series of Sobolev polynomials, we need

estimates for i’.(c) and B.(c).^’
For M > 0, one has 0 (Bn, 1) Jql bn(x)dl(X)+ Mb.(c), so

In the same way, when N > 0,

(c x)b.(x)du(x)
-1
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Taking into account that

B,,(x) A,,qn(X) + Bnq,,-l(x) + Cnqn-2(x)

where, as before, qn(X) are the orthonormal polynomials with respect to
(x- c)2d#(x), in order to estimate bn(C) and b’n(C) we only have to es-
timate fl qn(x)dl(X), and l qn(X)(X c)dt(x) respectively.
Moreover

11 qn(X)qn(C)(X c)dp(x)
-1

qn(X)(X- c)d#(x)
qn(c) -1

q(x)(qn(c) + (x- c)rcn-1 (x))(x- c)d#(x)
qn(C) -1

for any polynomial rCn_ (x) of degree at most n- 1. Then

qn(X)(X- c)d#(x)
-1

(x c)q2n(x)d#(x)
qn(C) -1

Analogously,

qn(x)d#(x)--
-1

q,(x)(q,(c) + qn(C)(X- c))d#(x)
qn(C) --1

qtn(C) I qn(X)(X c)d#(x)
q,,(c) -1

jl q’n(C) Jq2n(X)dl.(x) + qZn(x)(c x)dt(x).
qn(c) _, q2n() --1

Then, for a measure in Szeg6 class, we get

I’ jlqn(X)(X c)dl(X) O((c v/C2 1)n),
-1 -1

O(n(c- "q/c2 1)n).

qn(x)d#(x)
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So, we have

THEOREM 3.1 Ifp is a measure on [--1, 1] which belongs to the Szeg6
class and M > O, N > 0, then there are constants K1 and K2 such that

/) I(c)l _< gln,
ii) Ih’n (c)l < K2rgo

where 0 < ro c- /c2 < 1

In the same way we get

THEOREM 3.2 Let It be a measure in Szeg6 class.
i) When N O, there is a constant K such that Ib.(c)l _< K.
ii) When M O, there is a constant K such that IB’.(c)l _< Krg

where ro c- /cz -1 <

4 FOURIER SERIES

Since L2(/0 is a Hilbert space, it is clear that the space S given by

IS If(x)" If(x)ld(x) < e, andf’(c)exists}
-l

with the associated norm II’l[ derived from the Sobolev inner product

I’f g) f(x)g(x)dl(X) + Mf(c)g(c) + Nf’(c)g’(c)
-1

2is also a Hilbert space because Ibr(x)ll Ilf(x)ll, 4- Mf2(c) 4- N(f’(c)z)
and a Cauchy sequence in S is a Cauchy sequence in L2([t) and in the
point c. Moreover, the maximality of the polynomials was seen in
Theorem 2.5. So, S,(x;f) --+ f(x) in S for any function of S, where

Sn(x;f) -(j(t),f(t))j(x)
j-O

is the partial sum of the Fourier-Sobolev series off. In particular, it
means that

lim Sn(c;f) f(c), lim S’,(c; f) f’(c).
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If we apply this to the functions Ji (x) andj(x) defined by

fi (x) 0/f x e 1- 1, I, A (c) 1, f((c) O,

j(x) 0/f x el- 1, 11, j(c) O, f2’(c) 1,

their Fourier-Sobolev series are M=0bk(c)k(x)
NELo ^,B,(c)B(x) respectively. Thus, we get

M (c)(x) ----> fi (x) in S
k=0

M _, (c)(x) ---> f2(x) in S
k=O

which means that

n
o

k=O
in L2(),

and

n
c2" "’Bk(c)Bk(x) --+ 0 in

k=O
L2(#),

c3" (bk(c))2 l/M,
k=O

c4" (/(c))2 IN,
k=O

c5 ^’B(c)B(c) O.
k=0

From now on, the Jacobi measure, dlt(x) (1 x)(1 + x)ldx, > -1,
fl >-1, will be considered, and the behaviour of the corresponding
Fourier-Sobolev series will be studied.
We know that the Jacobi orthonormal polynomials p(n’l)(x) satisfy

(see [7], Theorem 3.14 in page 101)

(1 x)+1/4(1 + x)+1/41p(n’/)(x)l _< C x e [- 1, 1].
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Then, for the corresponding Sobolev orthonormal polynomials/,’)(x),
Corollary 3.4 yields the uniform bound

K

(1 x)-+4t-(1 + x)2 z
h(’)(x) for x 6 (-1, 1) (9)

for some constant K and for n large enough (we will continue denoting
by/,(x) the polynomials/,’/)(x)). From Theorem 3.1 and 3.2, for k
large enough, every term ofthe series Y=0 bk(c)bk(x) has the majorant
K*k(c /c2 1)k for some constant K* in closed subsets of (-1, 1).
Then =0 bk(c)[3k(x) converges for x (-1, 1) and uniformly in any
compact set [-1 + c, -c], 0 < c < 1. Hence, =0/t,(c)/,(x) is a
continuous function for x 6 (-1, 1) which, from condition c l, equals
zero 1.- a.e. in [-1, 1] provided that M > 0. As a consequence,
=0//k(c)bk(x) 0, x (-1, 1). In the same way, Theorems 3.1

^!and 3.2 and condition c2 give _,=oBk(c)bk(x)= O, x (-1, 1) pro-
vided that N > 0.

THEOREM 4.1 Let n (x) be the orthonormal polynomials with respect
to the Sobolev inner product associated with the Jacobi measure. Then

i) When M > 0, Y],=0 Bk(c)Bk(x) 0 for every x (-1, 1).
O ^!ii) When N > 0, Y4,=0 B,(c)B,(x) 0 for every x 6 (-1, 1)

Now, we can prove the pointwise convergence of S,(x;f) to f(x)
when one has standard sufficient conditions for the function f(x).

THEOREM 4.2 Let xo (-1, 1) and letf be afunction with derivative
in c such that (f(xo) -f(t))/(xo -t) L2(/) where is the Jacobi
measure. Then

i) ckk(Xo) f(x0),
k=0

ii) Y ckb,(c)=f(c) ,/f M > O,
k=O

iii) ^’ckB(c) =f’(c) tf N > 0
k=0

where ck (f bk).



ON FOURIER SERIES OF JACOBI-SOBOLEV ORTHOGONAL POLYNOMIAL 695

Proof Because off E L2(g) when (f(xo -f(t))/(xo t) L2(#), ii)
and iii) are proved, so we only have to prove i). Let us denote
On(x,t) ’=0/k(X)/k(t). Since

f(xo) Sn(xo;f) f(xo) -f(t), Dn(xO, t))

(f(xo) -f(t))Dn(xo, t)d#(t) + M(f(xo)
-1

f(c))Dn(xo, c) f’(c).--::-, (t, xo)
Ot

Theorem 4.1 yields

lim (f(xo) Sn(xo; f)) lim (f(xo) -f(t))D,(xo, t))d#(t)
n---o n---c -1

On the other hand, Christoffel-Darboux formula gives

(f(xo) f(t))Dn(xo, t)d(t)
-1

I f(xo)-f(t) b+2(t))d#(t)
-1 (Xo c)2 (t c)2

J f(xo)-f(t) n-l(t))d#(t)- (xo c) (t c)

J f(xo)-f(t) n+l(t)dtz(t)
-1 (xo c)2 (t c)2

f(xo) f(t) bn(t)d#(t)- (xo c) (t c)

+ t2n-11n+l (X0)l

+ ocn-I I/n-1 (x0)l

+ Inllbn+(xo)l

f(xo) f(t) bn(t)d#(t) + Iflnl- (xo c) (t c)

.(xo) f(xo) f(t) n+l(t))dl(t)- (xo c (- c)
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Furthermore, ,, and fl are bounded according to Theorem 2.2 and
Corollary 2.3. Ib.(x0)l <h’fl(x0)< cx also holds, and since
[(xo-c)2-(t-c)21>21x0-tl(c-1) when Xo, t[-1,1], the
function f(xo) f(t)/(Xo c) (t c)2 belongs to L2() when
f(x0) f(t)/Xo L2(p). Hence, it also belongs to L((t c)2dl(t))
and

f(xo) f(t)
lim b.(t)dp(t) 0
n-oo _, (xo c)2 (t c)2

follows from Theorems 2.1 and 2.4. As a consequence, each term in the
last sum tends to zero and the theorem is proved.

THEOREM 4.3 Let f(x) be a .function with first derivative in c sa-

tisfying a Lipschitz condition of order < uniformly in [-1, 1], i.e.

[f(x + h) -f(x)[ < Klhl" for Ih[ < fi for sotne 6 > O. If ck (f,/k),
then

lim ckbk(x)=f(x), x 6 (-1, 1)
n--+ oo k=0

and the convergence is uniform in [-1 + c, c] for every c such that
0 < < 1. Moreover -=oCkbk(c)=f(c) when M > 0 and
]:o ckB,, (c) --f’(c) V.N > 0.

Proof In the same way as before, we only have to prove that
f,f(t)D.(x, t)dp(t) converges to f(x). Moreover,

f(x) f(t)D,,(x, t)dlt(t)
-1

if(x) f(t))Dn(x, t)dp(t)

([’(x) f(t))Do(x, t)dp(t)

if(x) f(t))Dn(x, t)dp(t)

II)(x) -- I2)(X).
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Since f(x) -f(t)/(x- c)2 (t- c)2(1 Z(x-6,x+6)(t)), where

g(.x-6,x+6)(t) is the characteristic function of the interval, belongs to
LZ(#), using the Christoffel-Darboux formula and with the same proce-
dure as in the last Theorem, the term In(1)(x) tends to zero uniformly in
closed subintervals of (-1, 1). For I2n(X) we can write

In(2) (X)

+ Onln(X)l

+ Xn-1 [/n+l (x)l

4- n-I I/n-1 (x)l

+ Inllbn+l(X)l

+ llln(X)l

J f(x) -f(t) bn(t)d#(t)
Ix-,6 (x c)2 (t c)2

I f(x) -f(t) bn+2(t))d#(t)
Ix-tl<6 (x c)2 (t c)2

j f(x) -f(t) hn-1 (t))dl(t)
I-’1 (x c) (t c)

J f(x) -f(t) n+l (t))d#(t)
Ix-tl<a (x c)2 (t c)2

j f(x) -f(t) bn(t)d(t)
Ix-tl<6 (x c)2 (t c)2

f(x) -f(t) n+l(t))d#(t)
Ix-tl<6 (x c)2 (t c)2

Lipschitz condition gives

f(x) f(t) n(t)d#(t)
Ix-tl<6 (x c)2 (t c)2

gln(t)l
d#(t)

I-tl<6 Ix- tl-nlx + t- 2cl
K(h(’l)(x) + O(1)) |

(c- 1)2 J

Hence,

and, as a consequence, Ill(f(x)-f(t))D.(x, t)d#(t) tends to zero uni-
formly in any closed subinterval of (-1, 1).
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Let us denote, as usual,

0)(6) o9(6,f) sup{If(x) -f(xz)l:x,x2 [-1, 1], Ix -x2l < 6}

the modulus of continuity of a function f(x) in [-1, 1].

THEOREM 4.4 Let f(x) be a function such that its modulus of con-
tinuity w(6) satisfies the condition

to(f) O(log-(+’))
for c > O, and with first derivative in c. If c, (f,k),
Y=o ckb(x) =f(x) a.e. in[-.1, 1]. Moreover, )--Lo ck(c) =f(c)

^!provided that M > O, and Y-=0 ckB,(c) --f’(c) when N > O.

Proof It is clear that the modulus of continuity of the function
f(x) / (x c)2 satisfies the condition

09(6, f(x) " O(log_(+,(/ )2"] )
Let d, _f(x)/(x- c)2qk(x)(x- c)2dlt(x). By Jackson’s Approxima-
tion Theorem (see [7] Chap I), there is a polynomial rc,(x) such that

f(x)
0(’logi-+, n)

whence

Taking into account that, from Theorems 2.1 and 2.4,

Ck (f h,) A,d, + Bd,_. + Cdk-2 + Mf(c)hk(c) + Nf (c)B,(c),
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oo oc 2 1/2t’-’,oc 2 )l/2as well as Zk=n dkdk-l,, < (-k=n d) ’,/-..,,=n dk-1 and the esti-
mates for/k(c) and for B’k(c), we get

k=n og2-+2 n
As a consequence (see Theorem 3.3 in pag. 137 of [7]),
=0 c log2k < cx and it yields (see Theorem 2.5 in pag. 126 of
[7]), Y=0 Ckk(x) converges a.e. x [--1, 1] (here one has to take
into account that [_ g:(x)dkt(x)< (g, g) for every function g in S.
But, since f(x) is a continuous function, Y=0 cb(x) converges to

f(x) in the Sobolev space. Then

Y ckhk(x) =f(x), a.e.x [--1, 1],
k=0

as well as Z=o cb(c) f(c) and Y’Lo ^’ckBk(c) f’(c).
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