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Let p be the Jacobi measure on the interval [—1, 1] and introduce the discrete Sobolev-type
inner product

1
(f.8)= J_lf (®)g®)du(x) + Mf ()g(c) + Nf ()¢ (c)

where ¢ € (1,00) and M, N are non negative constants such that M + N > 0. The main
purpose of this paper is to study the behaviour of the Fourier series in terms of the
polynomials associated to the Sobolev inner product. For an appropriate function f, we
prove here that the Fourier-Sobolev series converges to f on the interval (—1, 1) as well as
to f(c) and the derivative of the series converges to f”(c). The term appropriate means here,
in general, the same as we need for a function f(x) in order to have convergence for the
series of f(x) associated to the standard inner product given by the measure p. No
additional conditions are needed.
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1 INTRODUCTION

Let u be a finite positive Borel measure on the interval [—1, 1] such that
supp u is an infinite set and let ¢ be a real number on (1, 0o). For f and g
in L?(u) such that there exits the first derivative in ¢ we can introduce
the Sobolev-type inner product

1

(f.8) = J_]f ()g(x)du(x) + Mf(c)g(c) + Nf'(0)g'(c) (D)

where M and N are non-negative real numbers with M + N > 0. Let
(Bi(x))po the sequence of orthonormal polynomials with respect to
this inner product

(Bu(x), Bi(x)) = Oux k,n=0,1,...

For every function f such that ( f, I§k) exists for k =0, 1, ... we intro-
duce the associated Fourier—Sobolev series

S BB

k=0

The main purpose of this paper is the proof of the relation

S BOB) =f(), xe (=1, 1)U ), guﬁﬁm=ﬂa

k=0

for the Jacobi measure du(x) = (1 —x)*(1 +x)dx,a > -1, > —1,
under standard sufficient conditions for f. The precise terms of this re-
sult are given in Section 4.

In order to obtain this result we need previously some estimates for
f?k(x) in [—1, 1]U {c} and also for ﬁ;c(c). They are obtained in Section
3 not only for the Jacobi measure but for any measure u which belongs
to Szego class. We start with a representation of 1§k(x) in terms of the
polynomials (g,(x));2, orthonormal with respect to the measure

(c— x)zd/,t(x). In Section 2 we prove that

En(x) = Anqn(x) + BnQn—](x) + qun—-Z(x)
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and that the constants 4,, B,, C, have limit points provided that the
measure u has ratio asymptotics. One consequence of this result is
the asymptotics for the polynomials Ek(x) and the asymptotic behaviour
of their zeros. This is well known from papers by G. Lopez, F. Marcel-
lan and W. Van Assche ([2], [4]) where they solved this problem using a
different representation of the polynomials By (x).

The fact that the point c is outside the interval [—1, 1] plays an impor-
tant role in the whole paper because it allows the function 1/(x — ¢)° to
be continuous in the interval and the Sobolev space behaves as a vector
space with two real components and the other on L?(u). Notice that
some estimates of polynomials f?k when ¢ = 1 have been obtained in
[1]. It remains open the problem of the estimates when ¢ € (-1, 1).

2 ASYMPTOTIC FORMULAS

We will denote by (p,(x)),—, the sequence of orthonormal polynomials
with respect to du(x) and by (§.(x)),—, and (ga(x)),—, the orthonormal
sequences with respect to (¢ — x)du(x) and (c — x)*dpu(x) respectively.
We will also denote by k(m,) the leading coefficient of any polynomial
7,(x) and f?,,(x) the orthonormal polynomials with respect to the inner
product (1) as it was said.

Since there are important differences for the different choices of M
and N, we will start with M > 0 and N > 0 and, in the next subsection,
cases N = 0 and M = 0 will be studied separately.

21 Case M>0,N>0

In this paragraph, we assume that ' > 0 a.e., i.e., the polynomials
P,(x), gu(x) and g,(x) have ratio asymptotics.

THEOREM 2.1 If M > 0 and N > 0, there are real constants A,, B,
and C, such that

Bu(x) = Anqn(x) + Bugn-1(x) + Cugna(x), n=0,1,2...
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Moreover
—JZ -1 27 _1
fim A, =Y "1 limB,=-1, limC,=3Y"""
n— 00 2 n—00 n—00 2

Proof Since B,(x) = > =0 dn;q;(x) and

1
ny = L Bu@g @) — )
= (Bu(x), (x — qi(x)) =0, j=0,1,...n—3,
then

l}n(x) = Ayyn qn(X) + an,n—lqn——l(x) + ap,n-2 qn—Z(x)
= Anqn(x) + Bpgn-1(x) + Cpgn-2(x).

On the other hand, since
1 ~
A +B+Cr = j BY(x)(x — o) du(x)
-1
1
<(c+ 1>2j B)du) < (C + 17,
-1

the coefficients 4,, B, and C,1 are bounded.
_ Denoting by k(g,) and k(B,) the leading coefficients of g,(x) and
B, (x) respectively, we get

and

] ~ A
c, = J_, Bu) g2 (0 — 2dp(x) = (By@), (x = 0 n2x))

— k(qn—Z) — k(qn—Z) _l_
k(B,)  k(gn) An’




ON FOURIER SERIES OF JACOBI-SOBOLEV ORTHOGONAL POLYNOMIAL 677

Because 1/x —c¢ and 1/(x — c)* are continuous functions on [—1, 1]
and, in particular, they belong to L2((x — ¢)’du(x)),

b g

. l .
Tim L 4o@)du(x) = tim j e

A (- 0du() =
and

1
lim J gn(X)(x — c)du(x) = lim Jl -‘-I—"g—)-(x — )’ du(x) =0
n—o00 J_, n—>o00j_1X—¢C

Then

1 I .
tim | 0,098,900 = fim | an01B0

+B(x—ldux) =0  (2)

1 1
fim [ 0,01 = lim [ M@

+ B @0 - ldu) =0 (3)
because f?,,(c) and l};(c) are bounded from the orthonormality of B, ).

Let A be a family of non negative integers such that lim,cp 4, = a
and lim,ep B, = b. As it is well known, (see [5] and [6]), if ' > 0
a.e. then lim,cp C, = 1/4a (notice that a > 0 because C, are bounded)
and

lim J ' gn(D)gn i)
1

) 1[N T dx
o (x—C)du(x)—;Jl

ax—c)f V12

n—o0 J_

where Ty (x) = cos(k0), x = cos 0, are the Tchebichef polynomials of
the first kind.
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As a consequence, from (2) and (3) and Theorem 2.1 we obtain

! 1
0= lin/r\lj gn(*)B,(x)dp(x) = 1 J a+bTi(x) + 1/4a Ta(x)  dx
ne -1 T -1

(x— c)2 1—x2
4)
I A
0=tim [ @By (W)
neA ~1
_1J' aly(x) + b+ 1/4a Ty(x) dx )
Tr), (x—c)? VT=x
Denoting
I, (x) = (4d® + DT (x) + 4ab = (4a* + 1)x + 4ab,
IT,(x) = To(x) + 4abT;(x) + 4a* = 2x* + 4abx + 4a* — 1,
and
o) = =1 _1J‘ 1 dx
VA1 mlax—z 1-x2
(5) becomes
_lJ‘ I (x) dx __lr Mi(c) + Mj(c)(x —c) dx
Tn)ax=-0PVi—x m). (x — ¢)? V1 —x?

4abc + 4a* + 1

= (M) (c) = N

which means that b = —(1/c)(a + (1/4a)).
Analogously, (4) becomes
0 = (I,w)'(c) + 2

and it gives

4a* = (¢~ (c))* =: (c — V2 — 1)
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Since a > 0,a = ¢ (c)/2 and b = —1. As a consequence the only limit
points of 4, and B, are ¢~ (c)/2 and —1 respectively and the theorem is
proved |

As a straightforward consequence of Theorem 2.1 one obtains the
strong (resp. ratio) asymptotics for the polynomials f?,,(x) provided
that u belongs to Szegd (resp. Nevai) class. These results were obtained
by G. Lopez, F. Marcellan and W. Van Assche in [2] and [4] using a
different representation for f?,, (x).

COROLLARY 2.1 With the previous conditions we have

i)

B 979, 0@,
e 2 T owm

uniformly on compact sets of C\[-1,1] and ¢p(x) = x+ V/x2 — 1.
i) n — 2 zeros of B,(x) are in [—1, 1] and the other 2 zeros tend to c.

iii)

lim B——ZL(x)=x+~/x2—1

n—o00 Bn (X)

uniformly on compact sets of C \ ([—1, 1]U {c}).
) If f_ll log W' (x)dx/~/1 — x* > —o0 then

. B @, ¢©@)’
I ()

uniformly on compact sets of C \ [—1, 1], where S(x) is the Szegd func-
tion of (x — ¢)* ' (x) (see [8], Th. 12.1.2 as well as the definition in page
276) |

Item ii) is a consequence of the fact that ﬁl I:In(x)(x — )’ xkdu(x) =0
for k=0,1,...,n—3 and the asymptotic formula i).

The Sobolev polynomials satisfy a five term recurrence relation and
its coefficients behave as the ones of standard orthogonal polynomials.
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THEOREM 2.2 There are constants ay,f,, v, such that

( = O Bu(x) = 0pBpy2(x) + B,Bui1 (¥) + 7,B,(x) + B,_1Br1(x)
+tyaBua(®), n20.

o} =0y = ,B__] =0.
Morcover, if i/ > 0 a.e. then

. 1 : , 1
fimn =g fimfy= e, iy, =g

Proof’ Recurrence relation is a straightforward consequence of the fact
that

((x = )M (%), gx)) = (f(x), (x — c)’g(x)).

For the asymptotic behaviour of the coefficients we have

KBy) _ kBy) k@n) kgns2)
k(Bui2)  *(an) k(qn+2) k(Byi2)

n =
and, if ¢ > 0 a.e., lim,_ o 0ty = lim, 00 k(qn)/k(Gns2) = %.

1
T = ((x = ¢)*Bu(x), B,(x)) = j (x — P B2(x)du(x) = 4% + B? + C2
-1

where En(x) = Anqn(x) + Bugn-1(x) + Cyqn-2(x). Then

nl_l;ngov,,=( (C)> +1+( (C)) c2+%.
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Finally, from

B, = ((x — ¢)*Bu(x), Bp1(x))

1
- j (% — O Ba()Buss (VAU(E) = AuBos1 + BaCrs,
-1

we get

Y

THEOREM 2.3 If i > 0 a.e. on [—1,1] then

1

19

dx
V1 —x2

1 o 1
tim [ f@B@Bedne = [ f@Tie)

for any continuous function on [—1, 1].

Proof

1 ~ ~
j_1f<x)Bn(x)Bn+k<x)du(x)

1
_ J &T[Anqn(x) + Bugn—1(x) + Coqu—2(x)]-
-1(x—o¢)

+ [AntkGnt.0) + Brk@nri—1() + Crik@nik—2(0)]x — > du(x).
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From the properties of g¢,(x) and taking into account that
An = ¢~ (c)/2, B, > —1, C, > ¢(c)/2 we have for k > 2

] A A
Jim [ BB )

1
= %J_] (xffo)Z [(02 + %) Tk(x)

+3Th) + Tia ) = (T 0,

dx
+Tk—1(x)):|m
_ll S 2 2 dx
_nL(x_c)z(x 2+ AT =

In the same way, this relation holds for k = 0 and £ = 1.

22 Cases N=0and M=0

Because our goal is to study Fourier series in Jacobi—-Sobolev polyno-
mials, from now on we will assume that the measure pu belongs to the
Szegd class, i.e.,

1
J log i (x) > —00.
-1

dx
V1 —x?
In case N = 0 this is not important because the same proof given in

Theorem 2.1 works here. However, in case M = 0, the proof given
here needs strong asymptotics for the polynomials g,(x).

THEOREM 2.4 i) If we assume N = 0 in the inner product (1), then
there are real constants A, and B, such that

Bu(x) = ApGn(x) + Bun_1(x) n=0,1...
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where q,(x) are the orthonormal polynomials with respect to
(c — x)du(x). Moreover

1/2 1/2
— 2 2 __
lim 4, = (f___c___l)  mB, _<C+_ Vcl) ,

n—00 2 n—00 2

ii) When M = 0 in the inner product (1), there are constants A,, B, and
C,, such that

f?n(x) = Auqn(x) + Bugn-1(x) + Cogn—2(x), n=20,1,...

where q,(x) are the orthonormal polynomials with respect to
(c — x)*du(x). Moreover

1
lim A4, = lim C, ==, IlimB,=—c.
n—00 n—>00 2 n—00

Proof
i) Since
1 o A
|| B ~9dute) = 5,9, (e = 9
=0,j=0,1,...,n—2,
we have

By(x) = ApGn(®) + Buiin-1(x).

Since f?n(c) are bounded because of the orthonormality condition, and
gn(c) behaves like (¢ + /2 — 1)",

tim 229 _ Jim (A,, () +B,,) =0. (6)
150 Gm1(@) 1o\ " Gt ()
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Taking into account that 4, = k(]??,,)/k(c},,), B, = —k(Gu-1)/k(gn)1/A4,
as well as 4, and B, are bounded, from (6) we deduce

B0 1
0=1 =A V2 —1)——
o~ Ae+ve 2

for a family of non-negative integers A, where 4 is a limit point of 4,.
Then A% = ¢ — +/c2 — 1/2 and i) is proved.
In case ii) we have

| ~
L B0, 00(c — xPdp() = (Balx), (v — 0q,0)
=0,/=0,...,n—3

This yields En(x) = Auqn(x) + Bugn_1(x) + C,,q,,_z(xA). Moreover
Cy = k(qn-2)/k(gs)1/A,. From the boundedness of B,(c) and the
asymptotic properties of g,(x) we have

B ( 00 | o dhi(©) | kgn-2) 1)
=1 An n —-— .
o g, @) e\ 0 T @ Kgn) A

Let A be a sequence of non negative integers such that limyep 4, = 4
and lim,ecp B, = B which exist because 4,, B, and C, are bounded.
Then

0= ") + Bo©) + 5 )

where ¢(c) = c+ V2 — 1.
On the other hand,

- o 1
| = NB,(c)g,_,(c)] = U_l By(@)an-1)dux)| < —



ON FOURIER SERIES OF JACOBI-SOBOLEV ORTHOGONAL POLYNOMIAL 685

and hence ]f?;,(c)Al < K/n(p(c))"™! for some constant K. As a conse-
quence, lim,_,« B,,(c)gn-1(c) = 0. Taking into account that

1 A A~ A
J_] By(x)gn-1(x)(c — )dp(x) = (Bu(x), (¢ — %)gn-1(x)) + NB,(c)gn-1(),

the last relation yields

1
lim j B 096 = D) = lim(B9). (e — 012

=— }lig\l(l}n(x), Xqn-1(x))

_ limk(q'ﬁ_l) - lim - 1
neh k(B,) neh k(qn) An
1

I
But
1 1
. - 1" A+ 1/A)Ti(x)+ B dx
tim [ B,@an-1 e —9duy = 1 [ CECAIOEE
and thus we have
lj' A+1/4)Ti(x)+B  dx 1 ®
TJ_ cC—X «/l—xz_ 24°

After some calculations, equations (7) and (8) give 4 = % and B = —c.
When the measure belongs to the Szegd class we have the following
consequences

COROLLARY 2.2 For N =0,

)
B _ qf(c))‘”( _M)
L ‘( 2 ) Uom
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uniformly on compact sets of C\[—1, 1]. Moreover, n—1 zeros of
B,(x) lie on (—1, 1) and the other one tends to c.

i)

B _ (9= @\"*(, _ o
= 1 ——=)Sk),
im = (% )%
where S(x) is the Szegd function of (¢ — x)i/(x), and the convergence is
uniform on compact sets of C \ [—1, 1].

For M =0,

iii)
B _1 ( <p(c>)( (p-(c))
lim =-{1—-——=<){1-
n—>o0 gy(x) 2 P(x) P(x)
uniformly on compact sets of C \ [—1,1]. n — 2 zeros of B,(x) lie on
(=1, 1) one more tends to c and the other tends to [—1, 1].

iv)

B _1(, o@\(, ¢ ©
n—‘»"éow(x)'z(l w(x)) (1 <p(x))s(x)

where S(x) is the Szegd function of (¢ — x)2 i/ (x), and the convergence is
uniform on compact sets of C \ [—1, 1].

The following is also straightforward from the theorem,
COROLLARY 2.3 i) When N =0,
3By (x) = Bo1 () + B,Bax) + 01 Ba1 (@)

and limy 00 0y =%, limy00 B, = 0.
ii) When M = 0,

(x - c)zén(x) = O‘n§n+2(x) + ﬁnEn+l(x) + 'Ynén(x)
+ Bn—lén—l(x) + an——Zén—Z(x)
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and lim, 0 0y =%, im0 B, = —¢, liMy0y, = * +1 n
In both cases we get
COROLLARY 2.4 Iff(x) is a continuous function in [—1,1] then

! 1

1
ﬁmj FOIBa) B (D)du(x) = —J FOT(x) =
n—>oo J_y T -1

V1 —x2

Finally, we include here the maximality of the polynomials in the Sobo-
lev space for the different possible choices of M and N.

THEOREM 2.5 i) The family ¢ = {(x — ¢)*"}2, is maximal in the
space L?(p).

ii) ¢ U {1} is maximal in L*(u + Md(x — c)).

iii) When N > 0, the family ¢ U {1,x — c} is maximal in the Hilbert
space associated with the Sobolev product given in (1).

Proof If ﬂ‘(x —&)*f(x)du(x) =0 forn=1,2,... and for a func-
tion f € L*(u) UL*(u+ MS(x — c)) or in the Sobolev space, one has

0 'f(c + VDdu(c + 1)

J[(c—l)Z,(c+l)2]
'f(c + V)dv(t)

J[(c— 12,(c+1)}

which means that #f(c + +/f) = 0 v — a.e. on [(c — 1)?, (¢ + 1)?]. Thus
(x — )’ (x) = 0u — a.e. on [—1,1] and f(x) = 0 p — a.e. also holds.
So we have 1i).

If, moreover, 0 = j_ll S x)du(x) + Mf(c), then Mf(c) = 0 and ii) fol-
lows. Finally, when 0 = ( f(x), (x — ¢)) = f_ll S — c)du(x) + Nf'(c)
also holds, then f’(c) = 0 and we have iii) |

We need a Christoffel-Darboux type formula which was proved in [3].
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THEOREM 2.6  When N > 0, the Sobolev polynomials B, (x) satisfy the
Jollowing Christoffel-Darboux type formula

[ = — (= )] >:O BBy
P2

= 0u[Brr2(0)Bu() — Bu()Bri2()] + 1 [Br1 (0B ()
— By 1 (0B ()]
+ BulBrs1 (¥)Ba(») — By(x)Bas1 ()]

where o, and f,, are the coefficients of the five term recurrence relation
of B,(x) |

In case N = 0, we have standard orthogonality as well as the standard
Christoffel-Darboux formula.

3 ESTIMATES FOR SOBOLEV POLYNOMIALS

Because of

1 1
|| 2@mmaw =p© | awie. j=01...n

one can write

Jor, P! ()Pn(€) = Pri1(c)pn(x)
xX—c

Gn() = o k;o p(©pi(x) =

where oz,, are the coefficients of the recurrence relation of p,(x) and
In = Ll gn(x)du(x). If u belongs to the Szegd class, for every
xe[-1,1],

~ | 2n0npn(C)] [Prs1(c)
) < PN )+ L)

< Ki(Ipnt1(0)] + |pa(x)1)

[Pa(X)])
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for some constant K; and for » large enough, because

1
Anpa(c) = » Gn(X)Pn(c)dp(x)

1 n
=1, Gn()(Pn(c) + (x — ) /;pf,"’(C)(x — o Ndu(x)
. _ Kk(gn)
= gn()pn(x)du(x) = *on)

and k(qn)/k(®n), Pn+1(c)/pn(c) and a, have limit points. So we have

COROLLARY 3.1 Let u be a measure on [—1, 1] which belongs to the
Szego class. Then, for every x € [—1,1],

1) < Ki(Ipn1(X)] + |pa(x)])

for a constant Ky which does not depend on x and for n large enough.
||

Taking into account that (g,(x)),~, are the orthonormal polynomials
with respect to (¢ — x)(¢ — x)du(x), writting g,(x) in terms of g, (x), in

the same way as before we have

COROLLARY 3.2 If p belongs to the Szegé class then for every
x € [-1,1],

lgn ()| < Ka(Ipn2()| + 1Pas1 (0] + [Pr (X))

Jor n large enough and for some positive real constant K, which does
not depend on x. |

Using now Theorems 2.1 and 2.4, if N > 0 then
Bn(x) = Anqn(x) + Bnqn-—l(x) + qun—Z(x)
where 4,, B,, C, have limit points. In case N = 0 then

ZA?,,(x) = AnGn(x) + BnGn-1(x)
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from Theorem 2.4. Then

COROLLARY 3.3 Let u be a measure in the Szegd class. Then, for every
x € [-1,1],
i) when N > 0,

1B,(0)| < K3(1pn3(0)| + 1Pnr2(0)] + 1Pnr1 ()] + 1Pa ()] + 1Pa-1(x)])

Jor n large enough and for some positive real constant K3 independent
of x.

ii) when N = 0 there is a constant K3 such that

1B,(0)| < K3 (1Pns1 0] + 122 (0] + 1Pt (D)
Jfor n large enough.

COROLLARY 3.4 If u belongs to the Szegé class and there is a function
h(x) such that the orthonormal polynomials p,(x) satisfy |p,(x)| < h(x),
x € [—1,1], then there is a constant K such that

|B,(0)| < Kh(x)
Jor n large enough and for every x € [—1, 1] |

In particular, if u is the Jacobi measure we know the function A(x) and
it will be very useful for the study of Fourier series.

Also in order to study Fourier series of Sobolev polynomials, we need
estimates for f?,,(c) and fi;(c).

For M > 0, one has 0 = (B,, 1) = f_ll B, (x)du(x) + MB,(c), so

1

i@l = 5z || By

In the same way, when N > 0,

1
o1 = ||| e =0B.oncy
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Taking into account that
Bn(x) = Anqn(x) + Bnqn—l(x) + qun—l(x)

where, as before, g,(x) are the orthonormal polynomlals with respect to
x— c)zd/,c(x), in order to estimate B,,(c) and B/ "(c) we only have to es-

timate j_l gn(x)du(x), and f_l gn(x)(x — c)du(x) respectively.
Moreover

1 1
|| 09— o) = —= [ anohante)s = xuco

1
= l(c) J_l gn(X)(gn(c) + (x — 1 (¥))(x — c)dpu(x)

for any polynomial 7, (x) of degree at most n — 1. Then

1 1
|| a2 — nr) = —= | (e i

1
qn(c)

Analogously,

1
q l(c) J_l gn(*)(gn(c) + ¢, (c)(x — c))dp(x)

/ 1
i iC) J 0, = o)

gn(c) ) -
7,0 '

1,
= wan) + 5|t

1
L an()dp() =

Then, for a measure in Szegd class, we get

1
L @ — () = O(c — VE 1)) j ()
= O(n(c — vz - 1)").
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So, we have

THEOREM 3.1  If u is a measure on [—1, 1] which belongs to the Szegd
class gnd M > 0, N >0, then there are constants K| and K, such that
i) |By(c)| < Kinry,
i) 1B,(0)| < Kar}
where 0 <rg=c—+ct—1<1 [ ]

In the same way we get
THEOREM 3.2 Let u be a measure in Szegd class.

i) When N = 0, there is a constant K such that |B,,(c)| < Krj.

ii) When M = 0, there is a constant K such that IB’ (o] < Kr”
where ro =c—+c2—1 <1 |
4 FOURIER SERIES

Since L?(y) is a Hilbert space, it is clear that the space S given by

1
S={(x): J_I | f()Pdu(x) < 0o, and f'(c) exists)

with the associated norm |-||; derived from the Sobolev inner product

(f.8) J J@)g)du(x) + Mf (c)g(c) + Nf'(c)g'(c)

is also a Hilbert space because [|f (x)[|? = || (x)|| + Mf(c) + N(f'(c))
and a Cauchy sequence in S is a Cauchy sequence in L?(ut) and in the
point ¢. Moreover, the maximality of the polynomials was seen in
Theorem 2.5. So, S,(x; f) — f(x) in S for any function of S, where

Sn(x;.f) = ZB(t)f(t)B(X)

is the partial sum of the Fourier-Sobolev series of f. In particular, it
means that

lim S,(c:/) =/(©), lim (i) =1'(@).
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If we apply this to the functions fi(x) and f;(x) defined by

fi=0ifxe|-11], fil)=1, filc) =0,
L) =0ifxe|-11], AH(c)=0, f(c) =1,

their  Fourier-Sobolev  series are M Y heo f?k(c)l}k(x) and
N Y72 Bi(c)Byi(x) respectively. Thus, we get

M ;0 Bi(0)By(x) > fix) in S
n A A
M kz Bi(©)By(x) > fo(x) in S
=0
which means that

el Y. Bio)Bi(x) > 0 in  Ly(u),
k=0

2 Y BB = 0 in Lo,
k=0
3: Y By = 1M,
k=0
4 By = N,
k=0

w A A
¢5: Y Bi(e)B(c) = 0.
k=0

From now on, the Jacobi measure, du(x) = (1 — x)*(1 +x)Pdx, 0 > —1,
p > —1, will be considered, and the behaviour of the corresponding
Fourier—Sobolev series will be studied.

We know that the Jacobi orthonormal polynomials p*P)(x) satisfy
(see [7], Theorem 3.14 in page 101)

(1 =01 +0fFpEPE < C xe[-1,1].
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Then, for the corresponding Sobolev orthonormal polynomials B*/(x),
Corollary 3.4 yields the uniform bound

K

B ()] <
1B (”_(l—ﬂ%ﬂL+ﬂ%%

=h*Px) forxe(=1,1) (9)

for some constant K and for » large enough (we will continue denoting
by B,(x) the polynomials B*)(x)). From Theorem 3.1 and 3.2, for k
large enough, every term of the series > peo Bk(c)Bk (x) has the majorant
K*k(c — «/c2 ) for some constant K* in closed subsets of (—1, 1).
Then Y po, Bk(c)Bk(x) converges for x € (—1, 1) and unlformly in any
compact set [-1+¢,1—¢],0 < ¢ < 1. Hence, Y 1o Bk(c)Bk(x) is a
continuous function for x € (—1, 1) which, from condition cl, equals
zero fi—a.e. in [—1,1] provided that M > 0. As a consequence,
Y oo Bi(c)Bi(x) =0, x € (—1,1). In the same way, Theorems 3.1
and 3.2 and condition ¢2 give Y o 0B,((c)Bk(x) 0, x € (—1, 1) pro-
vided that N > 0.

THEOREM 4.1  Let B,(x) be the orthonormal polynomials with respect
to the Sobolev inner product associated with the Jacobi measure. Then
i) WhenM >0, 2 0B/((C)Bk(x) 0 for every x € (—1, 1).
i) When N >0, > 72 0B;c(c)Bk()c) 0 for every x € (—1,1)

Now, we can prove the pointwise convergence of S,(x;f) to f(x)
when one has standard sufficient conditions for the function f(x).

THEOREM 4.2 Let xo € (—1,1) and let f* be a function with derivative
in ¢ such that (f(xo) —f(¢))/(xo — t) € L*(1) where p is the Jacobi
measure. Then

i) éckék(xo) = f(xo),
i) S aBie) =f() if M >0,
k=0

i) S aBL) =S () if N>0
k=0

where ¢ = (f, ﬁk).
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Proof Because of ' € L*(u) when (f(xo —f(¢))/(x0 — ) € L*(p), ii)
and iii) are proved, so we only have to prove i). Let us denote
Dy(x,1) =Y 4o Bi(x)By(¢). Since

S (x0) = Su(x03.f) = (f(x0) — S (), Du(x0, 1))

1
= || () = 700D, o, ) + M7 50

aD,

—~/(ODx(x0, ) 1)

(t’ X())

t=c
Theorem 4.1 yields
1
Jim (750) =,/ = lim, [ (o) = £O)D G0, )
On the other hand, Christoffel-Darboux formula gives

1
.J~IV (x0) — £ (£))Dy(xo, f)dﬂ(t)‘
J] Sxo) = f(2)

—1Go — ¢ —(t—¢)

< oy |Bns2(xo)l

éna)du(t)l

+ % lgn(x0)|
. ! S(x0) —f()
Jo1(o—c)? —(t—c)?
N[ IO
Joi(o—c —(t—c)
A @) —f@)
Joio—c —(t—¢)f
ol B A
. -1 (x() {():))2 _j(rt(tz 0)2 Bn(t)du(t)‘ + mnl

1) J' f) =10

1= —(t—c)

én+2(t>)du(t>| + 1Bt (0)

én_l(t))du(t)| + tr B ()

z‘an+1<t>du<t>| 1B 1B o)

B (0)du(o) l
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Furthermore, o, and f, are bounded according to Theorem 2.2 and
Corollary 2.3. |Ba(xo)] < h®P(xp) < 0o also holds, and since
{xo—c)* = (t—c)*| = 2Ixo — ti(c— 1) when xq, te€[—1,1], the
function £ (xo) —f()/(xo — ¢)*> — (t — c)* belongs to L2(u) when
f(xo) — f(£)/xo — t € L*(u). Hence, it also belongs to L2((t — c)*du(r))
and

lim
n— oo

ORI )
J—I (xo —c)* = (t — ¢)* B ()du(r) =0

follows from Theorems 2.1 and 2.4. As a consequence, each term in the
last sum tends to zero and the theorem is proved.

THEOREM 4.3 Let f(x) be a function with first derivative in ¢ sa-
tisfying a Lipschitz condition of order n < 1 uniformly in [—1,1], i.e.
[f (x + k) — f(x)| < K|n|" for |h| < & for some & > 0. If cx = {f, Bx),
then

lim 3" B =f(), xe(~1,1)
n—00 {4

and the convergence is uniform in [—1 + ¢, 1 — ] for every ¢ such that
0<c<]1. Moreover 372,ciBi(c)=f(c) when M >0 and
Y o ckBi(c) =f"(c) if N > 0.

Proof In the same way as before, we only have to prove that
Ill S(#)Dy(x,1)du(t) converges to f(x). Moreover,

1 1
Jx) - J _I./'(i)Dn(x, t)du(t)| = U_‘(f (x) =S () Dux, t)du(t)‘

<

Jl “fl>r5(f‘(x) "f(f))Dn(x, t)d,u(t)'

+

Jl —1| (;(f(x) _f(t))Dn(x, t)d'u(t)l

=IV(x) + IP(x).
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Since  f(x) =/ — ) — (t = (1 = Xz_5 1+5/®)); where
xg _s.x+8)(f) is the characteristic function of the interval, belongs to
L#(u), using the Christoffel-Darboux formula and with the same proce-
dure as in the last Theorem, the term I{V(x) tends to zero uniformly in
closed subintervals of (—1, 1). For I?(x) we can write

) 2 SO -/ 4 I
100 s wlbol|| T B0
, W0
+ o B0l J|x_,|<5 o e Bn+2(f))dﬂ(t)|
) @0
ralBal|| TGO b o)
. fO-f0 s
TIPNT e L_n«s o et M8 (000
, -0
b TGO b oau
) Q-0
bl | TGO b o]
Lipschitz condition gives
Q-0
J.x-n«s T B,,(odu(t)\
K|B,(0)
= Jlx—tl<6 bx— ¢ x4 £ — 2¢| au)
K(HP(x) + 0(1)) [
< —_
(C - 1)2 Jx—t] <6 Ix - tll—n

Hence,

J? = O(J ﬂ_(t_)_)
g Jx—t]<é lx - tll_n

and, as a consequence, f_ll(f x) —f(O)D,(x, )du(t) tends to zero uni-
formly in any closed subinterval of (—1, 1).
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Let us denote, as usual,
o(0) = (0, f) = sup{|f(x1) = (x2) : x1, x2 € [-1, 1], Ix1 —x2| < 6}
the modulus of continuity of a function f(x) in [—1, 1].

THEOREM 4.4 Let f(x) be a function such that its modulus of con-
tinuity w(9) satisfies the condition

(d) = 0(log_“+‘) %)

Jor ¢>0, and with first derivative in c. If c=(f, By,
Y heo ckBi(x) =f(x) a.e. in[—1,1]. Moreover, Y i, ciBi(c) =f(c)
provided that M > 0, and Y _po, ck]A?;((c) = f"(c) when N > 0.

Proof 1t is clear that the modulus of continuity of the function
f(x)/(x - c)* satisfies the condition

S \_ ~(14+0 _1_>
o) ofow

Letd, = ﬂ, 1)/ (x — ) qu(x)(x — C)Zdll(x). By Jackson’s Approxima-
tion Theorem (see [7] Chap I), there is a polynomial 7, (x) such that

) _ 1
oo = )

whence
oo ) ’ 1
L= GG v erann = of )

Taking into account that, from Theorems 2.1 and 2.4,

ek = (f Bi) = Ayd + Brdi_1 + Cedi—_y + MF(©)Bi(c) + Nf'(c)B(c),
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as well as Y 52, didi1 < (352, d)"A(T42, d;_)'/? and the esti-
mates for By(c) and for B,(c), we get

& 1
4 =o(g)

k=n

As a consequence (see Theorem 3.3 in pag. 137 of [7)),
Y reocilog’k < oo and it yields (see Theorem 2.5 in pag. 126 of
[71), Y j—ockBi(x) converges a.e. x € [—1, 1] (here one has to take
into account that f_ll g2(x)du(x) < (g, g) for every function g in S.
But, since f(x) is a continuous function, Y ;_, cxBi(x) converges to
f(x) in the Sobolev space. Then

i ckf?k(x) =f(x), aexel[-1,1],
k=0
as well as Y0 cxBi(c) = f(c) and Y22 kB, () = 1(0).
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